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PREFACE
This series is designed to provide the basic mathematical

equipment for technical students. The range of work is that

covered by national certificate courses in engineering, building
and chemistry. Each of the three volumes will include one

year's work, but the second and third will contain sufficient

revision to allow for variations in the syllabuses of different

technical institutions. It is hoped that the series may also

prove useful in secondary schools with a technical side.

Short historical notes are included as they may help to

develop in the student a further interest in the subject.

A. G.

H. V. L.

H. A. H.



AUTHORS' FOREWORD TO PART II

THIS volume is designed to cover the second year of a three

years' national certificate course. It begins with a revision

chapter in algebra, which, however, contains some harder

examples than in Part I, and the extension of the use of symbols
to include units.

Teachers may not wish to include the proofs of theorems

given in Chapters VI and VII, but the results of these chapters
are required for use later. Sufficient solid geometry has
been introduced to enable the student to solve trigonometrical
problems in three dimensions and harder problems in

mensuration.

Although no previous knowledge of trigonometry is assumed
in this volume, an easier introduction is provided by Chapten*
XVI and XVII of Part I.

The chapters on differentiation and integration are mainly
graphical, but they include easy applications of the rules for

differentiating and integrating a power of x.

The order of arrangement of the chapters is that which
is most convenient for reference, but it is not intended that

they should necessarily be read in that order. A suggested
order of reading is as follows : Chapters I, IX (pp. 193-213),
H, III, IV, VI, VII, VIII, IX (pp. 214-224), X, XI, V,
XV, XVI, XII, XIII, XIV.
The authors have aimed at including all the work likely

to be done in any technical institution in the second year
of a course of this type, though it is not necessarily expected
that any single institution would cover the whole of it in one

year. If the whole volume cannot be covered the following
chapters may be omitted : Chapters VIII, IX (pp. 214-224),
XIII (pp. 292-303), XIV (pp. 320-340), XVI (pp. 384-398).

A. G.
H. V. L.

H. A. H.
vi
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ALGEBRA

CHAPTER I

ALGEBRAIC PROCESSES, MAINLY REVISION

Powers of a number

The meanings of integral and fractional powers of a number,
and the rules for multiplying and dividing powers of a number
are summarized below.

Ifm is a positive integer (whole number),

am means axaxaxa ..... . . m factors.

/. a8 x a4 = (a x a x a) x (a x a x a x a)
= a x a x a x a x a x a x a ..... 7 factors.

In the same way, if m and n are any positive integers,

qwxan^aw+n. (Rule I).

a6 axaxaxaxaxa
Also =-

a2 a xa

axaxaxa ..... 4 factors.

a6
...
-_*

In the same way, if m is a positive integer greater than n,

am
^am-n, (Rule II).

an

Again (a
2
)
3

(a x a) x (a x a) x (a x a)
a xa xa xa xa xa . , 6 factors.
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In the same way, if m and r are positive integers,

(a
m

)
r = amr . (Rule III).

Fractional powers

If we assume that Rule III applies when w is a fraction,

Also

In the same way

where ^/ap means the number whose gth power is a*>, i.e. the

qth root of aP.

Fractional powers defined in this way obey Rules I and II.

For instance if

Hence the product is formed by using Rule I.

Negative powers and a

If we assume Rule I applies to negative indices as well as

positive indices

a3 x a-2 =a3+ (
""

2) =a3-2 =a

o
a l

:. a-2 = --=-- .

a8 a2

Again a8 x a~* =a3-J = a*
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In the same way, if n is any number,
1

a~w = .

an

a2
Also by Rule I, a = a2~2 - a2 x a~2 = ~

Powers of ab

(4x9)* = 3Gi = 6 -2x3 =4*x9*.

In the same way (ab)
n = an xbn =anbn . This should not be

confused with abn t which means a x bn .

Roots and Surds

tya stands for the positive number whose wth power is a.

Since (-1)(-1) = 1, it follows that when n is even the wth

power of
( Yx

a) is also a.

For instance, if x4 = 16

x = \fl6oT -v'lG i.e. ar = 2or -2.

A root can often be expressed in a simpler form by factor-

izing the number under the root sign.

Example. Simplify (i) Vl^B*; (ii) ^1891

(i) VI28 = A/64 x 2 = A/64 V2 = 8\/2.

(ii) ^189 = ^27^7 = ^27
If a is not a perfect square Va is called a surd. Thus \/2 is

a surd, but \/16 is not. If a is not the nth power of a whole

number or of a fraction \^a is a surd.

The quickest way to calculate the reciprocal of a surd V0 is

to multiply numerator and denominator by Va.

Example. Express T~ without a surd in the denominator
2V3

and as a decimal.

1 V3 V3 V3 1-732- - =- - -2=- =2:0-289.
2V3 2(V3)2 2x3 6 6
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a4/Z,2c3)3

ify (a)-f ; (6)
-

(a
2
6c)

6

or M
V2/

Example. From the formula for the volume of a sphere,
V =*f7rr

3
, find r in terms of TT and V.

47T

3V
" or

Exercise I

1. Simplify each of the following and find its value to three

significant figures, given that \/2 1-414, V3 1-732, V62-236f

^2*1-260.

(a) \/27 (6) ^64 (c) V5b (d) VlTv (e) V288.

2. Express without a surd in the denominator and also as a
decimal :

'"75 W
3. Express with positive indices instead of root signs t

(o) V7 .(6) #3 (c)
=

(d) (<
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4. Express with positive indices instead of root signs :

(a) Vt (b) Vx* (c) (Vy)* (d) V*m (e)

5. Simplify :

6. Simplify :

7. Which of
fg

and equals T

8. Which of r and t -, equals
- ?

ou;8 (ax)
3 ^

a;

9. Express as a power of x :

Simplify :

10. (a) 16i (b) yfcxyft (c) ^27a^ (df) 16aix(|).

11. (a)
27 -

f
(6) x

1

(c) (8I,)J x (ft.*

B as6-
10a-S(25a)i (c)

_ %i_
13. (a) () * (6) ^mfn-8

Express without frarctional or negative indices t

14. (a) V^ (6)

~'
(c)

?

15. (a)
_
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16. If

17. If 2/
4 = 16#, express 2/ in terms of x.

18. From the formula for the volume of a cylinder

express r in terms of V and h.

la 2
i

19. If
3
=

*j-
, prove m a 3&j.

20. If TrKyd* - 8w;Z4 , prove

Brackets and products

By putting an expression between two brackets we imply
that the expression is to be treated as a whole

;
thus 3(2x + 4)

means that each term of (2x -f 4) is to be multiplied by 3.

/. 3(2# + 4)=3x22; + 3 x4=6z-f 12.

Example. Remove the brackets from (a) %h
2(3r~h);

(b) i(2vT-3*).

(a) \h*(Zr -h) =\h* x3r - J4 xh =h* -
\h*.

(b) t*(2vT-30 =t} x2<* -t} x3< = 2<* -3^.

Example. Expand the products (a) (p
-
2q)(p* +pq) ;

(b) (2y

(a) (p
-

(b) (2y
-

3)(2/
2 + 4y - 6)

= 2y(y 4- 4i/
-

6)
-
3(y* -f 4y - 6)

I2y
-
3^2 - 12y -f 18

Any multiplication can be set out as in arithmetic. For

instance, example (b) above can be set out as follows :

2^
3 + 8y

2 -
12y {this line is 2y(y* + 4y -

6)}
-

Si/
2 -

12y 4- 18 {this line is - 3(7/
2 + 4y -

6) }

2^/3 + 53/2 -24y + 18
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Example. Worm the product (e
1 '6

4-3)(2*i*
2 --' 4

).

Expression =^*6
(2^'

2
~<--4) 4-3(2^-

2 -^-'4
)

l +3 x2^1>2 ~-3^-
'4

The effect of a -
sign in front of a bracket is to change all

the signs of the terms within the bracket when it is removed.

Example. Simplify 2p(r -s)- s(r
-
2p) - %r(p -

s).

Expression = 2pr - 2ps - sr + 2sp -
2rp + ^rs

== 2pr - 2ps - rs 4- 2ps - 2pr 4- -^rs.

Some important products

(a + 6)
2

In the same way
.... II.

III.

These results should be memorized. By using them the

square of any expression containing two terms and the product
of the sum and difference of two terms can be written down.

Examples. Express without brackets (a) (2x - 3?/)
2

;

4s)(5r+4s); (c) (2m' 8 +m^)^ ; (d) (f+g-h)(f+g+h).

(a) (2x - 3#)
2

(2z)
2 - 2.2x.3y + (3y)

2
[by II above]

(b) (5r
-
4s)(5r 4- 4,$)

==
(5r)

2 - (4)
2

[by III above]

(c) (2m
- 8 4-m ' 2

)
2 = (2m

' 8
)
2 4-2.2m - 8m-2

4-(m
- 2

)
2

[by I
=4m 1 *6 4-4m 4-m'4

above]

[*>yin with a=/4-^
A. 6= A]
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An application of the formula for (a + &)(<*-&) occurs in

calculating the values of expressions like-
j^.

(S-3\/2)(5-f3A/2)=25-(3V2)2=25-187, and hence

does not contain the surd \/2. Therefore, multiplying

numerator and denominator of -
r~yr by (5 + 3\/2), we get

1 5+3V2 5 + 3\/2_9-242~

Simplification of expressions containing products

(p-2q)(p-3q) means that the expressions (p-2q) and

(p
-
3q) are to be multiplied and, since multiplication takes

precedence over addition or subtraction, the product must be

found first and the resulting terms added or subtracted.

Example. Simplify (3p + q)*
-
(p

-
2q)(p

-
3?)

-
(p

-
g)

2
.

Expression

G^
2 -p2 +2pq -

(9
- 1 - l)p

2 4- (6 + 5 + 2)pg -f (1 -6 -

Addition and subtraction of fractions

Find the L.C.M. of the denominators of the fractions and

express each fraction with this L.C.M. as denominator. Then
all the fractions have a common denominator and the numera-
tors can be added or subtracted. Remember that the bar

of a fraction is equivalent to a bracket.

* i * w 6r+5
Example. Simplify

-
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=2x3x2fo?2.

*(6r+5) 3(2rs+r) s(6r + 5)
- 3(2r* + r)

6*2 6V

Exercise II

1. Remove brackets from :

(a) 2(ar
a
-4a;) (6) M(2M + 3N) (c)

2. Add :

(a)

(6) ^-ha, 2a~^, 30 + 4a

(c)

3. Add :

(a)
a
-f cta?4-6a?-f 06, a 8 - 06-

(c)

4. Subtract :

(a) m + 2n from 3m -f- 4n.

(6) 4a; - 3t/ from a: -f 2y.
<c) a* ~ 2o6 + 6* from a8

-f 2o6 -f 6*.

<d) n< -f 30 from 2n* - 60.

(e) ob-f 26*4- co from a2 -fob 4- 6 a
.

5* Remove the brackets and simplify :

(a)

(6)

(c)

(d) 2U8
4- 1 -4<8 - 2-70 ~ 4(0-6*

8 - 8
-f 1 -3/>.

6. Remove the brackets and simplify :

(a) 3o2
(o - h) - o(o

8 - A2
)
- 2oA(o + h).

(6) 2(1 -cos 0)- 3(2 -3 cos 0).

(c) 2(l+sin A) -3(2 sin A -f cos A) -f 4(sin A- cos A).
(d) sin x(l -cos x) -cos x(l -sin x).

1*
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7. Remove the brackets and simplify :

(a) J
7(i-&) + f

6
(*-*

2 +l).
(6) 2a4-6-c-{a-2(6-c)}4-{3a-(&4-4c)}.
(c) 2[l-*-{3-2(l-x)}].
(d) 3{ 5 cos x - 2(sin x 4- cos a)} - 6(cos x sin x).

8. Multiply :

(a) 2x-3 by 3x4-4 (6) l
2 +m z by I -2m

(c) 4-x by 2-3# (d) p*-pq by 2p4-g.

9. Multiply :

(a) 2x 2 ~3a;-H4 by 2#-4 (6) x*-x-7 by x* + 2x + 3

(c) p + lmby l + mp (d) 1 -e + e 2
by 1 -f e + e 2

.

10. Multiply by picking out like products :

(a) (a +!)(* + 4) . (&) (a + 2b)(a-3&)
(c) (p4-?)(p-4<?) (d) (2y-7)(y + 5)

(e) (2x* + x-l)(3xl-2) (f) (I
2 -

lm)(l + 2m).

11. Expand the following squares :

(a) (1+*) 2
(6) (2t/ + 3)

2
(c) (^-29 )

2
(d) (2ar-5*)*.

12. Express without brackets :

(a) (m + n)(m-n) (6)

(c) (a-f-6-fc)(a-6-c).

13. Evaluate by expressing each number as a sum or difference

as in (a) :

(a) 169 2=170- 2.170 4-1 (6) 134 8
(c) 98* (d) 47 2

.

14. Simphty
6 1 13

,

a-f-6 a~6 /J% (kry+l 2<3#+ 1)
(C) r-- -r (<*/

~ - - --------- -

ah a2
y y

15. Express without a surd in the denominator and also as a
decimal :

_
16. Fhid the value of 20-V399 given that V399*- 19' 975.

,_ (20 - V399)(20 4- V399) a , .

Also by writing 20-^399=-
204-V399
- ltS

value to four sig. fig. (The student will notice that the first

method gives two sig. fig. only, whereas the second gives four

sig. fig.)
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17. By the method of Question 16 find 17 - V288 to four

slg. fig.

Simplify :

18. (a) x(x+y)+y(x+y) (6) (a+6) 3 -(a -6)2.

19. (a) (x+y)(x-y)-x(x + 2y) (6) (1 4- sin 0)(1 -sin 0).

20. (a)

21. (a)

(6) x(x -
l)(z

-
2)

-
(5

-
3s)( + 1).

22. By multiplying (a+6)
2
by (a+6) prove that

(a + 6)
3 =a8 + 3a 26 -f 3a6 2 + 6s ,

and hence find (2y + 3)
8 in powers of y.

23. Find a formula for (a
-

6)
3

by the method used m
Question 22, and use it to expand (k

-
I)

3 in powers of k.

24. It can be shown that the volume V cu. ft. of a segment of a

sphere of radius r ft. and height h ft. is given by
V =

|7r>*
3 - -nr 2(r

-
h) + J7r(r

- *)

Prove that V = iw/i
8
(3r

-
A).

25. If A =a&ft' + & +fc' f B =a&' + 1, C =a/v + 1, D =a, prove that

BC-AD = 1.

Equations

Generally, if an equation contains only one letter or symbol,,
that letter must have a definite numerical value or values.

For instance, if 8# = 5, x must be |, and if (#-l)(a;+2)=0 ;

x must be 1 or - 2. Neither of these equations is a true state-

ment for any other value of x. The numerical values which

the unknown letter must have, are called the
"
roots

"
of

the equation and the process of finding them is called
"
solving

the equation." The degree of an equation is tJie highest power

of the unknoum letter that occurs in it. The equations 2x + I = 7,

$2 - 1 _ 4 -0^ p*
~ 16 are of the first, second and fourth degreea

in x, t and p respectively.

An equation or formula maycontain several letters, and then

any particular letter can only have a certain value or values

in terms of the other letters. For instance, if t;
2 = 2^A, the
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f2 t>
2

equations g rr and A * r- express </ and h in terms of the other
Zn Zff

two letters. The process of solving an equation to find a

particular letter in terms of other letters is called making that

letter the subject of the formula.

Simple equations

An equation or formula in which the unknown letter occurs

to the first degree is called a simple equation.

Corresponding examples of solving an equation and of

changing the subject of a formula are shown below side by
side.

Example.
Make x the subject of the

Solve the equation : formula :

2(#-13) = 10-3(a; + 2) 2(x-b)=5a-3(x + a)

2x -26 10-3#-6 2x-26=5a-3o:-3a
/. 2# + 3a: = 26 + 10-6 .*. 2x + 3x = 5a - 3a + 26

/. 5s =30 .'. Bx

.\x =6

Example.

Solve the equation : Make t the subject of the formula :

t + l 5t + l t t+p 5t+p t

"~3 W~~2 ~q 4q~~2
Multiply by 12 the L.C.M. Multiply by 4q the L.C.M.

of the denominators : of the denominators :

4(* + l) -(& + !) 6* 4(t+p)-(5t+p)=2qt
/. 4t +4 -5^-1 =6^ /. 4t+4p-5t-p=2qt
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Equations involving surds

If one term of an equation contains a square root, write the

equation with that term on one side and then square both
sides.

Example. Make x the subject of the formula :

a; -fa a
=0.

2r r

Adding - to both sides :

x+a a

2r r'

Squaring both sides :

a2

2r

Multiplying throughout by 2r :

-- a.
r

Identities

Some equations are true for every value of the letters.

For instance, if we remove the bracket in the equation

we get

i.e. 3x~4 = 3x-4.

Since 3#3o? and 4=4 whatever value x has, the equation
is true for all values of x.

An equation which is true for every value of the unknown
letter or letters is called an "identity." We sometimes

write s for
"

is identically equal to
"

instead of in identi-

ties. For instance, (a + ft)
2so2 + 2a6 + b2.
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Example. Prove (ab
-
cd)* + (6c + ad)

2
==(a

2 + c2 )(6
2 +d2

).

<a6 - cd)
2 + (6c + ad)*=a262 - 2aicd + c2d2 + 62c2 4- 2abcd + a2d2

=Ea2&2 + a2d2 -f c2&2 -f c2d2

Problems involving simple equations and formulas

To solve a problem in which one unknown quantity occurs

we denote that quantity by some letter, often the first letter of

the quantity, for instance, r for radius, A for area, etc. Then
we form an equation in this letter from the given facts.

Example. A hollow iron pipe 2 ft. long and 560 Ib. wt. per
cu. ft. weighs 2-65 Ib. wt. It is x^th in. thick. Find its

internal radius.

If the internal radius is r in., the outside radius is (r +-^) in.

*and the area of a cross section of the pipe is

^{(' + r)z -r2 s. - = r2 + + -r2
l> ft-

144 \5
+
H

Therefore the volume of iron used is :

27T

144 \ 5U +
Iod)

cu - ft-

And hence its weight is :

SCO x 27T/r
JL_

144 \5
""^

560x2w/r - '

=2-65
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r 1 9x2-65

/. -^=0-0985
5

/. radius^ 0-49 in. to y-J^th in,

Example. What weight of liquid of specific gravity $1

must be mixed with n kg. of a liquid of specific gravity s2

to give a mixture of specific gravity s ?

Let the weight be x kg. Then the volumes of the two

liquids are :

lOOOo;
,
1000*i- and- cu. cm.

/lOOO* 1000n\
/. Volume of mixture = I

--
1

--
I cu. cm.

\ si 8z I

Weight of mixture = 10QQ(x+n) gm.

lQQQ(x + n) x+n
.". s--

flOOOo; 1000n\ x n
+

*1 *2 / *1 <*2

,\ x n,

I *1^^2

Multiplying by 1 :

sx sn

552"^

/. weight of liquid -^3 ^~
kg-
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Exercise in

1. Solve the equations :

(a) 2(x+l) = 5*-7 (6)

*
3

(e)

2. Express the letter in brackets in terms of the other letters :

(a) 3p-q-r= 2(p + q + r) [p] (b)

(c)
= [R] (d) g

3. Solve the equations :

(c)

(ft, + .

4. Express the letter in brackets in terms of the other letters :

(a) E

(c) T~2rr^[g] (d)

tC] tO Vr-(r~^) = y [r]

5. If 2* a + 6 + c, express 6 -f c - a in terms of * and a and prova
(fr + c-g)(c + o-6) (*-o)(*~6)

(a-f6-fc)(a-h6-c)
cs

(-c)
*

6, From the equation k + kmx*m - x express (a) k, (b) m*
(e) x in terms of the other letters.



ALGEBRAIC PROCESSES, MAINLY REVISION 17

7. If two shafts of diameters dl and d% with a belt of thioknees
t round them make n^ and n 2 revolutions per minute,

make t the subject of this formula.

8. Make #m the subject of the formula - -^= TT.
0m V\

9. In calorimetry the following equation occurs j

Ms^t - 32) -fm t5 2 (
- 32) -fw2(J

- 32)

Ma^T - 32) + m^a^o - 32) -fw 2(J
- 32)

Prove T

121
10. If -

JT
which of the following is the right value of x ?

_
,_

2a-R
/ ^

aH R aR
(a) 2a-R (6) rr- (c) r T; <d > o

~ a (c) R~2^'Oi 4iG iV * XV ZO

11. If co= 27r/ and coL=* ^ express / in terms of xr, L and C.

/~Tp~r~

12. MakeW the subject of the formula N
188/^/^7.

13. If Tc= M-f VM a + T 8
express M in terms of T and Tc

[write the equation TV -M = VM 8
-f T a and square both sides].

R, VR a
-f L, 8*^1

14. Make co* the subject of the formula~K t

15. A point divides a line 12 in. long into two parts so that
one part is J in. longer than the other. Find the lengths of the

parts.

16. A lens is in the form of a segment of a sphere. It is 02 in.

thick and the radius of the plane face is 3 in. Find the radius of

the curved surface,

17. A cyclist A is riding at 12 m.p.h. Another cyclist, B,
starts J mile behind A and rides at 15 m.p.h. How long will ha
take to overtake A ?

18. Find two numbers whose sum is 65 so that the sum of a
third of one number and a quarter of the other is 18.



18 ALGEBRA
19. A man buys 1000 oranges at 10 for 2s. Od. and sells some at

60% profit and the remainder at 50%. How many must he sell

at the higher price to make a profit of 5 12*. Od.

20. Find what resistance must be put in parallel with a resist-

ance of 24 Qhms to produce a resistance of 8 ohms ?

21. How many pounds of glycerine of specific gravity 1'260 must
be added to 20 gallons ofwater to make
the specific gravity of the mixture
1*1 ? [1 gallon of water weighs lOlbs.]

22. The figure shows a rectangular
sheet of metal AEFD. The part
ABCD is rolled into a cylinder of

length AD and the circular discs cut
from BEFC are used as ends of the

cylinder. If the volume of the

cylinder is V, show that,

Fio. 1.

nb'

23. If a point on a thermometer is the same number on the
Fahrenheit and Centigrade scales, find that number.

24. In a certain district electricity is charged for at two different

rates, either ( 1 ) 5% of the rateable value of the house -I- Id. a

unit, or (2) 8d. a unit. For a house of rateable value 84 find the
least number of units that must be consumed for it to pay the
householder to go on the first rate. Find also the least number for

a house of rateable value n.

25. Two ships 500 sea miles apart are steaming towards each
other at 30 and 20 knots. To what must the speed of the latter

ship be increased in order that it may meet the former 2 hrs. earlier

than it would have done ? Also find what speed is necessary if

the ships are initially n miles apart.

26. A U tube with both ends open contains mercury to within
10 cm. of the ends of the tube. Water is poured into one arm
until the water is 4 cm. below its end. Find how far the mercury
rises in the other arm ? (sp. gr. mercury = 13-6.)

27. A car averaged 19 miles per gallon of petrol for 500 miles.

How many miles per gallon must it average for the next 500 miles

in order to increase the average over the whole 1000 miles to

21 miles per gallon ?

28. There are two rates of charging for electricity in a certain

district : (a) ordinary rate : light 8d. per unit, power 2<J.. per
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unit ; (6) tariff rate : 5% of rateable value and Id. per unit for

light and power. If a householder has a house of rateable
value 60 find the total cost of 100 units for lighting and 500 units
for power,under both schemes. If he actually uses 80 units for

lighting what is the least number of units he must use for power
in order that it shall pay him to go on the tariff rate ?

Extended use of symbols. Units

In Part I symbols were used to represent numbers only,

but, as we shall see below, the scope of a formula is greatly

enlarged by supposing that each symbol in it represents not

only the number which measures the quantity, but the unit

in which the quantity is measured as well. Consider the

formula V=o6c, which gives the volume V cu. in. of a

rectangular box of which the internal dimensions are a in.,

b in. and c in. This formula is clearly true if the internal

dimensions are a cm., b cm. and c cm. and the volume is

V cu. cm. In fact it is true whatever unit of length is used,

provided the unit of volume is the volume of a cube whose

edge is the unit of length. Because the formula is true what-

ever unit of length is used, it is useful to understand a, 6, c to

represent not only numbers of inches, centimetres, etc., 'but

to include the unit. For instance, if the dimensions of a
box are 3 ft. by 2 ft. by 1 ft. we write a = 3 ft., 6 = 2 ft. and
c = lj ft., then

V=3ft. x2ft. xlft.
= (3x2xl|)ft. xft. xft.

= 9 (ft.)3,

where (ft.)
3 is written as short for ft. x ft. x ft. We see

that (ft.)
3 is a convenient .shorthand for 1 cubic foot. It

does not mean that we can multiply a foot by a foot ; this is

as impossible as multiplying an apple by an apple.

If we make a the subject of the formula, we get :
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Now suppose V =60 cu. in., b =4 in., c =5 in. Then

_ 60 (in.)8 _ 60 (in.)3 ^

This shows that the correct unit for the answer is obtained

by treating the units as if they obeyed the index rijles in the

same way that numbers and symbols do.

If a car travels 200 ft. in 5 sec. its average speed is

200
ft. per sec., i.e. 40 ft. per sec. We write this as

40

JfM ft. ft.
._ 40 in the same way an acceleration of 3 ft. per
5 sec. sec.

' r

ft.

sec. per sec. is written 3 -.r
sec.2

Example. The distance 8 fallen by a body under gravity in

time t is given by s = \g&. Taking g = 32 ft. per sec. per sec.,

find the distance fallen in J sec., putting the units in the
formula.

ft
Since = 32 ,*

sec.2

ft.
*

sec.2
* *

32 ft.

-4 ft.

When, from experience, we are sure of the unit of the answer
it is unnecessary to put in the units in each line, as in the

above example, but everyone should be able to check the units

of ah answer in this way.

Example. Express a pressure of 1 Ib. wt. per sq. in. in

grams wt. per sq. cm.
1 Ib. wt. 454 gm. wt.,

1 Ib. wt. per sq. in. : r <

. t^ *
in.2 (2-54 cm.)*

'
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454 gm. wt.
"

6-45 cm.*

70-4 gm. wt. per sq. cm.

Example. Young's modulus of elasticity for a metal bar

is given by
4WZ3

where J length, b breadth, d = depth of the bar, and y is

the deflection of one end due to a loadW when the other end is

clamped horizontally.
If 6, d, y, I are measured in inches andW in Ib. wt., in what

unit is E measured ? Also construct a formula to give E in

^ 2
whenW is in cwt., I in ft. and b,d,ym inches.

Writing the units inches and Ib. wt. alongside the symbols

4W Ib. wt. (/ in.)3 4Wfl* Ib. wt. (in.)3 4Wfl Ib. wt.

(6 in.) (d in.)* (y in.)

"
bd*y (in.)*

""

bd*y (in.)?'

This shows that the unit for E is 1 Ib. wt. per sq. in.

IfW is in cwt., / in ft., b,d,ym inches.

tonwt.

_ 4W cwt. (I ft.)3

* vv '

2240
E =

4 x 12 WJ3 ton wt.
*

2240 bd*y (ft.)2

'

Thus we can say that for this set of mixed units :

4x125 WP
*

2240 bd*y

Example. Ohm's Law E=RI, which relates the electro-

motive force E, resistance R and the current I in a wire, is true

when E, R, I are measured in the practical units, volt, ohm and
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ampere, and when they are measured in C.G.S. units. Assum-

ing 1, ampere =-^th C.G.S. unit of current, 1 volt = 108 C.G.S.

units of electromotive force, find the number of C.G.S. units

of resistance in 1 ohm.
Since E = RI is true in practical units

1 volt = 1 ohm x 1 ampere

i , 1 volt
.'. 1 ohm = -

1 ampere

1Q8 C.G.S. units of E.M.F.

Yo C.G.S. unit of current

= 10 C.G.S. units of resistance

(since 1 C.G.S. unit of E.M.F. = 1 C.G.S. unit of re-

sistance x 1 C.G.S. unit of current).

Exercise IV

1. If t is a time in seconds, a a distance in feet, v a velocity in

ft. per sec., / an acceleration in ft. per sec. per sec., find the
unite of each of the following and state what kind of a quantity
each is :

w ft (b) i# (C ) V/T (d)
j.

2. If R is a resistance in ohms, t a current in amperes, V a

potential difference in volts, find the units of each of the following
in their simplest form, assuming 1 volt= 1 ohm x 1 ampere and
1 watt = 1 volt x 1 ampere.

V V a

(a) ^ (6) Ri* (c) -.

3. If u and v are velocities in feet per second, s a distance in

feet, and t a time in seconds, find in which of the formulae

(a) t>
2 = u 2 + 2ft (6) t; = w*-f 2fs

the units of all the terms are the same. Which formula do you
think is correct ?

4. If W is in Ib. wt., v in ft./sec., g in ft./sec.
1
, in what unit is

Wv*
kinetic energy J

- measured ?
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5. The weight of a mass of one pound gives it an acceleration
of nearly 32-19 ft./sec.

2 in London. What is the relation between
1 Ib. wt., 1 Ib. mass and 1 ft./sec.

2 ?

6. The absolute unit of force (a poundal) is the force which
gives the standard mass 1 Ib. an acceleration of 1 ft./sec.

a What
is the absolute unit in terms of Ib. mass, ft. and sec. ? In the
C.G.S. system the absolute unit is the dyne, a force which gives a
mass of 1 gram an acceleration of 1 cm./sec. 2 What is the rela-

tion between a dyne, a gram, a centimetre and a second ? What
is the relation between the weight of a kilogram and a dyne ?

'7. Taking 0=32'19 ft./sec.
2
, 1 Ib. mass = 453-6 grams,

1 ft. = 30'48 cm. and 1 dyne=l gram, cm./sec.
2
, express a force

of 1 Ib. wt. in dynes.

8. The formula for the tension of a wire when it is stretched
a length x is T= (EA#)/J, where A is the area of the cross-section

of the wire, I is the length of the wire and E is Young's Modulus of

elasticity for the material of which the wire is made. If I and x
are in inches, A is in square inches and T in Ib. wt., in what units
us E measured ?

9. If a body moves in a circle of radius a with velocity v it has an
v 2

acceleration towards the centre. By taking v in ft./sec. and

v 2

a in ft. show that has the same units as an acceleration,
a

10. If the potential difference between the plates of a condenser

having a capacity C is V when the charge on a plate is Q, Q = CV,
when C is in farads, V in volts and Q in coulombs. Taking
R to be a resistance in ohms, i a current in amperes, and assuming
1 ampere = 1 coulomb/sec, show that :

Q 2 CV
(a) 77- is in watts. (6) r- is a time in seconds.

\st *

(c) RCi is a charge in coulombs.

Functions

The current produced in a given wire of resistance 10 ohms
E

by an electromotive force E volts is amperes. Because the

current behaves or functions ;i< -cording to this relationship
with E, it is called a function of the voltage E. If the current
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is denoted by the letter t, then the formula t" expresses

the functioned relationship of t with E.

In general, any quantity, whose value depends on the value

of a variable quantity z, is called a function of x. x2 , 3 sin2l,

2n are functions of x, t and n respectively. Functions like

2r + 1

#*, (1 -#2
)
4
, ~

1
are called algebraic functions ;

functions

formed by using the trigonometrical ratios such as tan 0,
3 cos (2t radians), sin8 a, are called trigonometric functions

;

functions like 2*-*, (I'SS)
8* are called exponential functions,

because the index or exponent is the variable part in them.
An equation relating two variable quantities tells us what
function one quantity is of the other ; for example, y == 5#2 ,

f -4-3

C~f(F-32), R -, show what function y is of x, C of F
T o

and R of r respectively. To see what function one quantity
is of another it may be necessary to change the subject of the

formula. For instance, to find what function F is of C
from the formula C-=f(F~32) we put the equation in the

fonnF32+|C.
A quantity may be a function of more than one other

variable quantity. For instance, the volume of a cylinder

GRAPH OF THE FUNCTION xa

Fio. 2.
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depends on both its
height, h, and its radius, r ; the volume is

7rr2A, and it is a function of both r and h. The deflection of

the middle point of a beam supported at its ends at the same
level is a function of (1) its length, (2) its breadth, (3) its depth,

(4) its weight per unit length, (5) its elasticity, making five

variable quantities in all.

The graph of the equation y =x2 may also be considered as

the graph of the function #2
, and when we are thinking of it

in this way we label the vertical axis
" x2 " instead of t/, as in

Fig. 2,

Exercise V
Express :

1. The electromotive force between two points in a wire of

resistance 6 ohms as a function of the current i amperes.

2. The area of a square as a function of the length a? of a dia-

gonal.

3. The distance dropped by a body under gravity as a function
of the time taken, t sec. (take g = 32 ft./sec.

2
).

4. The area of a circular ring of width 1 in. as a function of the
radius r in. of the inside of the ring.

5. The telephone bill of a subscriber as a function of the
number of calls, n, in a quarter, if the charge for a telephone
is 2 per quarter, the first 50 calls are free, and the charge for the
remainder is Id. a calL

6. The volume of a cube as a function of the area A of a face.

7. If y~K 3 express a; as a function of y.

8. If m -: show that n is the same form of function of mn- 1

as m is of n.

9. If y SB # 2 1 and x = 1 Jt*, express y as a function of u.

10. Write down the relationship between the area A of a circle

and its radius r. What function is r ofA ?

11. The pressure p, the volume v and the temperature I of a
gas are related by the equation pv k(213 + t) where k is a fixed

number. Express t as a function ofp and v.
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12. Express the length of the hypotenuse of a right-angled

triangle as a function of the lengths a and 6 of the other two sides.

13. If the height of a cylinder is twice its radius, express its

volume as a function of ( 1 ) its height, (2) its radius.

14. In a triangle ABC the angle B is 90. If AB and BC have

lengths a and 6, express the perpendicular distance of B from AC
as a function of a and 6.

15. The impedance Z of a certain electric circuit is given by

Z =--- =. Express co as a function of Z, R and C.

16. If xy -f 3# = 4y + 5, express (a) x as a function of y, (6) y as a

function of a:.

k 1 k 1

17. If --- =- , express k as B, function of the other letters.^

Simultaneous equations

The following example shows the two methods of solving

simultaneously equations of the first degree.

Example. Solve the equations :

4*-3t/ = 7 ...... (1)

6*-7*/=-2 ...... (2)

1st Method. Eliminate a letter, say x, by multiplying

(1) and (2) by numbers which will make the coefficients of x
the same in both equations. These numbers can be 6 and 4,

which make the coefficients of x both 24, but since the L.C.M.

of 6 and 4 is 12 it will do if (1) is multiplied by ^ = 3, and

(2)by\*-2. Then:
12*- 9^ = 21

12#-14y= -4

Subtracting 5t/=25

/.If -5

Substituting this value in (1) :

4s = 3^ + 7 = 15 +7 =22
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2nd Method. Make x the subject of equation (1) :

Substitute this value in equation (2) :

-14?/ = -4

-5# = -25

Whence x = 5f as before.

When the coefficients of x and y contain three or more

figures it is better to make the coefficients of x equal in the

equations by dividing each equation by the coefficient of x in

it.

Example. Solve the equations :

4-97a;+63-ly = 26-9, 27-Sz-l 5-2t/ <- 65-4.

Dividing by 4-97 and 27-3 respectively :

/. substracting, 13-26?/ = 3-016

3-016

/. x = 5-412 - 12-70*/ 5-412 - 12-70 x 0-2275 = 2-521.

Ans. x = 2-52, y= 0-228.

Either of the methods used above may be used to eliminate

a letter from two formulas.

Example. If two weights, W Ib. wt. and w Ib. wt. are con-

nected by a string which passes over a light smoothly-running
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~
sec.

ft

pulley, their acceleration / ~ and the tension of the string

T Ib. wt. are given by

9 9

Find T in terms of W, w and g.

To eliminate / multiply the first equation by w and the

second by W.

9

Subtracting = 2Ww -Tw -TW

. rn
" W+w'

On the other hand, if we use the substitution method, we

W/
make/ the subject of the first formula W -T, by muiti-

g
plying by . This gives

Substituting this value in the second formula,

Multiplying by W,

T, ,

Whence, as above .-^ .W +w



ALGEBRAIC PROCESSES, MAINLY REVISION 2ft

Exercise VI

Solve the simultaneous equations :

ll 2. 2z-3t/= 43

3. 2&c + 8t/ = 9 4.

Find the roots of the following equations to 3 significant

figures.

5. 0-05a; + 0-2t/ = 4-5 6. 14-7 Ix - 1 -96j/ 20-43

t/= 16-6.

7. 1023*-47y= 515 8. 8'14a;H-0-92y=5 10-07

147*+ 212y - 100. 2-93x4- 12- 12y 18-95.

9. Find p and gifjj-^

10. The effort P Ib. wt. required to raise a load W Ib. wt. by
means of a differential pulley block is Driven by P= aW-f6.
It is found in an experiment that P=1'71 when W15, and
P= 4-36 when W 75. Find a and b.

I

-VWVWWV-
1

ohm.

-11

X

y

11. Calculate the values of m and c,

if y = mx + o given thatwhen x 6, y = 10,

and when #=15, t/
= 37.

12. If, in the circuit shown, the cur-

rents in the two parts are x and y
amperes,

4(z-f t/)-f 6#= 15 I.
, ^AAA/WW *

and &c-12t/0. '**

^. , , Fio. 3.
Find x and y.

13. If in the circuit in Question 12 the battery has a voltage E
and the resistances are R, r and a instead of 4, 6 and 12,

re $i/
=

Find a? and y in terms of the other letters.

14. Fig. 4 shows the forces on a 20-lb. wt. when the weight
is just being pushed up the plane by a horizontal force P Ib. wt.,
and the coefficient of friction is 0-35. By resolving parallel
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and perpendicular to the plane, the following equations are
obtained :

P cos 30 = 0-35N + 20 sin 30

P sin 30 + 20 cos 30 =N.
Solve these equations for P and N.

FIG. 4.

15. In a problem in mechanics the following equations occur :

T - T
2

JTi + ^Ta^lOO.
Find T! and T 2.

16. If e*=kDG = kd(G + n), find k in terms of e, D, d and R,
but not G.

17. In calculating the strength of a reinforced concrete column

the following equations occur: /=mF= c
, F=-~; prove

that/= am + A'

19. If co 27r/ and coL
g, express / in terms of TT, L and C.

20.

21. If A=oA;A;
/
-f ^4-A;', B^a^-hl, C =a&+ 1, express a, A; and

&' in terms of A, B and C.
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rtrt
16M 16T

, t ,
, --

22. If Px "73* PV~~~~J$ s^d Pi ~2\Px+ vPx+Pvs* prove

8

23. If V>T l
a = d 2 -fa 1

2 and V 2T 2
2 = d 2

-f a 2
2
, express V and d 2

in terms of Tt , T 2 , i and a 2 .

x 1 1 v
24. If T = -'

r--t 3 = -7= and hy-x=! 9 express h in terms of d.
V3

Graphs

To plot the graph of an equation such as

40

for a given range of values of x, say #= -3 to rr4, make a

table of the values of each term of y for each of the selected

values of x and then add the columns to obtain the values of y.

x .. __3 _9 _i o 1 2 34
20 .. 20 20 2*) 20 20 20 20 20

-5x2
.. 45 -20 -5 -6 -20 -45 -80

-^- .. 20 13-3 10 8 6-7 5-7 5 4'4
07 + 5

Sum=y -5 13-3 25 28 21-7 5-7 -20 -55-6

A graph is plotted from this table in Pig. 6. Such a graph
can be used for the following purposes :

(a) to read off,the value of y for any value of x between - 3

and 4, or to read off the values of x between -3 and 4,

which make y have any value between - 55*6 and 4- 28*1. This

is called interpolation. For example, we find that when
x = l'6, y= 14-75 at A, and when ^ = 10, x==-2-2 or 1-8 at

B and C.

(6) to find any maximum or minimum values y may have
in the given range of values of x.

In Fig. 5, y has a maximum value 28*1 at x =2= -0*2 at D.
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GRAPH OF y=20-Sx+
40

x+5

-20

-40

FIG. 5.



ALGEBRAIC PROCESSES, MAINLY REVISION 33

To obtain any one of these values more accurately the part
of the graph near the corresponding point has to be plotted
to a much larger scale. For instance, to find the maximum
value of y its values at x - 0-3, - 0-2 and - O'l are tabulated
in addition to the value at a=0, which has already been
found.

* .. -0-3 -0-2 -0-1
20 .. 20 20 20

-fo2 _ _o*45 -0-20 -0-05
40

x + 5

y

8-511

28-061

8-333

28-133

8-163

28-113 28

A graph is plotted from this table in Fig. 6, and it shows
that y has a maximum value

28-14, at *=^- 0-17. It should

be noted that the maximum
value can be found far more

accurately than the corre-

sponding value of x ; more-

over, y 28 from x 0-3 to

# = so that any value of x
in this range makes y very

nearly equal to its maximum.

Example. The time of a small oscillation, T sec., of a rod of

length 120 cm. swinging in a vertical plane about an axis
at h cm. from its middle point is given by

T=i
'A2 + 1200

~gh~'
where g ==981. Draw a graph to show the variation of T with
h from h =0 to h = 60. Find from it the value of h for which
T = 2, and the minimum value of T.

Putting 981,

1200

V981
= /
)81V
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GRAPH TO SHOW THE TIME OF OSCILLATION OF A ROD

10 20 3O

Fia. 7.

40 50 6O

The table below shows how T is calculated from k. The
values of h are taken at intervals of 10 cm., except the first

= 5 because T is infinite when A is

20

60

80

15-65 11-40 8-94

30

40

70

8-37

40

30

50

24

60

20

70 74 80

8-37 8-60 8-94

T 3-13 2-28 1-79 1-67 1-67 1-72 1-79

Fig. 7 shows the graph of T against h. It shows that
T=2 when h =14, and that the minimum value of T is

approximately 1-66 and it occurs at h =2= 35.
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Straight line graphs. Gradient of a line

Consider the graph of y = 2x -f 3. The table below gives the

values of y from #= - 3 to re = 3.

x .. .. -3 -2 -1

y .. .. -3 ~1 1

GRAPH OF y-2x-f3

3
1

5

2

7

3

9

GRAPH OF y=2x-f3
WITH THE SAME
SCALE ON BOTH
AXES

2 a
1 ' V

Fio. 8. Fio. 9.

Thus y increases by 2 whenever x increases by 1. Hence the

graph of the equation is a straight line as shown in Fig. 8.

^ = 2o?-{-3 is called the equation of the line. The ratio

(increase of y) : (increase of x) is 2 whatever pair of points is

taken on the line. For instance, from the table above, two

points on the line are A given by x = -
3, y = -

3, called the

point ( -3, -3), and B given by a? = 2, y = 7, called the point

(2, 7). From A to B the increase of y is 7 - (
-
3) = 10, and the

increase of x is 2 -
(
-
3) =5.

increase of y 10
* *

increase of x
~

5
~~

In mathematics this ratio is called the gradient of the line.

Fig. 9 shows the graph of y-2x + 3, using the same scale

on both axes.
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When the scales on the two axes are the same the gradient is the

ratio of the actual lengths of the vertical rise NB to the hori-

zontal distance AN. If the line makes an angle with the

^ NB
horizontal, tan =

-TVP anc* 8 :

AJN

Gradient of tie line =tan 0, when the scales on the 'axes are the

same.

In Fig. 9, tan = 2, and hence =^= 63 26'.

In general the graph of y=ax+b, where a and b are given

numbers, is a straight line of gradient a. Since y~b when

=0, the constant b is the intercept on Oy measured from O
to the point where the line cuts Oy. If the line cuts the y axis

below O, then b is negative.

GRAPH OF yr=-

FIQ. 10.

If a is negative the gradient of the line is still a. For

instance, in the equation y -\x + 1, when x increases by
1 , y decreases by J, so we say that y increases by -

.

increase of y \

increase of x

Hence the gradient of the line is -J. The graph of this

line is shown in Fig. 10. It is clear that lines with a positive

gradient slope upwards to the right and lines with a negative

gradient slope downwards to the right.
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Any equation like &x + ty 8, in which the terms in x and y
are of the first degree, has a straight line graph, for it can be

written

i.e. 3f=2-l-25a;,

which is the straight line of gradient
- 1-25 shown in Fig. 11.

FIG. 11.

(73

Fio. 12.

Equation of the line through two points

If the graph of y=ax+b passes through the two points
(-2, -6), (7, 3) [Fig. 12], then y= -6 when x= -2 and
y = 3 when # = 7.

/. -6=-2a+b
and

Subtracting

Hence the required equation is
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Exercise VII

Draw the graphs of the following equations for the given range
of values and use the graphs to answer the questions :

1. t/= 12# a - ISx- 7 from x ~2 to 4. Find the minimum
value of y and the values of x which make y = 10.

2. R = 1 + 6v 2vs from v 2 to 2. Find the maximum and
minimum values of R and the values of v which make R = 0.

3. y^x* + 4x-8 from x~ -2 to 3. Find to 3 sig. fig. the
values of x which make i/

= and t/= 10 i espectively .

7
4. 2=w f

-f from m = to 4. Find to 3 sig. fig. the minimum

value of t and the value ofm for which i is a minimum.

5. zt/ 3
40y from t/= 5 to 5. Find the maximum and

minimum values of z. If P is a point on the graph and PQ is

bisected by the origin, prove that Q is also a point on tho graph.

6. 2/
= -= T -a; from - 2 to 3. Find to 3 sig. fig. the values of
X ~r 4

x which make y = and 2 respectively.

7. p &Vr~ 3r from r= to 5. Find the maximum value of

p to 3 sig. fig. Has p a graph for negative values of r ?

8. y = 4c 3 - 3a; 2 - 14# + 4 from x = - 2 to 3. Find the values of
x which make y = 0, giving the larger positive one to 3 sig. fig.

9. y = f\/9-x 2 and y= -fVO-a 1 from aj=-3 to +3.
Show that these two graphs together make up the graph of

10. y*= from #= 4 to +4, taking values of x at intervals
37

of J. Calculate the values of y when o?= -0-01, -0-001, 0-001,
0*01. What happens to the graph as x increases through the
value ?

11. 2/
= sin0 + 2 cos from = to = 90. Find the maximum

value of y to 3 sig. fig., and the value of 8 (to the nearest degree)
which makes y= 1-5.

Plot the graphs of the following functions :

12. 2x* from a;= - 3 to 3. 13. 9 from a?= - 3 to 3.
tr*
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14. *(6-*) from <= -2 to 8. 15. sin (0 radians) from = to
27T.

16. 4m3 - 16m a from m= - 2 17. 2* from a?= - 3 to 3.

to 2.

18. log lo# from x = J to 4. 19. tan x from ar= to 180.

Draw the straight lines which are the graphs of the following
equations and state the gradient of each line and the intercept
it makes on the vertical (y, C or V) axis.

20. /
= 5-3#. 21. 2y +x = 8. 22. 3?/-4a: = 7.

23. 5y=10x-12. 24. C = S(F-32). 25. V 200 -0-81.

Find the equations of the straight lines joining the following
pairs of points :

26. (2, 3), (8, 11). 27. (6, 4), (1, 12). 28. (-2, 5), (3, 0).

29. When a beam is clamped horizontally at one end the deflec-

tion y of the other end, which is distant / from the clamp, is given
WJ 8

by y ^7 , where W is the load hung from that end. Draw a
oHji.

graph of y from 1=10 to J=100 when W = 2, E=* 20x10*,
1-0-0012.

30. Two wires containing resistances 10 ohms and R ohms are

placed in parallel and a voltage V is applied to their ends. If the

current through the resistance R ohms is 15 amperes, V T> rx-

Draw a graph of V against R from R = 1 to R = 50.

7-35V
31. The formula H = ^ -0-13 has been used to find the

percentage, H, of hydrogen in coal when the percentage of volatile

matter is V. V ranges from 10 to 50. Draw a graph of H against
V for this range of values. From it find the value of V which
makes H = 6 and check your answer by calculation.

x y
32. Draw the graphs of the equations o + I

251 1> and y =x*- I

on the same axes and find the co-ordinates ofthe points where they
intersect.

33. For an L.M.S. train of one locomotive and twelve coaches
the resistance r Ib. wt. per ton at a speed of V m.p.h. is given by

Draw a graph of r from V = to V = 80. Determine at what speed
r = 10 and at what speed r is double its value at 30 m.p.h.
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34. For temperatures between 700 01 and 3000 C. the

resistivity of tungsten, r microhms per cubic cm. at t C., is given

by r= 4-063 + 0-0275<+ 0'00000176* a
. Draw a graph of r against

t from t 700 to t = 3000 and find what value of t makes r= 47.

35. A load of 200 Ib. wt. is suspended by two equal ropes,

length I ft., from two points 6 ft. apart at the same level. The
K)OZ

tension T Ib. wt. in each rope is then given by T= ==r. Plot

a graph of T from /= 4 to I = 10. For what value of I is T equal
to 150 ?

36. For a certain material the Brinell hardness number H is

given in terms of the diameter of indentation d by the formula
WH= It can be shown that this formula is

W/4 1 \
approximately the same as H= \J2~fJa) wnen ^A^ is small.

Draw graphs of both these formulae from d= 1 to 9 whenW = 3000
andD=10.

37. When a square coil of 4 turns, each side 40 cm., carries a
current of 12 amperes per turn, the magnetic force H at a point
on the diagonal at x cm. from the centre is given by

19.0

Draw a graph to show how H varies as % varies from - 25 to 25.

CHAPTER H

FACTORS AND FRACTIONS
Factors

The first step in factorizing an expression is to find the

highest common factor of its terms.

Example. Factorize 4J2#2 - 2lx*.

H.C.F. of 4J2#2 and 2lx* is 2lx*.

* - 2lx* 2fo* x 21 - 2&2 x x
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Example. Factorize (a + l)(2a + 3)
-

(a + 1)(6 + 3).

(a -f 1) is a factor of both products and hence of the whole

expression.
.'. expression = (a + 1){ (2a + 3)

-
(6 + 3) }

In many cases an expression is the product of factors,

although its terms have no common factor. Such an ex-

pression can often he factorized hy grouping its terms.

Example. Faotorize a2 - 2lm - 2al +am.

Expression = a2 - 2al - 2lm +am
= a(a-2Z)+m(a-2Z)

Factors of 2 &2
.

We have seen on p. 7 that

This formula can be used to factorize the difference of any
two squares.

Example. Factorize 9#2 - 4t/
2

.

by putting a 3a; and 6 =2y in the formula above.

Example. Factorize Z4 - m4
.

The calculation of a*b2 when a is very nearly equal to b.

Suppose a and b are 12-00544 and 12 respectively. Then
all we can get using four figure tables of squares is :

a2 _ 52 (12-01)
2 - 122 . 144.2 - 144-0-2.

2*
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This answer is not even correct to the one significant

figure 2, and so we proceed as follows :

~ (12-00544 - 12)(12KX)644 + 12)

=0-00544x24-00544

==0-00544x24

=^0-131.

The error in taking 24 instead of 24-00544 is less than 1 in

4000 and so will not affect the three figures 131. To get the

same accuracy by squaring a and 6 it would be necessary to

find a2 to seven significant figures either from a larger table of

squares or by ordinary multiplication.

Factors of

Let xz -t- Sx + 12 be the product of (x + a) and (x -f 6). Since

(x + a)(x + 6)
=x2 + (a + b)x + 06,

the product is x2 4- Sx + 12, if

a +b =8, and ab = 12.

Therefore to find the two factors we have to find two
numbers whose product is 12 and whose sum is 8. To do
this we write out a list of the possible factors of 12, namely,
12 x 1, 6x2, 4x3 and pick out the pair whose sum is 8, in

this case 6x2.

This work can be set out in the following way :

x2 +8* + 12= # + *$, 6, 4

Exercise
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4. (a) 9c 2 -16r*. (b) 8& 2 -200. (c) J

4S

5. (a) p*q
2

6. (a) (2x ~ 1)*
-
(x - 2)

2
.

7. (a) Z
4 -16. (6) I*-.

8. (a) 16ic4 ~8l2/
4

.

9. (a) ^,-1; (6) r 2"-! (c) * 2-~
2

(c)

(6) (a-f& + c)
2 -(a-h&-c) a.

9^

m 2
*

Calculate by using factors :

10. (a) 28 2 -23 2
. (6) 65 2 -63 a

. (c) 9-87 a -9-81*.

11. (a) 152 a -148 a
. (6) 289 2 -286 a

. (c) 7594* - 7590 8
.

12. Find the value of p 2 ~# a to 3 sig. fig. when #= 160-0237
and q 150.

13. Find the value of co 2 -co 8 to 3 sig. fig. when cof =2x 10*

and co-co = 12,600.

14. Two concentric circles have radii rl and r2 . If C is the

length of the circumference of a circle whose radius is the mean of
rt and r 2 and t is the distance between the circles, show that the
area between them is Ct.

Factorize :

15. (a) ax-2x-a + 2.

16. (a) ka-kb + lb-la.

17. (a)

18. (a) a 2 -

19. (a) x

20. (a) x* + 23Z4-90.

21. (a)

22. (a)

23. (a) x

24. (a)

25. (a) m 2 -5m-14.
26. (a) p a

-f 3p -f 2<7
2

27. (a) I
2 + Im - 2m 2

.

28. (a)

(6)

(b) t*-,

(b) a-
<*)

(6) ;c
a -5a;-t-4.

(6) * a -

(6) p*~
(6)

(6) x 2 + 3x -28.

(6) Z 2 -J-6.

(6) m3 + 5m 14.

(6) p a -3pq + 2q*.

. (6) p*-5pq + 6q*.

(c)

(c)

(c)

(c)

(c)

(c)

(c)

(c)

(c)

()
8 -pq ~ 6.
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Simplify, using factors :

29. x*(y-x) + x(y-x)*. 30. (a-*) 2 -
(a

2
-a;*).

31. (Z + n)(J
2 -a; 2

)-(J-a;)(Z
a -n 2

). 32. (r + 2*+ l)
2 -(r-3*+ I)

2
.

Factorize :

33. (a) l-cos 2 0. (6) cos 2 A -sin 8 A. 9

(c) (3 cos A 4-2 sin A) 2 -(cos A + sin A).
2

34. (a) 4 tan 2 0-1. (6) 1+sin 04-2 cos + 2 sin cos 0.

(c) cos 4
a; -sin4 x.

Factors of a*2 + bx + c

xl 4-2 x2)z-f 2 xl

Now consider the reverse process of finding the factors of

Let 6x2 + Ix + 2 = (ax + 6)(cx + d)

=oca:2 -f (od -f 6c)a; -f- M.

The expression on the right-hand side is the same as the

expression on the left if

oc=6, (ad-}- be) =7 and bd=2.

If we write the letters a, b, c, d in the form \^ , then

the product of the two left-hand letters has to be 6, the pro-
duct of the two right-hand letters has to be 2, and the sum
of the cross products indicated by the arrow heads has to be 7.

Now 6 = 6x1 and 3x2, and 2=2x1. Therefore, the scheme

N , can be written in the following ways :

6V 2. 6V 1. 3V 2. 3V 1

1/S*1> l/\2' 2/M' 2/^2
We examine each of these to see in which one the sum of the

cross products is 7. In the first it is 6 * 2 = 8, in the second,
12 + 1=13, in the third, 3-1-4 = 7. Hence the third arrange-
ment is the correct one, that is, a = 3, b = 2, c 2 and d 1 .



FACTORS AND FRACTIONS 45

The above schemes of factors can be written more compactly

1, 2/M, 2

When some of the terms are negative we proceed in the same

way except that in this case either b or d or both will be nega-
tive numbers.

Example. Factorize 5tz -8^-4.

Let 5*2 -& -4 ~(at +b)(ct + d)

*=act*-t-(ad+bc)t+bd

Then ac = 5, bd = - 4 and ad+bc= - 8.

Therefore, a and c must be 5 and 1, and b and d can be any
one of the combinations 4 and -1, -4 and 1, 1 and -4,
- 1 and 4, 2 and -

2,
- 2 and 2. We write these :

4, -4, 1, -1, 2, -2.

-1, 1, ~4, 4, -2, 2.

Working out the cross products and adding them we get in

turn -5+4= -1, 5-4 = 1, -20 + 1= -19, 20-1=19,
-10 + 2= -8. The last one gives the correct coefficient of t.

Hence a = 5, c = l,6=2, d= -2.

The factors of 5t2 - 8th - 4A2 are found in the same way.
For if 5*2 - 8th - 4^2 = (at + bh)(ct + dh). ac = 5, 64 = - 4,

ad+bc=* - 8 as above.

/. 5J2 - 8th - 4A2

Division

We can often determine whether one expression divides

exactly into another by factorizing the dividend. Thus

o;-4 a;-4

/. x ~ 4 divides exactly a; + 3 times into x*-z-I2.

The division can however be carried out by the method used
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in long division in arithmetic, after first arranging both

dividend and divisor in descending powers of x.

3-4 32 -3-12 3+3

33-12
3* -12

The first step is to divide x into x2
; the quotient is r and

so we multiply the divisor by 3, giving x*-4x. Subtracting
32 -43 from the dividend the remainder is 33-12. This

step shows that

X2 - x _ 12 = x* -43 + 3x - 12

= 3(3 -4) +33 -12.

Now x -4 divides exactly 3 times into 3x - 12.

/. x2 -x - 12 =x(x -4) -f %(x -4)

or
3-4

If the dividend is x2 -3 - 10, the same method gives,

33-10
33-12

Thus there is a remainder 2. The steps in the division show
that :

s2 -3 - 10 -32 -43 -f 33 - 10
= 3(.r -4) +33-12 + 2

-3(3 -4) +3(3 -4) + 12
= (3 + 3)(3-4)+2,

rr2-s-10 2
or =3 + 3+-3-4 3-4'
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Example. Divide 4* + 6*2 - It + 9 by 2** - 3< - 1.

2*2-3*-! & + 6

4*3-6*2-2*

12*2 -5* +9
12**- 18* -6

13/ + 15

We stop at this stage because 2*2 will not divide into 13$

(without introducing negative powers of t). Hence the

quotient is 22 -f 6 and the remainder is 13* + 15. 'The divi-

sion shows that :

4*3 + 6^2 _ 7$ + 9 = (2^2 ^3^ i)(2t + 6) + 13* + 15.

Factors of a3 63 and of <

By division a -I a2 +06 +62

Similarly, a* +63 =
(a -i-6)(a

2 -06

Example. Pactorize So:3 - 27#3
.

(2o;)3

(2x -

Exercise IX
Factorize :

1. 2o;a -f 3a?+l. 2. 3* 2 4-7* + 4. 3.

4. 42/
a
-7j/-2. 5. 2m a -3mn~2nf

. 6.

7. 6 s -2-2. 8. 3Z J -5Z-2. 9.
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Divide by factorizing and by long division :

10. ar
f -6:c-7 by x+1. 11. 3t/ + 6y + 2 by 3y 4- 2.

12. a* - 7o6 - 86 by a - 86. 13. 8p 8 -
10j>$

- 30
8
by 2p

Find the quotient and remainder when :

14. z* - 2x - 1 is divided by x - 1.

15. &c8 - 1x* + 5x - 7 is divided by 2a? - 3.

16. 4y
8
-f t/

8 + 2t/
- 2 is divided by t/

8 - 2.

17. *
8 - 2/ + 5 is divided by 31 - 1.

* ^ a;
2 H-4^-t-6 2

18. Prove :

t/* -7 6

7T7="-
1

-^rr
Faotorize :

20. y*-l. 21. * 3 -a 8
. 22. 27 + p f

. 23. 20P+160.

24. Divide a? - / into x 8 ~ 2/a; 8 -f Z
s

. The deflection at a point of
a beam is proportional to a;

4 - 2fcc 2 + l*x. Use your first result to
factorize tliis expression.

25. Prove that (a
a + 2

)
2= (a

8 -
/3

2)-f 4a 8^.
If a~)3 8=GR-LCw a and 2a/3 = (GL + RC)co prove that

3
-f L 2co 2)(G

2
-f C 2co 2

).

26. Assuming that the volume of a sphere of radius r is fTrr
8
,

prove that the volume between two concentric spheres of radii R
and r is |TT(R -r)(R

2 + Rr + r 2
) and show that, when R is nearly

equal to r, this volume is nearly 4wr 2(R r).

A spherical balloon has a thickness of 0*005 in. when ite radius
is 1 ft. Calculate the volume of the material of which it is made.
How thick will it be when its radius is 5 ft. T

Simplification of fractions

A fraction can often be simplified by finding the factors of

the denominator and numerator and then dividing both the

denominator and numerator by every factor common to both.

r\ r-\
(i) 2 ; (11) j

;
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2k* -k *(2/fc-l) 2k -I

"7+3*(ii)

x*y + 2xv xi/ix-+tt xv
(iii) !o /

-2) rc-2'

~r2

a+r
a - 2r

*

a2 - 2ar a - 2r a + r

-2r)

(a
= (a

- r)a

(ii) a-2a?-3-(a;
3, 3, -1, l.i

1, -1, 3, -3.J

L.C.M. of more than two expressions

Example. Find the L.C.M. of z2 -a: -2,

Hence the lowest common multiple into which each of the

three expressions will divide is :

Addition and subtraction of fractions

We have seen on p. 8 that fractions are added or sub-

tracted by bringing them to a common denominator, which

is the L.C.M. of their denominators. Some harder examples
are given below.
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Example. Express as a single fraction.

L.C.M. of denominators is (x + l)(x 4-2).

3 6 3(x

*x 4-1 x +2 (x + l)(a

* + 2)"

Example. Simplify

/. L.C.M. of denominators = t(t
-

l)(2t
-

1).

(2-;
.'. expiession=

56-3

1_1 J_ !_

6 a oh tfi

Example. Simplify x

a-b b+a
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(a-b)(a+b)

=
, since a2 - b2 = (a + b)(a

-
6).

In an example of, this type it is important to note the differ-

b+a
ab*

ence between the horizontal lines in the fraction r .

2a

This expression with the bottom line longer than the upper

b+a n .
b+a

. b+a
line means +2a, i.e. -, but the expression jj~

2a

,*> \ u- vmeans (6 +a)-r-T~j which is
v 2a

The same methocTis used in simplifying expressions con-

taining fractional indices, but each term should be expressed
without negative indices before carrying out the addition or

subtraction.

Example. Simplify (r
2 + 2

)~*
- 3r2(r

2 4-a2)~i

1 3r
Expression*

Since (r
2 +a2

)S=(r
2 +a2

)i x(r
2 + a2

), it ia . the L.C.M. of

the denominators.

3r2

/. expression =
'

^

a2 -2r2
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Equations involving fractions

Such equations are simplified by multiplying each term by
the L.C.M. of the denominators.

1

Example. Solve the equation^ H

/. L.C.M. of denominators x(x + 3)(#
-

1).

Multiplying each term of the equation by this L.C.M.,

.*. 4x - 4 = x

Example. Express r as the subject of the formula :

Multiplying by the L.C.M., viz. (x + r}(y +r)(x + y -f r),

(y +r)(x +y +r) + (a; +r)(x +y+r)

*

x+y

Exercise X
Simplify :

ab*x Wmn*
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7
W ^^ Q

i O
ac oc

10. *:* 11.

(oc-2c 2
)
2 a-fc

15.

l_l
17. -

j-

ma ~2mn + n 8

23*

22.

Express as single fractions :

i i

26.

27 '

555 -6E? 28 - =5

29.

26 o2 -26 a

, "T" A T Q

z 1 p ~\~ q p *~ q
So I i

""
o- i' **^*

i> 2a
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3 *

Simplify the following, if possible :

43. (tt)
-

. (o)^ ^

.m+n ^ m+n
6mn

. (a)
-

s
. (6)

46. Using sin 8 A-f cos 2 A== 1, prove :

(1 -fsin A) 2 1 -f sin A
cos 8 A '

1 sin A*

Prove that :

47. r-i - er-i 4- 9r*2 = (t
-

3)
2
/*l

48. 4(a +

49. (a-6

Solve the equations :

2 1 a?+l a?-f 2

2)

"
(a?-

-2 16

*' p-2 p + 2 p a

Wa6 Wab
54. Simplify i& . . 6 . + |a .

-
. (6 + Jo).

65. Two expressions for the same bending moment are :

wx*
__
2wl(l-b}(x-a) w(2l-x) z

^ 2wl(l-a)(2l-x -b).

2
"

2J-a-6 2 2/-a-6
Prove that those expressions are equal.
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56. A frustum of a cone has end radii rL and rt and
length A. Its volume V is given by V= %ir(r2

2h 2 -r 1

2h
1 ), where

/>Jr1
= A 2/r2 = fy(r 2 --r 1 ). Prove V = JwfV + fyx + r

l *)h. Is V
equal to the volume of a cylinder of length h and radius equal to
the mean of r l and r2 ?

57. The radius of gyration & of a hollow cylinder of internal

^7r(6
4 -a 4

)

radius a and external radius 6 is given by fc
2= 77TZ z\ Simplify

this express-ion. Show that, if (b
-
a) is small, k 2= a.

58. If a resistance r is placed in parallel with resistances rt

and r2 , which are in series, the combined resistance R is given by

k^ if r is in series with r l and r2 which are in
r

parallel, R*=r-f -r
-

j-.
Find R from each of theae equabions as

rl ra

a single fraction.

CHAPTER III

SOLUTION OF QUADRATIC AND OTHER
EQUATIONS

Quadratic equations

If o;2-3a;+2=0,

(a?-l)(a;-2)=0

/. a; -1=0 or x -2=0
.'. # = 1 or x = 2

.'. a:-! or 2.

An equation like a;2 - 3a; + 2 == 0, which is true for two values

of the unknown letter x, that is, has two roots, is called a
"
quadratic equation." The simplest type of quadratic

equation is one like 4#2 -9=0, which has no term containing
the first power of the unknown x. It can be solved in either

of the following ways.
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(i) Factorize 4a:2 - 9, then

.'. 2x= -3, or 2x = 3

/. a= -f or z=f
.'. # = -f or f.

(ii) Add 9 to both sides of the equation, then

4*2-9+9 = 9

/. 4x2-9

Now take the square root of each side,

2z = 3 or 2x= -3
/. =

-| or -f.

3 is written for
"

-f 3 or - 3
" and the two lines above are

written :

Solution of a quadratic equation by factors

Take all the terms of the equation to the left-hand side ;

then, if the left-hand side has easy factors, the roots of the

equation are found by equating each factor to zero, as in

(i) above.

Example. Solve the equation 3#2 =2# -f 5.

3z2-2#~5=0
/. (3a?-6)(a; + 1)=0

/. 3a;-5=0 or x + 1=0
.'. or -1.

Example. Find t if P -at +2bt -2ab ~0.

t-a~Q or

.'. t-a or -26.
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Solution of a quadratic equation by the "method of completing
the square

"

Since

xz +px is converted into a perfect square by adding
This is shown geometrically in Fig. 13, in which

x2 +px =area of square ABCD 4- area of rectangle BEFC
4- area of rectangle CHKD.

The addition of
(\p)* to this area means the addition of the

square CFGH, which makes up the total area of the square
AEGK, which has an area (x

FIG. 13,

Example. What must be added to x2 H- 3x to make the new

expression a perfect square ?

Here #

expression

and so
||J =(|)2=ff. This makes the new

)2.

Example. Solve the equation x
z + 3x - 5 = 0.
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Adding (f)
2 to both sides,

V/29 5 '385

5-3R5-3 -5-385-3
/. a: re:--- =2=1-192 or--- =^-4-192.

*2i

This example shows that to solve the equation a;2 -fpx -f q = :

I. Write the equation in the form xz +px = q.

II. Add to both sides (ip)
2

, that is the "square of

half the coefficient of x" This makes the left-

hand side the square of (x + \p).

The above method of solution is called the
" method of

completing the square." It can be used in all cases whatever
the values of p and q, whether positive or negative.

Example. Solve the equation y2 -f- 4-12 =7 *()6?/.

= -4-12.

(*7

^?A\ 2

--] =3-832 to both sides,

3/2-7-66*/ + ( I =3-832 -4-12 = 14-67 -4-12

/. (y- 3-83)
2 = 10-55 =3-252

.'. y- 3-83 -3-25
/. /

= 3-83 -3-25 =0-58

or y = 3-83 -* 3-25 = 7-08.

If x2 has a coefficient we divide the equation by it so as to

make the coefficient of a;
2
unity before completing the square.

Example. Solve the equation 3#2 +x - 7 =0.

Dividing by 3,
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t o
84-f 1 85

.. (s + e)
-

36
-
36

/85 dbV85_^ 9-22

i

=
^ ~^~~*T

9-22 - 1 8-22
/. 2;=^=-

O D

-9-22-1 -10-22
or x=s= = sar-1-70.

6 f>

Example. Make p the subject of the formula :

1

R 1-
J ,

-

R /R2 1 /Rs 1 R2

4L2C

R /R2C-4L
-J

:2LV

4L2O

R2C-4L



60 ALGEBRA

Solution

ax* +bx+c~0 is the typical quadratic equation. To sum up,
the methods of solving it are :

either I. Factorize dx2 4-6a:4-c and equate each factor to zero
;

or IL Divide by a ; take the term without #-to the right-
hand side ; add (^ coefficient of x)

2 to both sides ;

take the square root of each side.

By using the second method we get :

b c
x2 +-x + - = Q

a a

c

a a

a* + - + (-- )
- -- +

a \2ai a

6\2

s)

This may be remembered as a formula for the roots, but

the student should not make use of it in this way until he has

mastered the method of completing the square.

Example. Solve, by rule, 3#2 - 2x - 6 =0.

Here a = 3, 6= -2, c= -6

-(-2)V(~2)2-4.3(-6)
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2V76

Factors of a*2 + 5* + c

Suppose 3#8 -2:c-6=3(2;-a)(a;-6), one factor being 3 so

as to make the coefficient of x* equal to 3. Then
3x2 -2x -6 =0 when a; *=a or 6. Hence a and 6 must be the

, j ,_ i
1+V19 l-A/19

roots found above, namely
--- and---

.

*5

l+

or =s= 3(
-
1-786)(* + 1-120).

Graphical solution of a quadratic equation

A quadratic equation may also be solved graphically;
but since the roots can be found much more accurately by
algebra the graphical method should not generally be used.

However, it is very good practice in drawing graphs to solve

a quadratic equation by means of a graph and compare the

answers with those found by calculation
; moreover, the

experience so gained is helpful when using graphs to solve

harder equations which cannot be solved by using a formula.

As an example we will solve graphically the equation
3#2 ~2o;-6=<0, which has been solved by calculation in

the example above.
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Write y = 3.r2 - 2ar - 6 and make a table of values of y for a

range of values of x t say from - 3 to 3.

-3 -2 -1 1

27 10-1-6-5 15

GRAPH OF y=3x
2~2x-6

20

Fio. 14.

From this table it is clear that y = between x - 2 and - 1

and again between 1 and 2, so that the range chosen in-

cludes both roots of the equation.
The graph shows that the two values of x which make y =0

are approximately
- 1-15 and 1-75.

If we wish to find either root more accurately, we have to

tabulate the values of y for a set of values x near the root,

and draw a graph from this new table to a much larger scale.

In the present example it is certain that the positive root lies
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between 1-7 and 1-8, so we tabulate the values of y for x 1*7,

1-75, 1-8 say.
x .. 1-7 1-75 1-8

3x2 _ 8-670 9-189 9-720

-2* .. -34 -3-5 -3-6

-6 .. -6 -6 -6

-0-730 -0-311 0-120

0-5

LZ

-O-5

S2S 79

0-6

1-8

0-5

FIG. 15.

The graph drawn from this table is shown in Fig. 15, and
it shows that y=0 at 1-786 nearly, which agrees witn the

TYPICAL PARABOLAS
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value 1-786 found by the formula. This graph is almost a

straight line ; and so only a very small error is made in taking
it to be a straight line.

Whatever the values of a, b and c, the graph of y = ax* +bx + c

is of a similar shape to the graph in Fig. 14, but it is the other

way up when a is negative. It is symmetrical about the

vertical line through the lowest, or highest point. Two

typical graphs are shown in Fig. 16. Such curves are called
"
parabolas."

Equations of some other curves

The circle.

Fig. 17 shows a point (x, y) at a distance a from the point

(0, 0). If the scales on the axes of x and y are the same,
it follows by Pythagoras' theorem that #2 +#2 =a2

. This

equation is satisfied wherever (x, y) is on the circle. Hence
the circle is the graph of the equation. We call the equation
"
the equation of the circle." Since y

z = a2 -x2
, y V 2 -a2

.

This shows algebraically what is obvious from the figure,

namely, that for any value of x there are two points on the

circle given by equal and opposite values of y.

THE CIRCLE

y

Fio. 17.
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The, ellipse.

Let the ordinate at every point on the circle above be
reduced in the ratio b/a. Then the locus of the points formed
in this way is called an ellipse. If Y is the ordinate of a

point P on the circle, and y the ordinate of the point Q found

from P by reducing Y in the ratio b/a, ybY/a or Y=
But, since (x, Y) is on the circle, x1 +Y2 =#2

:

This is therefore the equation of the ellipse.

THE ELLIPSE ^44-.= I

Fia. 18.

hyperbola.

The graph of the equation
~ - ~ 1 is as shown in Fig. 19.

It is called a hyperbola.
3
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THE HYPERBOLA
j-2-gj=

y

Fia. 19.

Conic sections.

The circle, ellipse, hyperbola and parabola are all sections

of a double oone by different planes. Fig. 20 ahows elliptic,

hyperbolic and parabolic sections.

SECTIONS OF A CONE
- hyperbola

hyperbofa
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Exercise XI

Solve the equations :

1. 2* 2 -3. 2. 4 = -^-
a

. 3. J
= -. 4. /TATa=" d -

9#
2 4 r (*-!)*

Solve, by using factors :

5. a:
2 -3.r-f 2 = 0. 6. t/

2 -
6#-f 5 = 0.

7. 2r 2 -r-3 = 0. 8.

9. 4.r 2 + 8o?4-3 = 0. 10.

11. 2 = * + 6. 12.

13 JL^__L 14~~ '

Solve by using factors and by completing the square :

15. z 2 -4a;-6 = 0. 16. rc
2 + 6n + 8 = 0.

17. 2/
2 -5?y-24=:0. 18. r2 + 9r + 8 = 0.

19. If a;
2
4- Oa; -fa is a perfect square, what must the value of

a be ?

20. If # a -a; + a is a perfect square what must the value of
a be ?

21-30. Solve questions 5-14 by completing the square.

Solve by completing the square, and also by using a formula :

31. a;
8 + a; = 4. 32. 2x a + 5z+ 1 =0.

33. 3*a + 42- 9 = 0. 34. 4v a = v+l.
35. (fc+l)

2 + fc
2 =10&. 36. l-6x 2 -6-2.r-2-70.

37. V22/
2 -(l-h2V2)i/-l=0. 38. 0-84* a + 2- 15/ + 0-18= 0.

39. If rc
2 -2oa:= 6 2 -a 1

prove that # = a + & or a-6.

40. Solve the equation ^A 2
-f fc* for h and show that the sum

of the roots is /.

41. If p 2 -
(px +Py}p- q* + Pz Pv = 0, prove that

Solve the following equations graphically and by calculation

and compare your answers :

42. * 2 -6a? + 3 = 0. 43. 2/*+ 5*-l0.
44. m2-5m-70. 45. r2 + 20r - 50 0.
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46. Solve the equation ca?
a + ax - 6= 0.

47. Find the values of x which make - H-- = >x c x j

48. Make (i) r, (ii) 2, the subject of the formula :

49. If 4x 2 + 9y
2 = 36, show that 2/= dbf \/9 -# a

. Make a
table of values of y from x~ 3 to 3, and hence draw the graph
of y against x. What is the name of this curve ?

50. Draw the graphs of the circle # 2
-f t/

2 = 9 and the ellipse
#2 + 4?/

2 = 9 using the same axes for both graphs. Prove that the

ellipse is obtained from the circle by halving each ordinate.

Draw the graphs of the following equations and state the name
of each curve.

51. y = 4*(3-*). 52. J*
2
-i2/

a=l. 53. fce' + Jy'-l.
:c + 4a;

2
. 56. y

z ~3a;2 = 4.

and y
2 - x 2 = 3 using the same

54. 2/
2 = 3z. 55. s/=l-

57. Draw the graphs of#
2
~7/

2 =
axes for both graphs.

Problems involving quadratic equations

Example. A cylindrical cup is made of 35 sq. in. of thin

sheet metal. If its height is 4 in., find its radius to the nearest

rj-oth in.

If the radius is r in., then the area of the curved surface is

27rr x 4 sq. in. and the area of the base is

77T2 sq. in.

35
= -11-14

77

/. (r +4)2 = 11-14 + 16 = 27-14

the negative value being clearly an impossible
one for the radius of the cup.

Example. Solve the same problem as in the above example,

given that the area of the metal is 8 sq. in. and the height
of the cup is h in.
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If the radius is r in., the area of the curved surface is 2wrA

and the area of the base is

.-. r+h = /-+&*

'- +7*2 ~7i,W 7

the other root being negative.

Example. If a stone is thrown vertically up under gravity
at u ft./sec. its height $ ft. after t sec. is given by s ut - %gt

2

(neglecting air resistance). Given that ^ 60, </
= 32, find

when* the stone is 40 ft. high.

Substituting the given values :

/. 16*2 -60J= -40

15 *_ 285 -160 + 225
/. (J

- ~
8~)

2 = ~
i 6 + "64

= " ^ 64

15 ^x. ^
_23-Q6 6-94

O c)

.-. ^-=2-88 or 0-87.

In this example both the answers have a meaning; the

smaller answer, 0-87, means that the stone takes 0-87 sec.

to get to a height of 40 ft. on the way up, and * 2-88 means



70 ALGEBRA

that the stone is again at a height of 40 ft. at a time 2*88 seo.

after it was thrown up, that is after it has risen to its highest

position and fallen back again.
It should be noted from these two examples that in a

practical problem either one or both roots of the quadratic
equation may apply to the problem.

Exercise XII

1. From a rectangular sheet of metal 17 in. long, 10 in. wide,
a strip x in. wide is cut off all round and the area of the remainder
is the same as that of a square of side 12 in. Find x.

2. A sheet of metal is to be cut in the shape shown, so as to have
an area of 30 sq. in. If it is 10 in. long find the radius of the semi-
circle.

10

Fio. 22. Fio. 23.

3. If a body is thrown vertically upwards under gravity at
100 ft./sec. its height a ft. after t sec. is given by = 100* - 16< 2

.

At what time is it (a) 136 ft. high, (6) 100 ft. high.

4. If a beam of length I ft. is clamped horizontally at each end,

the bending moment at x ft. from one end is -~ (6x
2 - 6fo-f J

2
).

OlirfA

Show that the bending moment is zero at the points given, by
# *

i(
1

-y= )/
Find the values of a? to the nearest inch if I 12.

5. From a square with sides of length 6 in. (Fig. 23) an isosceles

triangle, which has a side of the square as base and vertex at A,
is cut out. If the centroid of the remaining area is at A
prove that A* - ISh -f 54 0. Find h from this equation.

6. A room is 12 ft. by 10 ft. Find x so tnat when the length
and breadth of the room are each increased by x ft. the area of the
room is increased 50%. Also find x if the length and breadth
are initially a ft. and b ft. and the area is increased r%.
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7. If the bob of a conical pendulum or governor in which the

string or rod has a length I ft. describes a circle at v ft./sec. the

depth h ft. of the bob beneath the point of suspension is given
v* l*-h*

by _ K _
m jrin<j h ifii, t? = 2, = 32. Also find a general

expression for h in terms ofg, v and L

8. Find the radius of a solid cylinder 10 in. long if its total

surface area is 600 sq. in.

9. A force W Ib. wt. stretches a spring whose unstrctched

length is / ft. by a ft. If one end of the spring is fixed and a

weight W Ib. wt. attached to the other end is made to describe a
horizontal circle at v ft./sec., the string is stretched x ft. where

If g SB 32, 1 = 2, a = & find (a) v when x J, (b) x when v 20.

10. If a rod of length I in. is supported at two points a in. from
wli I v* wl*

oaeh end, its ends are horizontal if -r( ~-) ^T^* Find a in

terms of L

11. The impedance Z ohms of a circuit containing a resistance

II ohms, inductance L henries, capacity C farads, when the fre-

quency of the oscillations is n per sec., is given by

Make L the subject of this formula. If n = 50, R 15, C<= 10- f

show that there are two values of L which make Z = 20, but

only one value which will make Z = 100. Find these values.

12. If a train goes from one station to another d ft. away in

t sec. by accelerating at / ft./sec.
a

, then travelling at a uniform

speed v ft./sec. and finally coming to rest with a deceleration of

f ft./sec.
2
, v*(-f

+
p}-2tv

+ 2d**0. Calculate the value of v if

/=i, /
x =l <= 180 and the distance between the stations is

1 mile. Find a general expression for v in terms of/,/', t and d.

13. If a train of length I ft. passes over a bridge the maxi-
mum bending moment of the bridge is greatest when the front of
the train has reached a point x ft. from one end given by

w&* =* 2lwjl
- x

J,
where wt and Wb are the weights per unit length

of train and bridge respectively. Find x.
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Equal roots and imaginary roots

Example. Draw the graph of y =a;2 - 4r and use it to solve

the equations #2 -4a;=*2, x2 - 4z + 2 = 0, #2

The graph in Fig. 24 is drawn from the following table :

x .. -2 -1
x* .. 4 1

-4x .. 8 4

y .. 12 5

012345
1 4 9 16 25

-4 -8 -12 -16 -20
0-3-4-3 5

GRAPH OF y=x 2-4x

FIG. 24.

y2, that is x2 -4#~2, at the points A and B at which
x r=-0'4 and 4-5.

/. the roots of #2 - 4x =*2 are x == - 0'4 or 4'5.

By completing the square, these roots are 2 V6, or - 0-4495
and 4-4495.

In the same way the equation #2 -4x +2 can be written
a?
2 - 4# - 2, and so the roots of the equation are given by

the values of x at C and D where y -2. These are 0-6

and 3-4 nearly. #2 -4x -f-4-0 can be written a?2 -4#= -4,
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and y = - 4 only at the one point E at which x 2. Although
there is only one point giving this value of y it is clear that

if, starting at CD, we draw horizontal lines lower and lower

they will cut the curve in two points which gradually approach
closer and closer together. For this reason, when the points

actually come together at x = 2, we say that the equation has

two roots both equal to 2, instead of saying that it has one

root.

If a:2 - 4x -f 6 = 0, then x2 - 4x = -
6, and there are no points

on the graph of y x2 4x at which y 6. Hence this equa-
tion has no roots which are ordinary numbers like 3, 6-8, etc.

If, however, we solve the equation by completing the square,
we get :

^l or 2- 1-41 A/~.
We shall see later that use is made of numbers like these

in practical problems in physics and engineering, but for the

present we merely note that the roots of a quadratic equation
are not always numbers like f , 3*75,

-
6, which can be marked

on a graph.

Solution of equations of higher degree

Generally such equations have to be solved graphically.

However, we can sometimes solve them by using factors.

Example. Solve the equation xs - 8x - 8 =0.

The factors of 8 are 1, 2, 4, 8, so we try these values

of a; to see if any one is a root.

x = 1 makes a;3 -80: -8 = 1-8-8; which is not 0.

x - 1 makes a;3 - 8a; - 8 = -1+8-8, which is not 0.

s=2 makes z3 -8x -8 -8 - 16-8, which is not 0.

x=* -2 makes x* -Sx -8= -8 + 16-8, which does equal 0.

3*
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Hence x - 2 is a root of the equation. This suggests that

(x + 2) is a factor of (x*
- Sx - 8), so we try this by long division :

-4z-8

-8a;- 8=0 when

or z2_

Henoe

x = - 2 or 1 + V^Tor 1 - V5
a; -2 or 3-236 or - 1-236 (approx.).

Graphical solution of an equation

If an equation cannot be solved by using factors we solve

it graphically as in the following example.

Example. Solve the equation #3 - 3#2 - $x + 10 =0.

Write y=*x*~ 3x2 - 9x + 10 ; then the required values of x
make y =0, which means that they are given by the values of x
at the points where the graph of y = x3 - 3a;2 - Oar + 10 cuts the
axis x'Qx. The graph is plotted in Fig. 25 from the following
table.

-3 -2 -1 3

X*

4-10

-27 -8-101 8 27 64 125
-27 -12 -3 -3 -12 -27 -48 -75
27 18 9 -9 -18 -27 -36 -45
10 10 10 10 10 10 10 10 10

-17 8 15 10 -1-12-17-10 15
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GRAPH OF y=x*-3x a-9x+ 10

75

Fia. 25.

The graph cuts x'Ox at A, B, C, and the values of x at these

points are -2-4, 0-9, 4-5. Hence, y=0, when #= -2-4 or

O9 or 4-5 approximately.
The equation can, however, be solved more quickly as fol-

lows. Write it :

Plot the graphs of yi~x3 -3x2
, and

done in Fig. 26 from the tables below :

9x-W. This is

_3 _ -1 1

*3 .. -27 -8
-3*2 .. -27 -12

10 1 8 27 C4 125
3 -3 -12 -27 -48 -75

yl .. -54 -20 -4 -2 -4 16 50

* I .. -3 5

V2 _ -37 _io 35
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These graphs intersect in the points P, Q, R. At each of

these points the ordinates are equal, that is y =^2 >
and hence

a;3-3:r2 =9x-10.
Therefore, the values of x at P, Q, R, which are nearly

4, 09, 4-5 are the roots of the equation.

GRAPHS OF 3~3x AND y 2=9x-IO

4O

FIG. 26.

To find any one of these roots more accurately we plot the
two graphs to a much larger scale near the point of inter-

section as on p. 63.

The reason this method is quicker than the first is that the

graph of yz
= 9x - 10 is a straight line, and so can be drawn by

plotting two points only (though three should be plotted to
ensure accuracy).
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Exercise XIII

1. Draw the graph of 7/
= #2 - Sx and use it to find the roots of

the equations () ^ 2 ~8o; = 4r, (6) x* - 8.C + 10 = 0. Chock your
answers by calculation.

2. Show that the equation x* + 6x + 10 = has no real roots.
What value must a have for the equation x* + tix + a O to have
equal roots ?

3. Show that x I is a root of the equation x* 4- 2x 2 x 2
and find the other roots.

4. One of the numbers 1, 2, 3, is a root of the equation
x* + &e 2 - 2x - 24 = 0. Find which it is, and find the other roots
ofthe equation.

5. The point of maximum deflection of a beam is at a distance
x* I

2x z 7Z 4

x from one end where -f-
^r-

= 0. Find x in terms of /.

6. Find the three values of x which make x3 16o?=* 10 :

(a) by drawing the graph of y= x3 I6x ~ 10 from x 4 to 6 ;

(6) by di-awing the graphs of y = x* and y== 16#-f 10 from x 4
to 5.

7. Show by a graph that the equation 2x* + $x 8 = has one
root. Find its value to 3 sig. fig.

8. The volume V of a spherical segment of height h of a sphere jof

radius r is given by V = \rrh*(3r
-

h). If r= 10 find h so that t,h &

volume of the segment is a quarter of the volume of the sphere.

[h is the distance a sphere of specific gravity J is immersed when
it is floating in water. J

9. If a beam 12 ft. long of uniform cross-section is clamped
horizontally at one end and loaded at the free end, the deflection

at a point x ft. from the clamped end is half the deflection at the

other end when x3 - 3C^ 2
-*- 1728 = 0. Find the value of x to the

nearest inch.
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CHAPTER IV

LOGARITHMS

The name logarithm is derived from the Greek words

Aoy09 reckoning, apcfl/zos'
= number. Although there had

been several attempts during the sixteenth century to find

some way of replacing multiplication by addition, John

Napier, of Merchiston (near Edinburgh), was the first person
to construct a table of I .. ,:'i:,." - This table, which was

published in 1614, was a table of seven-figure logarithms of

the sines of angles at every minute from to 90. The base

used for the table was not 10, but -, where e is a number,
e

nearly 2-7183, wh^ch has since become of increasing im-

portance in applications of mathematics.

Henry Briggs, professor of geometry at Gresham College,

London, was so interested in Napier's discovery that he

went to stay with him in 1615 and 1616 to discuss the cal-

culation of logarithm tables. They both had the plan of

making a table of logarithms to base 10, but Napier died in

April, 1617. In the same year Briggs published a table of

logarithms to base 10 of all numbers from 1 to 1000, and in

1624 he published a more comprehensive table which con-

tained the logarithms of all numbers from 1 to 20,000 and
from 90,000 to 100,000 to fourteen decimal places. Thus

Briggs's larger table was not complete, but it was completed
aa soon after aa 1628 by Adrian Vlacq, of Gouda in Holland,
who published an eight-figure table of the logarithms to base

10 of all numbers from 1 to 100,000, and most of the tables

published since have been based upon it.

In 1620 Jobst Burgi, a Swiss mathematician, published a

table of anti-logarithms in Prague. It is generally believed

that the calculation of this table was quite independent of the

work.of Napier and Briggs.
Edmund Gunter was the first person to realize (in 1620)



LOGARITHMS 79

that sliding rules with logarithmic scales could be used for

multiplication, but the first slide rule, of the type we know
to-day, was made by Robert Bissaker in 1654 ; it is in the

Science Museum, South Kensington.

The graph of 2*

The two following tables show the values of 2* when a?0,
|, 1, . . . 3, and when x=- 1, -1, ... -3.
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From the tables the points in Fig. 27 are plotted and joined

by a smooth curve. It can easily be verified that any point
obtained by giving another value to a:, say |, lies on the curve.

The student should find the values of 2*, 2$, 2*, etc., by finding

the square roots of 2^, 2*, 2?, and verify that the points so found

lie on the graph. It is very important to notice that as x

varies the values of 2X do give points lying on a smooth curve.

Thus 2 ' 1 is slightly larger than 2, which is 1, and 22** is

slightly smaller than 22 *5
, which is 5-657.

The graph of yax
, where a is a number greater than 1,

is similar in shape to the graph of y = 2X . The student should

draw the graphs of y = 2, y~Zx
, y<=4?, using the same axes

and scales for each graph.

Logarithms

// y = 2X wz call x the logaritJim of y to the base 2, and write

this x *=lofjz y. This clearly means that # = log2 (2*).

From the graph of y = 2a'wefind that,wheny =0-8,#== -0-32,
in other words, 0-8 == 2--32 or log* 0-8 == - 0-32. In the same

way, 3-6 == 2 1 ' 86
,
or Iog2 3-6 ^= 1-85 :

/. 3-6 x 0-8 -21-85 x 2-0-32 2i- 85-0-82,

which means that

Iog2 (3-6 x 0-8) = 1-85 -0-32 = log2 3-6 -f Iog2 0-8.

This shows that a product can be found by addition of

].;!:*' -
; multiplication is replaced by addition. Herein

lies the importance of logarithms.

Since 2* is positive whether x is positive or negative, we
cannot find any value of x to make 2X negative ; in other words,
a negative number has no logarithm.

Similarly, if y =a*, where a is any positive number, we call x
the logarithm of y to the base a and write this x
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Logarithms to the base 10

By the definition above :

Iog10 10n = w

/. log 10 -Iog10 101 = 1

Iog10 100= log! o 102 = 2

logio 1000= log! o 103=3

Similarly :

logio

log10 lO-2 --2
(j^)

and so on.

Therefore :

logio 25 =log10 (10 x 2-5) log10 10 + Iog10 2-5

- 14- 0-3979 - 1-3079

logio 250 = Iogi (102 x 2-5) log10 102 + Iog10 2-5

=2 4- 0-3979 = 2-3979

Similarly :

logio 0-25 log (10-i x 2-5) -Iog10 10- 1 +loglo 2-5

-1+0-3979 = 1:3979

logio 0-025 -logio (10-
2 x 2-5) -Iog10 10~2 +log10 2^5

- -2+0-3979-2-3979

Thus, using the base 10, the logarithms of all numbers
formed by the same digits have the same positive decimal

part or mantissa, the whole number part or characteristic

being determined only by the position of the decimal point.
This is not true for any other base, and this is the reason that

logarithms to base 10 are used in nearly all calculations. We
shall see later that there are a few problems in which it is

convenient to use the number e as base. When using the

base 10 the suffix indicating the base is usually omitted.
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'Rules of logarithms

Let a and 6 be any two positive numbers and let

<z = 10w, 6 = 10*.

Then,

,\ log ab =log (10
m x 10n

)
*

/. log ah = log a + log b.

In the same way,

. a , /10"1

a _ _
*

Io8 -log a -log 6.

Also, tf r is any number, positive or negative,

log a
r

log (10
wl

)
r3=log lO^^rw

/. logaf ^r log a.

By using the formulae underlined above with a table of

logarithms we can calculate products, quotients and powers

by addition and subtraction.

In carrying out a calculation it is often helpful to give a

name, say xt to the number to be calculated, and then to

write down an equation for log x before actually tabulating
the logarithm.

, , ,
27 '12 x (0-7065)2

Example. Calculate ?.*^
0004729 x (987-6)

1

If this number is x,

log =k>g (numerator) -log (denominator)

-{log 27-12 4- log (0-7065)2} -{log 0-004729

+ log(987-6)*}

-{log 27-12 +2 log 0-7085} -{log 0-004729

+ 4 log 987-6}
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This equation shows us what logarithms have to be

tabulated. The actual calculation is shown below.

Number Logarithm

27-12 14333

(0-7065)2 2 x 1-8491 - 1-6982

1-1315 1-1315

0-004729 3-6747

(987 -6)
1

i 12-99-1 <i-= 0-9982

2-6729 2-6729

287-5 2-4586

Ans. 287-5.

Example. Find the value of (0-009162)*.

If a; = (0-009162)*

log x - 1 log 0-009162 =4(3-9620).

Therefore, because 3= -3= -4+1 4+ 1,

log x =l(+l -9620) = I + 0-4905 = 1-4905

/. x= 0-3094.

Example. Find the value of (0-6173)
3 ' 15

.

If x -(0-6173)3-
is

log x = 3- 15 log 0-6173-3-15 (1-7905).

Now F-7905 = - 1 + 0-7905 ~ -0-2095.

/. log x - - 3-15 x 0-2095. No.

- -0-6600 3-15

= -14-0-3400 0-2095

1-3400

.% s-0-2188. 0-6600 1-8195
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Example. Calculate the values of (1
-

t)e~* where e = 2-7183,

when t =0-6124 and when t = 1-7329.

Calling the given expression y, when t =0-6124,

y= 0-3876 x 2-7183-<>-6i24

/. log y = log 0-3876 - 0-6124 log 2-7183 No. J*og
= 1-5884 - 0-6124 x 0-4343 0-6124 1-7871

= 1-5884-0-2661 0-4343 1-6378

:.y =0-2100. 0-2661 1-4249

When t = 1-7329,

y = -0-7329x2-7183-1-7329.

Since y is now a negative number we cannot take logs of

this equation as it stands, so we write :

Then log z = log 0-7329 - 1-7329 log 2-7183 No. Log
1-8660 - 1-7329 x 0-4343 1-7329 0-2388

= 1-8650 - 0-7526 0-4343 T-6378
_ 1.11 O/l _ _

JL j_ l&^k ' ~ '

..2=0-1295 0-7526 1-8766

/. y = - z = -0-1295

Example. Make a table of the values of 8-43 x 2-6-*

for x= -3, -2, -1, 0, 1, 2, 3, and hence draw the graph
of y = 8-43 x 2 -6""*. Use the graph to find approximately

(i) the value of y when a;= -0-85, (ii) the value of x when

y=40.
By the rules of logarithms :

log y =log 8-43 -x log 2-6

= 0-9258 -0-4150*.

Prom this equation the following table is constructed to

give log i/, and then y is found from the ,-, . . IVc -. : i !.m tables :

m -8-2-10123
log. 8-43 .. 0-9238 0-9258 0-9238 0-9258 0-0238 0-9258 0-9258

-0-4100* .. 1-2450 0-8300 0-4150 -0-4130 -0-8300 -1-2450
. .. 2-1708 1-7558 1-3408 0-9258 0-5108 0-0958 1-6808

. .. 148-2 66-99 2192 8-429 3-242 1-247 0-480
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The graph is shown in Fig. 28, and from it we find ;

(i) y^ 18-7 when #= -0-85 at the point A.

(ii) x - 1*65 when y = 40 at the point B.

GRAPH OF y=8*43x26-*

TO
150

100

50

-2 O
FIG. 28.

3 X

Exercise XIV

Calculate the values of :

237-9 x 6-248
i.

9832

0-9328 x 4- 197

0-21968

2.
0-2791

0-04125*

V7-916X 43-21

17tH>
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tylTW 46-19x0*001753
9

V278T
'

145-2 Bin 59 10' tan 37 23'
19-

sin 76 39'
* ^'

tan 64 19"

21. Draw a graph of jf 3* from #= 2 to 2 using values of x
at intervals of . From your graph read off the values of Iog3 6 and

log8 0-5.

22. Draw a graph of y= 10* from x = to 1 using values of x
at intervals of J and a table of square roots. From it read off

the values of 10' 8
, 10'7

, Iog 10 2, log ie 6, loglo 9. Deduce the

values of Iog10 0-2, log lo 600 and Iog10 0-09.

Prove that :

P 1

23- J g - - log p -
log q. 24. log -

log k.

n/a log a -log 6 ^ _
/ l\~ n

25. log ^/ ^~
^

n
e

. 26. log (
-
)

n log r.

27. Calculate the values of &Ox' B when a? is J, J, f, 1, 2, 3 and 4,

and draw a graph of this function from x to 4. From the graph
find at what values of x the function has the values 40 and 120

respectively.

28. Calculate the values of 4-75 x (0-943)* when x is - 2, -
1,

to 1, 2 and 3, and draw a graph of y = 4'75 x (0-943)* from x** -2
0, 3. From the graph find the value of y when a?= 1-7 and the
value of x when y= 4.

29. Using logarithms to base 10 calculate the values of e*,

where e 2-7 183, when a? is -2, 1,0, 1, 2, and 3. Deduce
from these the values of e~x and J(e* + 0-*), and draw the graphs
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of these three functions on the same axes from x= - 2 to 3. Find
the values of x which make the three functions each equal to 6.

30. Draw a graph of y = 0-004#5 -6 from a= 4 to a?= 6, and find

from it the value of a; [to 3 sig. fig.] which makes y equal to 35.

Evaluation of technical formulae

In calculating the value of some quantity from a formula

it is advisable to keep to the symbols as long as possible.

There is considerable saving in writing one symbol instead of

a number of four figures, but this is not the only advantage,
for it is easier to trace mistakes and for any one else to follow

the argument if symbols are adhered to. For the same reason,

one should not generally write 3*1416 forir, or 1*4142 for V2
in a formula. The following examples illustrate the evalua-

tion of several formulae from engineering and physics.
In any of the following examples a slide rule can be used for

every step involving multiplication or division provided that

only two significant figures are required in the answer.

Example. The inductance, L henrys, of a closely-wound
coil on a cylindrical former of diameter d ft. and length I ft.

is given by :

T Jbr2d%2
L---- xlO-*,

where n is the number of turns, and k ia a constant depend-

ing on the leakage of magnetic flux. Find the value of L
for a coil of 28 turns wound on a former of diameter 7 in. and

length 15 in., if k = 0-8.

Expressing the diameter and length in feet :

d - & =0-5833 and Z = if - 1-25.

Taking logs and omitting the factor 10- 9
, whiob can be

inserted later,

log
I-. 1 ^g 77.2^2 +log k - log I

2 log Trdn -f log k -log I

2 (log TT -f log d + log n) +log 4 -log I.
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1685 .. .. 3-2266

.'. L ==1685x10-9 = 1 -685 xlO~.

Example. The period T of small oscillation of a simple

pendulum of length I is given by :

Calculate the value of g obtained from an experiment in

which it is found that the period of oscillation of a pendulum
46 cm. long is 1-36 sec.

First, g should be made the subject of the formula. This

can be done before or after taking logs. To make it the

subject, first square the given equation :

.". log g = log 4 -f log^r
2 + log I - log T2

.
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Alternatively, taking logs of the given equation :

log T =
log 2 + log 77 + 1 log I - \ log g

"

i lg (7
~lg 2 4- log TT -h | log 2 log T

.'. log ff =2 log 2 +2 log TT +log J -2 log T.

which is the same value of log g as before, since 2 log 2 =log 4,

etc. The calculation is set out below :

No. Log
4 0-6021

772 2x04971=0-9942
I 1-6628

3-2591

T2 2x0-1335-0-2670

g 2-9921

.-.0=981-9.

cm.-
j.

Note that since g -77^-
the unit of g is 1

Example. When a volume t?j of hydrogen is compressed

adiabatically to a volume t>2 the relationship between the

volumes and the initial and final pressures PI and p% is

v
1

1
'4074

. Calculate vz if ^ = 3-45 ft., ^ = 15 lb./in.2

Since the ratio pjp^ is independent of the units of p^ and jp2,

.s-tfi^H*

gives the volume in cubic feet.

/. log tfe
- log 345 + (log 15 - log 200)

0-5378 + (1-1761 -2-3010)
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.,0.5378

_
= 1-7383 0-7995 1-9028

= 0-5474.

The use of indices and logarithms in changing the subject of a
formula

Suppose y is to be made the subject of the formula y- 3 =2.

To do this ^*3 must be raised to such a power that the result

is y. This power is because,

i j^

Hence, raising both sides of the equation #'8 =2 to the

power ^,
1 10

/.y = ^1024=^10-08.

This method can be used to make y the subject of any
formula which gives the value of #*, where n is any number.

Sometimes logarithms are required to express y in its simplest
form.

Example. The volume of water Q cu. ft. discharged per
minute through a certain V-shaped notch was found by
experiment to be given by

Make H the subject of this formula.

Dividing by 2-72,
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Raising both aides to the power 75-75,*

- H (
Q^H

"\^72J
'

H is the subject of this formula, but the formula is in a
more convenient form if we express H in the form

Since~ =0-3953 and r-^r= 0-3676,

H = (0-367()Q)0-3953 = (0-3676)0-

To calculate the numerical coefficient on the right-hand aide,

let

a = (0-3676)0-
s**

log a =0-3953 log 0-3676

-0-3953 x f-5654

=0-3953 ( -0-4346) Aro.
- - (0-3953 x 0-4346) 0-3953

=_- 0-1 7 18 0-4346

=1-8282 -
.\a =0-6733 0-1718 1-2350

Hence H =0-6733

Solution of equations using logarithms

If an unknown quantity occurs in an index we can some-

times find its value by taking logs.

Example. Find x if 2**OO9173.

Since the logarithm of 2* is x log 2, by taking logarithms we

get :

x log 2 - log 0-09173
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.'. z(0-3010) 2-9625 - 2 + 0-9625 Aro.
= -1-0375 1-0375 0-0160

1-0375 0-3010 1-4786

= -3-446.
8446

Note that before dividing 2-9625 by 0-3010 we write 2-9625

as a negative number.

Exercise XV

1. The capacity C of a condenser of n plates is given by :

JfcAfn-1)

47rdx9x 10"'

Find Cif fc = 5-42. A = 35, n= 19 and d~ 0*008.

2 The whirling speed, N rev. per min., of a shaft is given by :

Find N, if 7r=3-142, = 32-2, E = 30xlOf
, w= 0-28, /= 24 and

1 = 0-0564.

3. If a current of frequency n per see. passes through a wire of

resistance R ohm ami inductance L heurys, the impedance Z is

given by Z = VR 2 + 47r 2ra
2IA Find the value of Z when B = 28-7,

L = 0-00462, n = 400.

4. If P is invested at r% compound interest it amounts after

n years to A where A = P( 1 + j^ j*.
Find A, if P= 250, r = 4

and n=- 12.

Wl*
5. If y= .,, ,3 , find E when y= 0-685 cm., W = 20,000 gm.,

Z = 67-7 cm., 6 = 2-54 cm., d = 0-635 cm. State the units of E.

6. The ratio of the tensions Tg and Ta of the parts of a belt

T
on opposite sides of a grooved pulley is given by ase^/8111 a>.

i, if T 2 =160, e= 2-718, ^= 0-3, tr= 3-142, anda20.
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7. In the construction of an isochronous governor the pro-
portional change in angular velocity due to a change in the angle
which the arms make with the vertical from a to ft is given by :

cosa tan 3
/8

5srjj- te^f-
Find p y if a 36 and = 30.

8. The maximum current I amperes which can flow in a cable
without causing a rise in temperature of more than 20 F. is given
by 1 = 2-6 A ' 82

, where A is the total cross-sectional area of all

the wires forming the cable in lOOOths of a sq. in. Find the total

current that a cable with 19 wires of diameter 0*064 in. can trans-
mit without the temperature rising more than 20 F. Also
calculate the least number of wires of diameter 0-083 in. which
must be used to carry a current of 200 amperes under the same
temperature condition.

9. Steinmetz law for the area of a hysteresis loop is W=i?B*.
Find

rj
ifW = 4300, B = 1 1,900, x = 1-6.

10. The quantity of water flowing over a weir is calculated
from the formula Q = 3' 10 L 1 -02 H 1 - 47

. Find Q, if L= 18, H= 10.

11. The impedance ofa circuit is given by :

where co27rn. Find Z if R 15, L0-l, n = 50, 0=80x10-*.
{Use square and reciprocal tables).

12. The percentage efficiency of a petrol engine is given by :

[/
1 \- zn

'-(B) j-
E

where R is the expansion ratio. Make a table of the values of B
for values of R from 2 to 18 at intervals of 4. Draw a graph of E
against R.

13. The relation between the pressure p and volume v of a gas

expanding adiabatically is given by pv
l * 4 1 = C. Find C if p = 2000

when v 5. Calculate the values of p when v = 2-5, 7-5, 10, 12-5,

and draw a graph of p against v from v= 2'5 to v= 12*5. From it

estimate the value of v when p = 1000.

14. At t sec. after its temperature is 30 C. the temperature of a

cooling body, T C., is given by T=30e-*, where e = 2-718 and
k is a constant. If T = 24 when = 20 show that T=30(0-8)'**.
Calculate the values of T at intervals of 20 sec. from $= to 120,
and draw a graph of T against t.
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15. The cutting speed of a tool, V ft./min., and the life of the

tool, t min., are related by the formula V*J = C, where C is a
fixed number. It is found that for a certain tool <40 when
V cs 1 10. Calculate the value of C and draw a graph of V against t

from <=*20 to *200. Estimate at what speed the tool will

last for 128 min.

18. If T8 T/-i

y^ find the value of Tt when T 1
= 3466,

v fj
*

tfi/t>i*l/5, and yl'4.

Make the letter in brackets after each formula the subject of the
formula :

17. N-ISS-- (I). 18, t*i-C (I).

19. T.-T/p)
7
"" 1

(vj. 20. I2*6A'- 8
(A),

21.
E=10o|l~^~y "|

(R). 22. pv=*C (n).

23. Q-3-10L>-H | -

(L). 24. APl-f )" (r).

25. The power P watts dissipated per sq. cm. from the cooling
pi

9

surface of a cylindrical wire of radius r cm. is given by P= a 3

where * amperes is the current and p ohm/cm.
* the resistivity of the

wire. Make (a) i, (b) r, the subject of this formula. If for a cer-

tain material p = 1*8 x 10~fl

, calculate the values of r required for

t = l t 2, 5 and 10, when P = iV
JLA

26. If pv
l *

=a, and pv = b, express p and v in terms of a and 6.

Calculate the value of p if a =490 and 6 =429.

Logarithms to any base ; change of base

To find the logarithm of a number y to base a we have to

find x so that y =a*. Taking logs of this equation to base 10 :

lgio (*) -* log 10

thatis
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It follows that

i l^Sio ^ 1
logy a = = .

logio y loga y

Example. Find Iog2 3.

The above formulae can be remembered easily in the follow-

ing way. Remove the word log and write a line between

each number and the base. The equations are then still

true for the resulting fractions. Thus the last equation
on p. 94 becomes :

^
a a/10*

The base e

There is one base that is commonly used as well as the

base 10. This is the base 6, which is nearly 2-7 1828.

Logarithms to base e are called
"
natural

"
logarithms or

"
Napierian

"
logarithms after Napier. The reason why the

number e is of importance in mathematics is that there are

considerable simplifications in some of the more advanced
work if numbers are expressed as powers of the base e rather

than of the base 10.

To four decimal places

Iog10 e= 04343;
to six significant figures

Iog10 e=0434294

and therefore log, 10 n . Q><onA
= 2-3026.

*

Hence

Iogaalog10 a-flog10 elog10 a xlog,, 10=23026 xlog10 o.

In words, to convert, logarithms to base 10 into logarithms to

base e multiply by 2-3026.



90 ALGEBRA

Example. Express 5 as a power of e.

If 5=6*, then log, 5 =# Iog10 e.

.\ a; x 0-4343 -0-6990

0-W90
,^ t> , . Hence 5=ei-6io.
0-4343

In some books tables of logarithms to base e are given.
The log of a number to base e can then be read directly from

the tables provided the number lies within the range covered

by tables. Most books give the logs of numbers from 1 to 5,

and also log, 10, loga 20, etc. . . . logf 100. If a number
does not lie between 1 and 5, express it as a product or a

quotient of a number between 1 and 5 and one of the numbers

2, 10, 20, etc.

Example. Find log, 764-8 using logs to base 10 and from

tables of logs to base e.

Using logs to base 10

log, 704-8 = 2-3026 Iog10 764-8

-2-3026x2-8836
=6-6398

Using logs to base e

log, 764-8 log. (200 x 3-824) No.

-log, 2 +log 100 +10^3-824 ^
loge 2 + 2 loga 10 + loga 3*24 3.^4

- 6-6396.

6-6396

Example. The capacity of a cable which consists of a con-

ducting cylindrical core of diameter d surrounded by a coaxal

K
conducting sheath of external diameter D, is

-
Tf^r electro-

static units of capacity per cm. where K is the dielectric con-

stant for the insulator between the core and the sheath. Given

that 1 microfarad = 9 x 105 electrostatic units and 1 in. =254 cm.
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0-OG4, D= 0-3875

0-03883K
show that the capacity of the cable is 7777* microfarads

per mile. Calculate this capacity when
and K=*3-2.

Capacity of 1 mile

= capacity of 5280 x 12 x 2-54 cm.

5280 x 12 x 2-54K
electrostatic units

5280xl2x2-54K

2x9x105

5280 x 12 x2-54TC

microfarads

micro-

No. Log
5280 3-7226

12 1-0792
2-54 0-4048

D farads 5-2066 5-2066
2 x 9 x 105 x 2-3026 Iog10 -= 18 x 10* 6-2.553

d

0-03883K
B microfarads.

logio
(-3)

When K = 3-2, d= 0-064, D 0-3875,

0-03883 x 3-2

capacity =

2-3026 0-3622

6-6175 6-6175

0-03883 2-5891

No.
0-3875

0-064

0-03883 x 3-2
*
log 0-3875 -log 0-004

0-03883 x 3-2

0-7821

= 0-1588.

Hence the capacity is 0-159

farads per mile.

Log

2*5883
2-8062

0-7821

No. Log
0-03883 2-5891
3-2 0-5051

J-0942
1-8933
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Exercise XVI

Find the values of :

1* Jog8 9. 2. Jog f0 150. 3. log, 0-1. 4. kg4 /r.

5. Show that log a/log 6 has the same value whatever base is

used for the logarithms.

6. Find the values of log, 3-815 and log* 42-6 by using a table

of Napierian logarithms. Also calculate their values by using a
table of ordinary logarithms.

7. The self-inductance L henrys per mile of parallel conductors
C d I)

radius r in,, d in . apart, is given by L = 0-000644 < log^
-

-f r > . Calcu-

late the self-inductance of 50 miles of wire if the diameter of the
conductors is 0-6 cm., and they are 50 cm. apart,

8, If n-.* 1

, find n if p^lOO, p a
= 15, ^ = 4-89 and

JO (t*2/^l/

t> 2 24-4. Show that the value of n is the same whatever base is

used for the logarithms.

9. The change of entropy of a quantity of air during a compres-

sion is C
t (
-

: ) log, (
~~

).
Calculate the value of this expression*

yi 1 ' \ A.
^

given that C, = 0-169, y = 1-408, n= 1*15, Tj- 189-3 and Tt
= 144.

CHAPTER V

VARIATION, LINEAR LAWS

Ratio. Homogeneous equations

In the equation 6x2 +4:xy +6y-30, the terra 6#2 is of

the second degree in x 9 the term xy is of the first degree in

x and the first degree in y, that is, of the second degree

altogether, 6y is of the first degree and - 3 is of no degree.
An equation like x* - 3xy -

9z/
2 =0 in which all the terms are

of the same degree is called a homogeneous equation.

Although it is impossible to find the numerical values of

two unknown quantities from one equation, the ratio of
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the two unknown quantities can be found from a homogeneous

equation.

Example. Find the ratio of y to x if 2a? 4- By IGy
- &c.

Re-arranging the terms

Dividing by Sx,

x $

Example. Find the ratio of p to q if p2 -2pq -4j2 0.

Dividing by g
2
,

* A_- --- 4=0.

p
Writing x for -,

Proportion

If a, 6, c are proportional to ^, g, r,

a 6 c

^"i""^*

In some problems involving proportion it is useful to use a

single letter for each of the equal ratios.

Example. The lengths of the sides a, 6, c of a triangle ABC

are proportional to 7, 6 and 5. Find the value of

[this ratio is cos A, see p. 308.]

We are given that a : 7 *6 : 6 =c : 6.
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Write each ratio equal to k. Then,

a b c

2 . 6& .

It should be noted that it is possible to find the numerical

value of the ratio of two expressions only if all the terms in

each of the expressions are of the same degree. For the

&2 -a
example above, if the fraction had been ,

we should get
ZiC

b*-a

2c
=

Wk 10
'

As the fraction contains k, which is unknown, it is impossible
to find its numerical value.

Variation

The expression "y varies as x" t which is written yccx,
means y = kx, where k is a fixed number, for every value of x.

To distinguish this kind of variation from others we say that

y varies directly as x.

Other simple laws are obtained when y varies as some other

expression containing x such as #2
, I/a;, log x. If yoco;

2
,

then y = kx% is the law connecting y and x.

t/oc l/# is given the special name of
"
inverse variation

"
;

we say
"
y varies inversely as x." Thus y varies inversely

as Vx means y oc I/Vx, ory = k/Vx.

Example. Assuming that at a constant temperature the

pressure, p Ib. wt. per sq. ft., of a gas varies inversely as its

volume, v cu. ft. (Boyle's Law), find the law connecting p and
v if >=20 when v-4. Also find p when v15, and v when
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Since p varies inversely as v, p=k{v.
But p = 20 when v =* 4.

When v = 15, p = 80/15 = 16/3
- 5 J.

When p - 30, 80/i?
= 30 /. v - 80/30 =2}.

Graphs of variation

It is important to know the shapes of the graphs of different

kinds of variation. The graph of direct variation y=kx
is a straight line of gradient k through (0, 0).

GRAPHS OF x
2
and

3 -2 -I I 2 3

GRAPHS Of x 3 ard * 6

l 9 X

GRAPHS OF x~3 and *~*

Fio. 29.
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If yacx 9 y = fcc and the graph of this equation is of the

same shape as the graph of y=#, because it is obtained by

multiplying each ordinate of y **x by k. Hence it is sufficient

if we know the shape of the graph of y =x for different values

of n.

At the top of Fig. 29 the graphs of y=x2 and y **x* t and the

graphs of y=~2 and y=-j are shown. Since in all these

graphs y has the same value if the sign of x is changed,

the graphs are symmetrical about the vertical axis.

At the bottom of Fig. 29 the graphs of y**x* and y=x$,

and the graphs of y-, y**~v y**^
are shown. In each

of these graphs, if the sign of x is changed y keeps the same
numerical value, but changes sign.

For instance, if P and Q are the

points on y**yp given by x = +a
and x - -a, as in Fig. 30, PQ is

bisected at O. When this is so

a graph is said to be symmetrical
about the origin O.

Since a:
2 ' 8 lies between x* and #8

for every positive value of x, the

graph of y =x2 '8 for positive values

of x lies between the graphs of

Fio. 30. y=x* and y=a;
8

. Between #*=0

and 1, y~x2 comes above y=*xs

and y = x2
* 8 lies between them. When x>l, y=x2 is below

y**x* and yar2 ' 3 is between them again. The three graphs

are shown in Fig. 31.

When we expect that values of y and x obtained from an

experiment are such that y varies as some power of x, by

plotting y against x we can see if the graph looks like one of the

forms of the graph of x*1 in Fig. 29, but the fact that the shapes

just look similar is not a proof that yccx*. We shall see on

p. 116 how we can test whether a relationship of this type

really exists.
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2 X

Fio. 31.

Joint Variation

If the volume of a cylinder of radius r ft. and height h ft.

18 V CU. ft., V77T2A,

*-i-
Now, if r is kept fixed and V varied, (lArr

2
)

is constant,

and hence &oc V. Fig. 32 shows three cylinders of the same
radius but different volumes ; in this figure Aoc V.

V
If, however, V is kept fixed and r varied, is constant and

7T

Aoc . Fig. 33 shows three cylinders of the same volume

but with different radii ; in this figure h oc
-5.
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Thus we may say that h varies directly as V and inversely

as the square of r. This is called
"
joint variation," and we

may say that h varies jointly as V and 1/r
2

.

FIG. 32. FIG. 33.

In general, if the value of z depends on x and y, and if zee x

when y is constant and zccy when x is constant, then zocxy
when x and y both vary, which means that the law relating

2, x and y is z = kxy, where k is a constant.

Example. When a given beam is placed on two supports
A and B, / in. apart, and a load W Ib. wt. is hung from the

middle point of the beam, the deflection y in. produced by
the load varies jointly as W and /3 .

In an experiment it is found that y0'35 when W = 5

and / = 40. Find the relation between y, W and I, and from

it calculate the deflection produced by a load 8 Ib. wt. when
7 = 60.

Since ycc W, and ycc Z3 ,

/. t/ocWZ3 ,

that is y = kWl3
, where k is constant.

Substituting y =0-35, W =5, / =40

5x403

1-094 x

403
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When W = 8 and I = 60,

y - 1-094 x 10- x 8 x 60* - 1-89.

Therefore the deflection is 1-89 in.

Example. It is known that the electrical resistance,

R ohms, of a wire of given material varies directly as its length
and inversely as the area of its cross section. Find the relation

between the resistance of a wire, its length I cm. and its weightW gm. wt.

Let the area of the cross-section be A gq. cm. Then RocZ

and Roc .A

But the weight of the wire varies as its volume IA cu. cm.

/. W-^A
whence A ~

-.

k^

Substituting this value of A in the value of R.

B -B i-w

where K is a constant for a wire of given material.

Exercise XVII

1. Find the ratio of rl to r 2 if li/rl
=

l/(r% rj.

2. Find the ratio of p to q if 3(p + 2q) = 5(p - 9).

3. Find the ratio of m to n if (m* - n a
)/(m

8 + n 2
)
= 2/3.

4. If six equal circles are drawn so that each touches two others

they all touch two concentric circles of radii R and r, show
that (R - r)/(R + r) = sin 30. Hence find the ratio of R to r.

4*
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5. If in the figure in Question 4, there are n circles touching the
n

two concentric circles, show that (R-r)/(R-f r)=3sin -, and

find the ratio of R to r.

6. If a circle of radius b and centre C rolls on a fixed circle of

centre A and radius a, the angular velocity GO of the rolling circle

and & the angular velocity of AC are related by the equation
aQ*ab(u> -). Find the ratio ofQ to co.

R /r> 2 i T? 2

7.g--l l PfOVe thftt

8. The acceleration / of two masses m l and m2 connected by a

string over a smoothly-running pulley is given by /=( ~ ?
)</.

\mi -rtn^/
Find the ratio ofm l to w, in terms off and g.

9. If there is no current in the galvanometer arm of a Wheat*
stone bridge the resistances of the other four wires and the currents

in them are related by the equations R 1 1
= JR4t 2 > R at 1 =aR8t 2 .

Prove that R! : R a~R4 : R3 .

10. If /, m and n are proportional to 3, 4 and 6, calculate the
values of

Im-n* n*

i + m-n' mn~l*

11. If a, 6, c are proportional to , f uid f find the values of

c* <i -f-c

and show that it is impossible to find the values of and . ^

12, The air resistance R Ib. wt. to the motion of a certain

locomotive and 12 coaches varies as the square of the velocity
V m.p.h. If the resistance is 710 Ib. wt. when the speed of the
train is 30 m.p.h., find R in terms of V. Draw a graph to show
the values of R from V= to 120. From the graph read off the
values of R when V48, 86 and 112, and the value of V when
R8000.

13. If water flows out of a tank through a tap in the bottom
the volume V cu. ft. which flows out per minute varies as the square
root of the depth x ft. of water left in the tank. If V 6*5 when
z=6, find the relation between V and x. How fast is the water

flowing out when it is 2 ft. deep ? Draw a graph of V against
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x from a?-*0 to 6. From it read off the value of V when a?= 4-7

and the value ofx when V 42.

qlr
14. If h= '~t in what ratio is h decreased if r is halved and v is

v 9

doubled ?

15. If t/ varies inversely as Vx in what ratio is y changed if a; is

multiplied by n ?

16. For a given voltage the current in a wire varies inversely
as its resistance. If the current is 10 amperes for a resistance of
2-6 ohms find the relationship between the current and resistance,
and draw a graph of this relation for resistances from 0*5 to 5 ohms.

17. In experiments on the wave resistance of ships it is found
that in order to produce similar behaviour in a model and a ship
the ratio (length )/(velocity)

8 must be the same for the model and
the ship. Express the velocity vm of the model in terms of the

velocity v of the ship and the lengths I and /, of the ship and
model respectively.

18. If z varies jointly as x and y state the formula relating x9 y
and z with a constant of variation. Find this constant if z 10
when oe5 and y=4. Find z when a?= 0*2, ^ = 40, and find x
when z 16, y 16.

19. & varies jointly as / and as the square of t. Express this

as a formula. If a?=64 when /= 32 and * = 4 find the constant
of variation . Find x when/= 3 and t= 10, and find t when x 100,

/= 2. Also make t the subject of the formula.

20. The volume V of a cone varies as its height h and as the

square of its base radius r. It is found experimentally that
V^:100 cu. in, when & = 6 in., r=>4 in. Find the formula con-

necting V, h and r. If the height of the cone is doubled and the
base radius is trebled in what ratio is the volume of the cone
increased ?

21. The pressure of a gas p Ib./ft.
1 varies directly as its absolute

temperature T when its volume is constant, and inversely
as its volume v cu. ft. when its temperature is constant. Express
this by means of a formula with a constant of variation k. Find
k for 1 Ib. hydrogen if T = 303 when p = 20,000 and v => 35. From
the formula find T when p 10,000 and v = 6, and find v when
T 100 and p = 5000.

22. The resistance R ohms of a wire of given material varies

directly as its length I cm. when its diameter d cm. is constant, and
inversely as the square of its diameter when its length is constant.
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Write down the formula connecting R, I and d. Find the con-

stant of variation if R = 2-5 for a wire 100 cm. long, 0-015 cm.
diameter. From the formula (a) calculate R for a wire 150 cm.

long, 0-02 cm. diameter, (6) find what length of wire of 0*1 cm.
diameter will have a resistance of 3-4 ohms.

Express each of the following statements as a formula with a
constant of variation k.

23. The moment of inertia I of a cone about its axis varies

as its height h and as the fourth power of its base radius r.

24. The torque N Ib. wt. ft. required to twist one end of a wire
of radius r in. and length I in. through 6 radians when the other
end is fixed, varies directly as I and as 9 and varies as the fourth

power of r.

25. The bending moment M at the middle point of a beam
supported at its ends varies directly as its weight VV and as its

length I.

26. The exposure E necessary for a photograph varies as the

square of the stop / used and inversely as the speed a of the

plate.

27. The self-inductance L of a solenoid varies as the square of

the number of turns n, as the area of the cross-section A and

inversely as the length I.

28. The period T of small horizontal oscillations of a body
hung by a vertical wire varies as the square root of the length I

of the wire and inversely as the square of the diameter d of the
wire.

29. The capacitance C farads of a parallel plate condenser of

n plates varies directly as (n 1) and as A sq. cm. the area of a

plate, and inversely as d cm. the distance between the plates.
If the capacitance is 424 micromicrofarads for a condenser with
9 plates each of 9 sq. cm. and 1 mm. apart, find the formula con-

necting C, n, A and d> and from it calculate the capacitance of a
condenser with 1 1 plates each of 50 sq. cm. with 2 mm. between
the plates.

30. The force F required to stretch a wire of given material
varies directly as the area of its cross-section A, directly as the
distance x by which the wire is extended and inversely as I the
natural length of the wire. It is found that a force of 50 Ib. wt.
is required to stretch a wire 12 ft. long, 0*02 in. radius through a
distance 0* 16 in. Find the law connecting F, A, x and /. From
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it calculate the force required to stretch a wire 6 ft. long, 0-03 in.

radius, made of the same material, through a distance 0*05 in.

31. For ships of the same shape the wave resistance varies as

V2~ 2* where / is a linear dimension of the ship (e.g. its length)
and v is its velocity. Show that if the linear dimensions of a

ship are n times those of a model and the velocity of the ship is

Vn times the velocity of the model, then the resistance to the
motion of the ship is //* times the resistance to the model.

32. The resistance R of a wire varies as its length / and inversely
as the square of its diameter d. The weight W of the wire varies

as its length and as the square of its diameter. Find the formula

connecting R, VV and /. The resistance of a bionze wire used
for a telephone line is 22 ohms per mile and the weight of the wire
is 80 Ib. per mile ; find the resistance of a line of 8 miles using wire
of the same material, but weighing 120 Ib. per mile.

33. A circuit has a variable condenser and a fixed induction
coil. The resonance frequency / of the circuit varies inversely
as the square root of the capacity C of the condenser. The
capacity of the condenser varies inversely as the distance d between
its plates. How does the resonance frequency depend on d ?

34. If lamps of given candle-power are constructed to work
at a definite efficiency for all values of the voltage V, the length of
the filament I, its diameter rf, its resistance R and the current i

through it are related to one another and to V in the following way:

ioc ~, d*oc i\ da l/l, R<* l/d
2

. Prove that Roc V 2
, doc V-2/3

and /oc V2/3.

Sketch roughly, both for positive and negative values of the

variables, the graphs of the following equations.

35. ?/
= 2* 3

. 36. 2/-~2ic
3

. 37. 2/
=

4/o?
2

. 38.

39. 2?v = 50. 40. y* = 4x. 41. t;
2 = 20ft. 42.

Indicate by a rough sketch the graph of y against x when :

43. y<x. #
8

. 44. t/oc -. 45.

46. y<xx'
7

. 47.

Laws containing two constants

The laws or equations of variation which we have used so

far have each contained only one constant and in each case



110 ALGEBRA

that constant has been found by substituting some special

pair of values of the variable quantities in the epuation.
In many cases physical and mechanical quantities are

related by more complicated laws containing two or more
constants. The simplest law involving two constants is

the equation y=ax+b where x and y are the variables and a

and 6 the constants, a and b can be found from the pair of

simultaneous equations obtained by substituting in this

equation two pairs of values of x and y. Because the graph
of y ax +b is a straight line of gradient a (pp. 35 and 36) this

law is sometimes called a
"
straight line law "

or
"
linear law."

It includes the equation of direct variation y = kx as a special
case in which the graph passes through the origin.

Other simple laws with two constants are obtained by

replacing x by a;
2

,

- or some other expression in the equationx

y=ax+b. For instance, the law y^ax^+b is obtained by
replacing x by x3

. The graph of this law is not of course

a straight line if we plot y against x, but it is a straight line

if we plot y against a;3 . The constants in any two-constant

law are found by substituting two pairs of values of x and y
in the equation.

Example. The resistance to the motion of a motor car is

R Ib. wt. at a speed of v m.p.h. and R is related to v by the

equation R=az;2 -f6. If R = 53 when a = 10, and 7^=65
when t? = 20 find the law connecting R and v, and also find R
when v 70.

Substituting the given values of R and v,

Subtracting 12 = 300a /. a = 0-04.

Substituting in the first equation

63 = 100x0-04+6

/. 6 -53 -4 -49.
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Hence the required law is

R= 0-04^2 + 49.

When v*70,
B - (0-04 x 4900) + 49 - 245.

Another common type of law containing two constants

occurs when one variable quantity y varies as some unknown

power of another variable quantity x. Suppose yacxn, then

y = kxn
,
where both the constants k and n are unknown.

To find these constants we have to take logarithms. The
method used is shown in the following example.

Example. During the expansion of a gas without loss of

heat the pressure and volume are related by the equation

pv"~c, where n and c are constants for a particular gas. If

2>
= 50 when v20 and #=280 when t? = 5-14 find the values

of n and c, and state the relation between p and v.

Since pvn = c

log (pv
n

) =log c

/. log p + n log v as log c.

Substituting the values of p and v,

log 50 +n log 20 - log c

log 280 +n log 5-14 =log c.

Hence, 1 -6990 + 1 -3010w = log c

2-4472 + 0-7110n= log c.

Subtracting,
-0-7482 -I- 0-5900*1=0

0-7484

Substituting, No.

1-6990 + 1-3010 x 1-2C8 =log c 1-3010

.'. log c - 1 -6990 + 1-649 1-268

-3-348 -
.-. c == 2228. 1-649 0-2173

Hence the law tumult ing p and v is approximately



112 ALGEBRA

Straight line law from experimental values

If it is thought that the values of x and y obtained from

an experiment are related by a straight line law y=ax+b 9

this conjecture can be tested by plotting the values of y
against the corresponding values of a:. If the points lie nearly
on a straight line then we are justified in concluding that the

relationship between x and y is represented very nearly by the

equation y=ax+b. The graph of this equation is taken

to be a straight line drawn as evenly as possible between the

points, and the constants a and b are found by substituting
the values of x and y at two points on tJie line, which are

generally not points given by the experimental values.

Alternatively a can be found from the gradient of the line,

and 6, being the value of y at x = 0, can be read directly from

the graph provided itiat the line x*=Q comes on the graph paper.

Example. In an engine test the values of the indicated

horse power I, brake horse power B and steam consumption
S Ib. per hour were found to be :

I .. 1-197 4-17 5-85 7-96 8-91 10-77 14-68

B .. 2-91 4-55 6-32 7-45 9-05 12-3

S .. 51-6 171-8 216 316 351 410 564

Show that the relations between B and I and between S
and I are both approximately linear laws. Find approxima-
tions to each of these laws.

The graphs of B against I and S against I are plotted from
the above table in Fig. 34 and Fig. 35. The points in each

figure lie nearly on a straight line, showing that in both figures

a linear law is a very good approximation to the relation

between the variables. In Fig. 34 let B =a +fcl. At the point

C, 1 = 2, B-l and at D, 1 = 12, B = 10.

whence 9 = 106. /. b =*0-9 and a = 1 - 1-8 - -0*8.

Hence B= -0-8+0-91.
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GRAPH OF BRAKE HORSE POWER B AGAINST
INDICATED HORSE POWER 1

2 4 6 B 10 12 14 I

FlG. 34.

In Fig. 35 let 8=a + 6L The points E, 1 = 2, S = 80, and

F, I = 12, S =460, lie on the line.

/. 460 =a 4-126,

80=a-f26,
whence 380 = 106. .'. 6=38, a = 80 -76 =4.

Hence S -4 +381.

GRAPH OF STEAM CONSUMPTION S LP/HR AGAINST
INDICATED HORSE POWER I

S

600

4OO

200

2 4 6 8 10 12 14 I

FlG. 35.
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Laws Which can be converted to straight line laws

The equation xy=*ax2 +b becomes Y=aX+& if we write

xy =Y and a2 X. The graph of Y against X is then a straight
line and this means that, if we plot xy against x* t the graph of

xy*=ax*+b is a straight line. It is, of course, a curve when y
is plotted against x.

It is therefore possible to test whether x and y are related

by a law of the form xy=axz +b by plotting xy against x2

and seeing whether the points lie on a straight line or not.

If they do then the approximate values of a and b can be found

in the same way as before, by drawing the straight line which

lies most evenly between the points and calculating a and b

by substituting the co-ordinates of two points in the equation

remembering that these co-ordinates are values of xy and #2
,

not of y and x.

In the same way any two-constant law which can be put in

the form Y =aX + b where X and Y stand for expressions

containing x and y gives a straight line graph if we plot
Y against X.

Example. In the following table w watts is the iron loss

in a dynamo due to hysteresis when / is the frequency of the

current. Show that the relationship between w and / is of the

form u>=a/-f bf
2 and find the approximate values of a and b.

w ..45 62 76 90 120

/ ..23 30 35-5 40 49-7

Dividing by / the given equation becomes

w

which has a straight line graph if w/f is plotted against /.

The values of w/f are tabulated below and the points in

Fig. 36 are plotted from this table.

/ ..23 30 35-5 40 49-7

1-957 2-067 2-141 2-230 2-414
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These points lie nearly on the straight line AB, thus showing

that the assumed law is the relation between
j

and /. The

point A is given by/ -20, = 1-905; andBby/=50, y-=2-39.

2-4

2*3

2-2

2-1

ffi
20 30 40

FlO. 36.

60 /

Substituting these values,

2-39= a -1-506,

1 -905= a + 206,

:. 0485=306
.'. 6=0-0162, and a -1-905 -0-324 -1-581.

Hence the law relating w and / is :

w
-r 1-581 + 0-0162/, or l-581/ + 0-0162/2.

y varying as a power of *

If t/oc x", y~kxn and hence taking logarithms as on p. Ill,

log y log k 4- n log x.

If in this equation we write X for log xy Y for log y and a

for log fc, we get Y =a +nX which has a straight line graph
if Y is plotted against X, that is log y plotted against log x.
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Conversely, if log y plotted against log x gives a straight
line graph, y varies as some power of x and the actual power n
and the constant of variation k can be found by substituting
the values of log y and log x at two points on the line in the

equation log y = log k + n log x.

Example. The following table gives the quantity of water

Q cu. ft. per sec. which flows through a V-shaped notch when
the depth of the water is H ft. Show that Q varies as a power
of H and find approximately the law connecting Q and H.

H.. 0-106 0-209 0-270 0-338 0-392 0-473 0-550

Q.. 0-0293 0-0509 0-0987 0-171 0-258 0-410 0-602

If Q = &H, log Q -log k + n log H.
values of log Q and log H.

Hence we tabulate the

logH

logQ

1-220 1-320

2-467 2-707

1-431

2-994

1-529

T-233

1-593

f-412

1-675

f-613

1-740

T-780

Points are plotted from this table in Fig. 37. Remember
that 2*467 means -2 4- 0-4G7 so that if the origin is taken at

1-6

i-o

2-5

2-0
T-2 4 -6

Fio. 37.

1-7 1-8
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-2 on the vertical
jtxis

2-467 is 0-467 above it ; 1 is 1 above
the origin because r=-l=-2-fl.

Since the points lie very nearly on a straight line, Q does vary
as a power of H. At the point A on the line,

log H - 1-2 = -
0-8, log Q =2-40 - -

1-CO,

and at the point B,

log H =1-7- -0-3, log Q = 1-69 = -0-31.

Substituting these values in the equation

log Q =log k +n log H,
we get

- 1 -60 = log k - 0-8ra,

-0-31= log k-Q-3n.
1-29

/. 1 -29 =0-5w and 71 = 7 -2-58
0-5

.'. log fc= -0-31 +0-3 x2-58= -0-31 4-0-774 -0-463

/. k == 2-9.

Hence the law connecting Q and H is Q =2-9 H2 *58
.

Exercise XVIII

1. If y = axy + bx* and y 25 when a?<=2, /
= 50 when a?=6, find

a and 6. Al^o calculate the value of y when x = 10.

2. If u cm. and v cm. are the distances of an object and its

image from a lens, - = - -f 6, where a and 6 are constants. In an
u v

experiment it was found that v 21-46 when u 300 and v 24-25
when u~ 100. Find the law connecting u and v. Find also the
focal length, / cm., of the lens which is given by /= 1/6.

3. If a body moves s ft. in t sec. with constant acceleration,

4= ut + l/t*, where u and / are constant. If = 600 when $= 24
and a= 3000 when t = 60, find u and /.

4. If 2/
= oxn and t/

= 35-2 when #= 290, t/==77-3 when x= 370,
find the values of a and n. Also calculate the value of y when
#= 410.

5. If T seo. is the period of oscillation of a weight W lb., which
is hanging by a vertical spring, T varies as \Yn. It is found in an
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experiment that T= 0-471 when W = 2 and T = 0-745 when W6.
Find the law connecting T and W. What must the weight be

for the period of oscillation to be 1 sec.?

6. When a body cools the temperature, (X, of the body above

the surrounding air is related to the time t min. that the body
has been cooling by the equation log 8= a + bt. In an experiment
0= 27 when t ** 4 and 6= 5-3 when t = 20. Find a and 6 and hence

show that = 40-6 x

Verify that the given variables are related by a law of the given
form. Find the approximate value of the constants in the law.

Write out the law and check it for one value of the independent
variable.

7. R ohms is the resistance of a conductor at < C. Law :

I .. 2 4 6 8 10 12

K .. 100-9 101-5 102-5 103-1 104 104-8

Also express R in the form R = k{\ +b(t - 2)}.

8. p atmospheres is the osmotic pressure of a solution at t C.

Law: p =oJ+6

p .. 24-8 25-3 25-7 26-2 26-6 27-0

I .. 5 10 15 20 25

9. W Ib. wt. is the weight of one hundred J-in. Whitworth

hexagon screws of length / in. Law : W = al + 6.

I .. i T*e t & * * * I * U U
W .. 1-76 1-82 1-89 1-95 2-02 2-16 2-29 2-42 2-56 2-69 2-83

10. B tons wt. is the breaking load of No. 4/37 wire ropes of

diameter din. Law: B

d .. t i ft * f 1 li li if

B ..3-7 7-9 11-8 166 22-1 28-5 35-6 43-6 55-1

11. I in. is the gauge length between two marks on a mild steel

rod before a breaking test and e is the percentage elongation of
a r

the length I when the rod breaks. Law: e**j + b. I

against-.
J

I .. 2 4 6 8 10 12 14

e .. 64*2 41-6 34-3 30-4 28-2 268 25-6

Plot
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12. W Ib. wt. is the load applied to a bar at a distance x in. from

a fulcrum in an experiment on moments. Law : W = -
-f- b.

..8 10 12 14 16 IS

48 38-2 30-8 26-1 22 19-4

13. I cm. is the length of the simple pendulum which has the
same period of oscillation as a rigid body oscillating about a

b
horizontal axis h cm. from its centre of gravity. Law : I ah +T

h .. 5 7-5 10 12-6 15 20 25

I .. 60-6 37-5 32-4 30-3 29-9 31-3 34-0

14. H is the horse-power absorbed in drilling cast iron with a

drill of diameter d in. Law: HaVd + 7Q. [Plot HV5
against d.}

d J J t 1 1J 2 2J 3

H .. 1-68 1-34 1-27 1-26 1-29 1-34 1-39 1-46

15. / lb./in.*is the buckling stress of a strut in which the ratio of

length to radius is x. Law : /= r
-

y [Plot
-
f against

a;
8
.]

x 10 20 40 60 80 100 120

//100 .. 494 476 412 338 270 214 171

16. v cu. ft. is the volume of a quantity of steam when its

pressure is p lb./in.
2
. Law : pvn = C. [Plot log p against log .]

p ..10 25 50 100 200 300 400
v .. 6-36 2-75 1-06 1-01 0-60 0-49 0-36

17. t sec. is the time taken for a circular disc mounted on an
axle to roll down an inclined plane 6 ft. long when the upper end
of the plane is h ft. above the lower end. Law : t = ahn.

* i i i i 1 li 2

t .. 22-6 15-9 11-3 9-2 8-0 6-5 W
18. I candles is the luminosity of a metal filament lamp at

V volts. Law: I

I .. .. 21-3 35-6 56-3 89-1 128-8 186

V .. ..70 80 90 100 110 120
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CHAPTER VI

SIMILAR FIGURES

Some facts about parallel lines. Proportional division.

Exercise. Mark three points A, B, C on a straight line

at equal distances apart, and through these points draw

any three parallel straight lines, as in Fig. 38. Now draw
a number of other straight lines cutting the three parallel
lines in points such asD,E,F; L, M, N, etc*

FIG. 38.

Measure DE and EF
; LM and MN

; etc. What do you
notice ?

The student will find that DE^EF; LM^MN, etc.

We may express this result as follows :

Theorem. If three parallel lines cut off equal lengths on

any one transversal they also cut off equal lengths on any
other transversal.

We shall now prove this theorem.
120



SIMILAR FIGURES 121

Draw DH and EK parallel to the line ABO (Fig. 39).

Then ADH.B is a parallc-loiinmi and so DH**AB. Also,
BEKG is a parallelogram, and so EK=BC.
But AB = BC, whence DH =EK.
Thus, in A's DUE and EKF,

DH-EK,
XX XX
a = j8 (since #Z is parallel to CT)
XX XX

y = S (since D.Z7 is parallel to EK)
:. &DHE==&EKF (two /1's and a side).

Hence DE^EF.
It is easily seen that this theorem is also true if we have more

than three parallel lines. For example, in Fig. 40, if

then it follows that A'E' =B'C' =C"D'

\D

Fio. 39. FJO. 40.

Construction. To divide a given straight line into any
number of equal parts, without measurement or calculation.

Suppose we wish to divide the line AB into five equal parts.

Through A draw any line AG of indefinite length, and with a

pair of compasses mark off on AC five equal lengths AD, DE,
EF, FGt GH, of any convenient size (Fig. 41).

'C

L M N
Fio. 41.
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Join the last point, H , to B, and through Z>, E, Ft G draw

straight lines parallel to HB (by means of a ruler and set

square). The points K, L, M, N, in which the lines cut AB,
are the required points of division.

We have here divided AB into five equal parts, but the

method of construction is the same whatever the number of

parts.

Exercise. Mark off three points A, B, C on a straight line

such that AB is twice the length of BC. Through A, B, C
draw any three parallel straight lines (Fig. 42). Now draw

a number of other straight lines cutting these parallels in

points such as D> Et F ; L, M, Nt etc.

A/ \D

FIG. 42.

Measure DE and EF, LM and MN, etc., and find the

DE LM
ratios , , etc. What do you notice ?

Exercise. Repeat the previous construction making AB
three times the length of BC. What do you notice about the

DE LM . t .

ratios , -, etc., in this case ?

Exercise. Repeat the construction, making the ratio

f, and state your conclusion.

The student will find that, in every case, the ratios

LM t
AB

* etc. are each equal to the ratio -.
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We therefore conclude the following :

Theorem. The ratios of the intercepts made by three given

parallel lines on all transversals are the same.

AB m
To prove this, suppose that -57^

=
,
where m and n are

/>O n
whole numbers. Divide AB into m equal parts, and BC into

n equal parts ;
then all the m+n parts into which AC is

divided are equal. Through the points of division draw lines

parallel to AD, as shown by the dotted lines in Fig. 43.

These lines cut DP into m+n equal parts, of which DE
contains m and EF contains n. (In Fig. 43 m =7 and n =5.)

DE m AB DE

In Fig. 43 DEF is any transversal. If we draw it to pass

through A, we obtain Fig. 44, in which D coincides with A.
The preceding theorem now tells us that, if BE is parallel to

AB AE
the side CF of a triangle ACF, then^ ^

C F
FIQ. 43. FIG. 44.

Thus we have the following :

Theorem. If a line is drawn parallel to one side of a triangle,

it divides the other two sides proportionally.

The converse of this theorem is also true, viz. :
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Theorem. If a line divides two sides of a triangle propor-

tionally, it is parallel to the third side.

To prove this, suppose we are given that DE divides the

AD AE
sides AB, AC of the &ABC proportionally ; i.e. that yr~

=
.

We have to prove that DE is parallel to BO.

If it is not, draw the line DF, through Z), parallel to BC.
AD AF

Then, from the previous theorem,
j-j\ TyV

A Jf
1 A JP

Hence r^j -777,,
and therefore E coincides with F. But

biG F (

DF was drawn parallel to BC ; therefore DE is parallel to BC.

A A

Fio. 45. Fio. 46.

As particular cases of these two theorems we have the

following :

(1) The line through the mid-point of one side of a triangle

parallel to the base bisects the other side.

(2) The line joining the mid-points of two sides of a triangle

is parallel to the third side.

NOTE. There is another way of stating the result expressed

in the theorem at the foot of p. 123. If DE is parallel to the

side BO of a triangle ABC (Fig. 46) we proved there that

AD AE
"DB^EC

?'

AD
~
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AD + DB AE + EO

AB AC AD AE
l '6 ' AD~AE r AB'ID 9

This form of the result is often useful.

Internal and external division

Suppose that A, B are two points on a line, 5 in. apart.
Mark the point P, between A and B, 3 in. from A, and the

point Q y m AB produced, 15 in. from A (Fig. 47).

75 ----
----- to

B Q
FIG. 47.

Then PB = 2 in., and 6^ = 10 in. and hence 77^=! and

e 15 s-=
The two points P and Q both divide ^4J5 in the ratio 3 : 2.

We say that
" P divides AB internally in the ratio 3 : 2,"

and that
"
Q divides AB externally in the ratio 3 : 2."

If we take any ratio, we shall find that there are always two

points which divide AB in that ratio, one of the points dividing
AB internally, the other externally.

Example. A, B are two points 12 cm. apart. Find, by
calculation, the positions of the two points which divide AB
in the ratio 3 : 5.

Let P be the point of internal division, and suppose
AP**x cm. Then PB = (12 -x) cm.

-
x

_s" - 6
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-36-33
Sx = 36

.'. s-V-f-4'S
A P is 4-5 cm. from ^4, between ^ and

[Check: ^P=4-5 cm. /.P = 7-5cm. .-

Let Q be the point of external division, and let AQ ~y cm.

AQ
Since -rrr =|, ^4Q must be less than QB, and hence Q must be

nearer to A than to J5. Thus Q must lie outside ^4J5 beyond A
(see Fig. 48).

A P
Fio. 48.

, QB = (y + 12) cm.

y 3

+ 12~ 5

6y = 3(y + 12)

/. Q is 18 cm. from A
%
outside AB.

AO
[Check: AQ~lScm., ;. QB = 3Q cm., /.

^J-IS-f.]
Exercise. Verify that the theorems on pp. 123 (at foot)

and 124 are true whether the line divides the sides internally
or externally.
A graphical construction for dividing a line in a given ratio

is given below.

Construction. To divide a given straight line in a given

ratio, internally or externally, without measurement or cal-

culation.
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Suppose, for example, we wish to divide the line AB in

the ratio 7 : 2.

(i) Internally. Draw any line AC through A, and with a

pair of compasses mark off seven equal lengths
from A, terminating at D (Fig. 49). From D
mark off another two of these equal lengths, ter-

minating at E. Join E to B, and draw DP parallel

*>*& " AP AD

A P B Q
FIG. 49.

(ii) Externcdty. In this case mark off the two equal lengths
from D backwards towards A, IcTininatin^ at F.

Join F to B t and draw DQ parallel to FB. Then

^_d^_7
QB~DF~*

The above constructions apply whatever the ratio m : n
in which it is required to divide AB. If m is less than n,

however, the point F will be on the opposite side of A to D % as

in Fig. 50.
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Definition. If a, b, c, d are four magnitudes such that

a c

r=3> then d is called the fourth proportional to a, 6, c.
b d

Construction. To find, graphically, the fourth proportional
to three given lengths.

O a

FIG. 51.

A 6 B H

Let a, b, c be the three given lengths.

Draw any two intersecting lines OH, OK.

Along OH mark off OA = a, AB =6, and along OK mark off

OC = c.

Join AC and, through B, draw BD parallel to AC, cutting
OKinD.
Then CD is the fourth proportional to a, 6, c.

The proof is left to the student.

Theorem. The internal and external bisectors of an angle
of a triangle divide the opposite side, internally and externally,
in the ratio of the sides containing the angle.

B X C

Fio. 52 (a).

C

Fia. 52 (6).
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Let AEG be the triangle and AX, AY the internal and
external bisectors of the angle A.

In Fig. 52 (a), draw GH
parallel to XA cutting BA
produced in H.

Then

j8
= a! (alternate angles)

(corresponding

angles)

But
fx,i

.". f^AGH is isosceles

/. AC-AH.
Since ^4 JT is parallel to HC,

BX BA

In Fig. 52 (6), draw GK
parallel to YA cutting BA in

K.

Then
/^ xs
=

0! (alternate angles)

(corresponding

angles)

But

.'. f^AKG is isosceles.

Since A Y is parallel to KG,
BY BA (see exercise,

p. 126.)

Exercise XIX

1. Draw a line about 4 in. long, and divide it into seven equal
parts by a graphical construction.

2. Draw a lino about 5 in. long, and divide it graphically
in the ratio 4 : 3 (i) internally, (ii) externally.

3. Draw a line AB of length 2-6 in. Find, by a graphical
construction, the points in AB (produced if necessary) such that
AP = 3PB. Check by calculation.

4. Find, graphically, the fourth proportional to 3, 7, 2. Check

by calculation.

5. [] f a : b 6 : x, then x is called the third proportional to a
and 6.] Find, graphically, the third proportional to 4'5 and 3-1.

5
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6. If A E, F are the mid-points of the sides of the triangle

ABC (Fig. 63), prove that the four triangles shown are all

congruent to one another.
'

7. Deduce, from Question 6, the following theorem : The

line joining the mid-points of two sides of a triangle is equal in

length 1x> half the third side.

8. Find a construction for drawing a triangle when only the

mid-points of its sides are given.

9. If ABCD is any quadrilateral (Fig. 54) and P, Q, R 9 S,

are the rnid -points of the sides taken in order, prove that PQRS
is a parallologiani. [Hint. DitiW the diagonals AC, BD.]

B D
Fio. 53. Fio. 54.

10. A ladder, 18 ft. long, rests over a wall which is 6 ft. high,
the foot of the ladder being on the ground and its upper end resting

against the side of a house. If the foot of the ladder is 8 ft.

from the bottom of the wall, find the distance between the wall
and the house. Verify by a scale drawing.

11. In Fig. 65 ABCD is a trapezium, and M, N are the mid-

points of A D, EC. Prove that MN is parallel to AB and DC.
(Compare the proof of the theorem on p. 124.J

B

A,

B
Fio. 65. Fio. 56.

12. In Fig. 66 D, E, F are the mid-points of the sides of the

triangle ABO. The lines AD, Etf iutoraect in H and the line

BU cute AC in K.
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Prove that (i) H is the mid-point of AD ; (ii) K is a point of

trisection of A C.

[Hint for (ii) : Draw the line through D parallel to BK.]

13. P is any point in the side AB of a triangle ABC (Fig. 67).

PQ is parallel to DC, and QR is parallel to AB. Prove that

BR AP

14. From the theorem on p. 128 devise a construction for

dividing a line internally and externally in a given ratio.

15. Prove that the locus of a point which moves so that the

ratio of its distances from two fixed points is constant, is a circle.

[Hint. Use the theorem on p. 128.]

Similarity

Figures which are of the same shape but different in size are

said to be similar.

When a photograph is enlarged any object in the picture

retains its shape but is magnified in size. The object and

its enlargement are similar figures.

A plan of a field is similar to the actual field. Two maps of

a town, drawn on different scales, are similar.

We can also have similar solids. For example, in a model

of a ship all the parts are reproduced to their proper shape,

but on a smaller scale. The model is similar to the actual

ship.
The principle of similarity is very important. Models are

widely used for testing the behaviour of new designs of aero-

planes and ships in the experimental stages.
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In similar figures it is clear that angles are unaltered, and

although lengths are altered they are all increased or decreased

in the same ratio, so that the ratio of the lengths of any two
lines is unaltered.

A polygon is a figure bounded by any number of straight
lines.

If two polygons are similar, they must have the same
number of sides and the angles of one polygon must be equal
to the angles of the other, taken in the same order round the

figure. For example, in Fig. 58, ABODE and A'B'C'D'W
are similar, and /_A = Z_A', /_B~/_B' 9 /.(?= /_C

{

', etc.

Also, since all lengths are altered in the same ratio in passing
from one figure to the other, it follows that

AB BO CD DE EA
A 'B'

**

B'C'
~
C'D'

~
D'E' ~~E'A'

'

that is, the sides of one polygon must be proportional to the

corresponding sides of the other polygon.
It is important to notice that two polygons may be equi-

angular (i.e. have their angles equal taken hi the same order)
and yet not be similar, since the angles alone do not determine

the shape of a figure. This is seen in Fig. 59, where HK
is parallel to CD ; the figures ABCD and ABHK have the

same angles but are obviously not of the same shape. Neither

is it sufficient for similarity that the sides of the two figures

should be proportional, since the lengths of the sides alone

do not determine the shape of a polygon. We can see this
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from Fig. 60, where ABCD and A^BCDi are two quadri-
laterals whose sides are of the same lengths. (If we regard
ABCD as a frame made up of four rods pin-jointed at their

ends, we can deform the frame into the shape
without altering the lengths of the rods.)

H C
FIG. 59. FIG. 60.

Thus, for two polygons of the same number of sides to be

similar, two conditions must be satisfied, viz. :

(i) they must be equiangular.

(ii) their corresponding sides must be proportional in

length.

Similar triangles

A triangle, which is the simplest of all polygons, is different

from all other polygons in one important respect ; namely,
that its angles determine its shape, so that if two triangles
are equiangular they are similar.

Thus if two triangles are equiangular their corresponding
sides are proportional ;

the converse is also true, that if the

sides of two triangles are proportional the triangles are

equiangular.
These two statements are so important that we shall prove

them, but the student is first advised to work the following
exercises.

Exercise. Draw two triangles of different sizes having
their angles equal to 25, 70, 85, and measure their sides.

Compare the ratios of the pairs of corresponding sides of the

two triangles.



134 GEOMETRY

Exercise. Draw two triangles having sides of lengths
4 cm., 6 cm., 2*5 cm., and 8 cm., 12 cm., 5 cm. Measure the

angles of the two triangles, and verify that their corresponding

angles are equal.

[NOTE.
"
Corresponding angles

"
here means "

angles

opposite corresponding sides."]

We shall now prove the two theorems stated above.

Theorem. If two triangles are I-M :'u .' ir, their corre-

sponding sides are proportional.

E
FIG. 61.

Let ABC, DEF be the triangles, with /_A = /.Z>, /.

EC CA AB
We have to prove that = = .

On DE mark off DH equal to AB, and on DF mark off DK
equal to AC. Join HK.
Then in A 'a ^BC and DBK,

AB~DH, AC~DK, /_A - /.D,

/. &ABC&DHK (two sides and included angle)

.\ HK is parallel to EF
DH DK
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In the same way, by marking off lengths on ED and EF
AB BG

equal to BA and BC, we can prove that -r-^
= :

,.
JL>jJj Jiijf

BO CA AB
Hence

Theorem. If the sides of two triangles are proportional,
their corresponding angles are equal.

Let ABCy DEF be the triangles, in which

We have to prove that ^A = /./>, /_B - J& and _C -

(NOTE. Angles A and D are corresponding angles, since they
are opposite the corresponding sides BG and EF.)
Draw a triangle EFG 9 on the opposite side of EF to the

triangle DEF, having ^FEO^^B and EFQ = C. Then

A's ABC and OEF are equiangular, and hence (from the

BC CA AB
previous theorem) = .

C CA AB ^ t .

But 77=,
=

Trpv
=

T-T,, and hence, by comparing these ratios,
JbD

Thus the A's DEF and GEF have their three sides equal,
and therefore they are congruent.

/. D = G, ^DEF^Z_FEG and Z^DFE^^EFG.
It follows that L&~LA> <LDEF =^B and ^DFE J3.
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[Note. In this proof the triangle EFO was drawn on the

opposite side of EF to D merely in order to obtain a clear

figure, since if it were drawn on the same side as D it would

coincide with the triangle EFD.]

The following theorem will sometimes be found useful. Its

proof is left as an exercise for the student, but the main

steps of the proof are given.

Theorem. If two triangles have one angle of one equal to

one angle of the other and the sides containing those angles

proportional, the triangles are similar.

Suppose we are given A'8 ABC, DEF in which

ABAC

Mark off DH=AB t DK~AC. Show that HK is parallel

to EF. Then show that each of the triangles ABC, DEF is

equiangular to &DHK. It follows that the triangles ABC,
DEF are themselves ripiian^uLir and therefore similar.

Diagonal scale

By means of a diagonal scale we can measure distances

more accurately than would be possible on an ordinary scale.

For example, it is possible to calibrate an ordinary scale, and

to read it, to tenths of an inch with ease, but to calibrate to

hundredths of an inch would require much greater care and

expense, and, even if it were so calibrated, to read the divisions

would not be easy without a magnifying lens. By means of a



SIMILAR FIGURES 137

10 r

diagonal scale we can measure distances to a hundredth of an
inch. The scale is usually drawn on hardwood, ivory or

celluloid. It is shown in Fig. 64.

L HK

6l N

LM
10 9376543210

Fio. 64.

Each of the large divisions along the top and bottom of the

scale = 1 in.

Each of the small divisions along the top and bottom of the

scale Y in.

The horizontal lines are at equal distances apart.

The triangles MbN, MHK are equiangular and therefore

similar.

bN MN 4
"To-

1*0
x -fa in. =rfo in.

It is clear that the oblique lines, such as bH and cL, are

all parallel, and the lengths cut off between two consecutive

oblique lines on all the horizontal lines are equal, being equal
to -fa in. Thus be measures 5 x -fa in., i.e. ^ in.

Hence ac = ab + be (2 + -fa + &) in. = 2-54= in.

5*
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To read off a length of 2-64 in. the procedure is as follows :

Place the point of a pencil on the figure 2 on the bottom
scale to the right of 0, and the point of another pencil on the

figure 5 on the bottom scale to the left of O. Now move both

pencils up the vertical, or oblique, lines through those points
as far as the horizontal line through the point marked 4 on the

vertical scale at the left. The distance between the two pencil

points will then be 2*54. This length can then be transferred

to paper if required by means of a pair of dividers. Similarly
for any other length.

Exercise. 1. What is the length of de in Fig. 64?

2. Mark a distance 3-72 in. on the scale in Fig. 64.

Similar polygons

Construction. To construct a polygon similar to a given

polygon and on a given scale.

Suppose, for example, we wish to draw a polygon similar

to ABODE (Fig. 65) but having its sides three times the

lengths of those of the given polygon.
Produce AB and mark off AB' =3 . AB.

Through B' draw B'C' parallel to BO, cutting AC produced
inC".

Through C" draw C'D 1

parallel to CD, cutting AD produced
in/)'.

Through D' draw D'E' parallel to DE> cuttingAE produced
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Then AB'C'D'E' is the required polygon.
Proof : The two polygons are obviously equiangular since

the sides of the second polygon have been drawn parallel to

those of the first.

We have to prove, in addition, that their corresponding
sides are proportional.

Since B'C' is parallel to BC, A's ABC and AB'C' are

similar.

B'C' AB' Ai AC' AB' ._ ___ s=s Alfin_ __ _ =" BC AB 1- AC~AB~ 1 '

Since C'D' is parallel to CD, A's ACD eaidAC'D' are similar.

C'D' AC' AD' AC'

Finally, since D'E' is parallel to

are similar.

AD '

Thus each side of the polygon AB'C'D'E' is three timeathe

length of the corresponding side of the polygon ABODE.
The method of construction is the same whatever the

required ratio of the sides. Thus, if the sides of the new

polygon are to be n times the length of those of the given

polygon, we make AB' n . AB and then proceed as above,

(n may be greater than, or less than, 1.)

An alternative construction is as follows :

Take any point and join it to each of the vertices of the

given polygon ABODE.
(The point O may be inside or outside the given polygon ;

see Figs. 66 and 67.)

On OA, produced if necessary, mark off OA' =n . OA.

Through A' draw A'B' parallel to AB cutting OB (produced
if necessary) in B'. Through B' draw B'C' parallel to BC
cutting 00 (produced if necessary) in C' ; and so on.
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Then A'B'C'D'E' is the required polygon.
The proof is left as an exercise to the student. It is very

like that for the previous construction ; in fact, the student

will notice that the previous construction is only the special
case of that just given when is taken at A.

Figures, such as ABODE and A'B'C'D'E9
in Figs. 66 and

67, which are so placed that the lines joining corresponding

points are concurrent are said to be "
in perspective" The

point of concurrence, which, in Figs. 66 and 67, is the point
Ot is called the centre of perspective.

O -X^

Figures in two different planes may be in perspective.
For example, in the case of a pin-hole camera, the object
and its image are in perspective, the centre of perspective

being the pin-hole (Fig. 68).
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NOTE. If two figures are in perspective they are not

necessarily similar. They will be so when they are in parallel

planes, or, if in the same plane, when their corresponding sides

are parallel.

FIG. 68.

Similar irregular figures

We can construct a figure similar to a given figure, whatever

its shape, on any desired scale by using the method of perspec-
tive.

For example, to draw a figure similar to that shown on
the left in Fig. 69, but of one-quarter the scale, take any
point Oy join it to a point A of the figure and mark off

OA'OA. Then join to another point B of the figure
and mark off OB' = \OB, and so on for a large number of points.

Join up the points A', B', etc., by a freehand curve. The

larger the number of points taken, of course, the better will

be the resulting figure.

FIG. 69.
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The length of any line in the second figure will be one-

quarter that of the corresponding line in the first figure ;

A 'C' OA'
for example, i-AC OA

[Such constructions can be performed mechanically by
means of an instrument called a pantograph, the theory of

which is indicated in Exercise XX, Question 23 (p. 148).]
-

Areas of similar figures

Two rectangles whose sides are 2 in., 3 in., and 4 in., 6 in.,

respectively, are similar, since they are equiangular and the

sides of the second rectangle are twice the lengths of the

sides of the first rectangle. Their areas are 6 sq. in. and
24 sq. in., respectively, so that the area of the second is four

times that of the first.

Generally, if the sides of the first rectangle are of lengths
a and 6, and those of the second na and nb, the ratio of the

. na x nb n^ab n2

areas of the rectangles is
a x6 ah

Fio. 70.

Thus the ratio of the areas of similar rectangles is equal to

the square of the ratio of corresponding sides.

Any area, with an irregular or curved boundary, can be

regarded as built up of rectangles. For if we inscribe rectangles
in the area and then draw smaller and smaller rectangles in

the spaces which remain near the boundary, as shown in

Figs. 71 (a) or 71 (6), the rectangles will cover more and more
of the area each time, and will tend ultimately to cover the

whole area.
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If the figure is enlarged, or reduced, a similar figure is

obtained. Every line in the figure is enlarged, or reduced,

in the same ratio. Fig. 71 (b) is an enlargement of Fig. 71 (a).

If every line in Fig. 71 (b) is n times the length of the corre-

sponding line in Fig. 71 (a) (e.g. A'B' =n . AB), the area of

each of the rectangles in Fig. 71 (b) is n* times the area of the

corresponding rectangle in Fig. 71 (a). Thus by adding up
the rectangles we see that the total area in Fig. 71 (b) is nz

times the total area in Fig. 71 (a).

FIG. 71 (a). Fia. 71 (6).

Hence the ratio of the areas of two similar figures is equal
to the square of the ratio of the lengths of corresponding lines

in the two figures.

We usually express this briefly by saying that the areas of
similar figures are proportional to the squares of their correspond-

ing linear dimensions.

Example. Two scale drawings of a machine are made,
one on a scale of 2 ft. to 1 in., the other on a scale of 3 ft. to

1 in. If the area of a certain plate on the first drawing is

1-64 sq. in. what is its area on the second drawing ?

An actual length of 1 ft. is represented by in. on the first

drawing and by J in. on the second drawing.

Area on second drawing A in.\ 2
22 *

* *

Area on first drawing \ J- in./
~~^ 3 '

**
9 '
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.'. Area on second drawing = | x area on first drawing.

*=| x 1-64 sq. in*

*0-73 sq. in.

Exercise XX
1. State whether the following pairs of figures are similar or

not (if not, give your reasons) :

3cm.

2-05in.

1'6cm.

Sin

Fio. 72.
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4 cm.

(v)

(vi)

4 in.

FIG. 72 continued.

2. The Bides of a quadrilateral are 6 in., 4 in., 5 in., 7 in. Find
the lengths of the sides of a similar quadrilateral whose shortest

side measures 5 cm.

3. Fig. 73 represents a ground plan of a house, the lengths
indicated being the lengths as

measured on the plan. If the
actual length of the side AB is

36 ft., find all the other lengths
and the actual area of the site.

4. A locomotive engine, which
runs on a track 4 ft. 8$ in. wide,
is 24 ft. long and the diameter of
its driving wheels is 5 ft. 6 in. If

Win. B

7in.

4in.

9 in.

Fio. 73.
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a model is to be constructed to run on a track 3 in. wide, what
must be its length and the diameter of its wheels ?

5. A road has a constant gradient. After travelling half a
mile a man finds that he has risen 150 ft. How much farther

must he^travel before he has risen a total of 400 ft. ?

6. The shadow of a vertical pole 8 ft. high cast by the sun
is 10 ft. long, and at the same time the shadow of a chimney stack

is 96 ft. long. What is the height of the stack?

7. Find the length of the shadow of a man 6 ft. 10 in. high
standing 9 ft. from the foot of a street lamp which is 17 ft. above
the ground.

8. A halfpenny (diameter 1 in.) held at 9 ft. 7} in. from the

eye just covers the moon. If the moon's diameter is 2160 miles,

find its distance from the Earth.

9. The legs of a step-ladder are each 8 ft. long and they are

connected by a rope 4 ft. long attached to each of the legs at a
distance 2 ft. from the foot. Find the distance between the

feet when the ladder is fully open.

10. In order to measure the height of a wireless mast a man
erects a vertical pole 10 ft. high at a distance of 40 yds. from
the mast. He then erects another pole 6 ft. high in such a posi-
tion that the tops of the two poles and of the mast are in line.

If the distance between the two poles is 8 ft., find the height of
the mast.

Questions 1114 are to be done on squared paper, using any
convenient axes and scale :

11. Mark the points A, B, C whose co-ordinates are (0, 0),

(1, 2), (3, 6) respectively. Prove that they lie in a straight line

and find the ratio AB : BC.

12. Calculate the co-ordinates of the point P which divides
BC in Question 11 internally in the ratio 3:1. Mark the point P
in your figure and verify that BP : PC = 3 : 1 by measurement.

13. Draw the quadrilateral whose vertices, taken in order, are
the points A (0, 0), B (3, 2), C (2, 3), D (

-
1, 4). Draw a similar

quadrilateral PQRS, with P, Q at the points (2, 4), (3-5, 5) and
with the side PQ corresponding to AB. Read off the co-ordinates
of It and S.

14. Draw a hexagon having its vertices at the points (0, 0),

(0, 2), (5, 3), (3, 6), (1, 6), (
-

1, 2). Draw a similar hexagon with
the vertices corresponding to the first two points at (0, 0), (0, 3*2).
Read off the co-ordinates of the remaining four vertices.
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15. If ABC is a triangle with a right angle at A, and AD is

perpendicular to BC (Fig. 74), prove that the triangles ABC,

DBA and DAC are all similar. Deduce that "TT^n'
hence that AD^^BD . DC.

[The mean proportional (or geometric mean) of two quantities

a and 6 is defined as the quantity xt such that - = r i-* such that
X u

x*=*ab, or x*=*Vab. Thus AD is the mean proportional of BD
and PC.]

16. In Fig. 74 show that AB is the mean proportional of BC
and BD, and that AC is the mean proportional of BC and CD.

17. From the results of Question 16 deduce a proof of Pytha-
goras's Theorem.

18. Prove that the line joining the mid-points of two sides of

a triangle is equal in length to half the third side.

A

Fio. 74. Fio. 75.

19. ABC is a triangle ; X , Y9 Z are the mid-points of the sides

BC, CA 9 AB respectively. If AX and BY intersect in G, prove
that AO : OX *=BG : GY=* 2 : 1. [Hint. Join XY and use the
result of Question 18.] Deduce that CZ also passes through O.

20. ABCD is a trapezium in which AB and DC are the

parallel sides. If the diagonals intersect in O, prove that
AOiOC^BOiOD.

21. Proportional compasses. In Fig. 75 AC, BD are two metal
rods with pointed ends and slotted in the middle. A screw O
can be moved along the slots and fixed in any desired position.
Show that, for a fixed position of the screw, the ratio AB * 1X7
is constant whatever the angle between the legs.
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22. If in Fig. 75, -4C= Z?D = 6 in., and the screw is set at a
distance of 2J in. from A and B, what is the ratio DC : AB ?

Find also the position of the screw for which DC = SAB.
23. Pantograph. A pantograph is a device, in the form of a

linkage, for copying any figure on an enlarged or reduced scale.

One type of instrument is shown in Fig. 76. OABC is a rhombus
of four rods freely hinged at the corners. PQ, RQ are two rods

freely hinged together at Q and to the original frame at P and R,
such that OPQR is also a rhombus. A fine steel point is fixed at

Q (called the "tracing point") and a pencil at B (called the
"
scribing point ").

XX XX
Since the diagonals of a rhombus bisect the angles, AOB \AOG
x\

=;POQ, and thus O, Q, B are in a straight line.

Prove that triangles OAB, OPQ are similar and hence that
OB OA
OQ~OP'

It follows that if O is kept fixed and Q traces out any given
figure, the point B will trace out a similar figure.

[The tracing point and scribing point may obviously be inter-

changed.]

24. Fig. 77 shows another type of pantograph. AE, AB,
CD, CF are four rods freely hinged at A , Bt C9 D, BO that AD = CB

E T D A

S F
FJQ. 77.
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and AB = DC. The rods AE, CF9 AB are slotted and the tracing
point T, the scribing point S and a pivot can be fixed by means
of screws anywhere in those rods. T, O, S are fixed so that they
lie in a straight line.

Prove that if O is fixed and T describes a given figure, S
describes a similar figure.

IfAD =BC = 6 in., AB = 12 in., DT = 2 in., and the scale of the
new figure is required to be three times that of the figure traced
out by jf, find the distances of the pivot and the scribing point
from B.

25. The sides of a rectangle are 5 in. and 8 in. long. What
are the lengths of the sides of a similar rectangle of four times its

area ?

26. On a certain map an area of 54 sq. ml. is represented by a

rectangle 3 in. by J in. What is the scale of the map ?

27. The county of Sussex covers an area of 2'53 sq. in. on a

map drawn to a scale of 24 mis. to the inch. What area will it

cover on a map having a scale of 4 mis. to the inch ?

28. A drawing of a certain machine part has the dimensions
shown in Fig. 78. Find the area of the drawing. If the

drawing is one-quarter actual size, what is the area of the actual

part ?

FIG. 78.

29. ABC and A'B'C' are similar triangles (Fig. 79); AD is

perpendicular to BO and A'D' perpendicular to B'G'. Prove

DC B

FIG. 79.
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that ADiA'D'^BC-.B'C'. Hence prove that area &ABC :

area &A'B'C' = BC* : B'C'* ; i.e. that the areas of similar tri-

angles are proportional to the squares on corresponding sides.

30. A plug fits into the top of a conical hole (Fig. 80). If the
thickness of the plug is t and the diameters of its end faces are
a and 6, find the depth of the hole.

31. In Fig. 81 the depth of the hole is d and the dimensions
of a plug which fits into the top are as shown. Prove that the

d
diameter of the bottom of the hole is a - -(a

~
6).

a

FIG. 80. Fia. 8L

32. A pair of compasses rests over a cylinder which lies on a
table (as in Fig. 82). If the distance BC between the feet of the

compasses is 12 cm., and the length (AB or AC) of each leg is

10 cm., find the radius of the cylinder.
[Hint. Prove that triangles AOE, ACD are similar.]

33. A cone rests over a sphere, as shown in Fig. 83, touching
it along a circle of radius 6. If each point of that circle is a
distance a from the vertex of the cone, prove that the radius of

the sphere is

Fio. 83.
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34. A line PQ, parallel to the side BC of a trianglo ABC,
cuts AB, AC in P, (?. A line through A cuts BO in D and
PQ in JR. Prove that PRiRQ =BDi DC.

35. The internal bisector of the angle A of a triangle ABC
cuts 1?(7 in P and the circum-circle of the triangle in Q. Prove
thutAB.AC^AP.AQ.

36. A sphere of radius 3 in. is placed with its centre (C) 1 in.

in front of a screen, and a point source of light (0) is held 1 ft. in

front of the screen, so that OC is perpendicular to the screen.

Find the radius of the circular shadow of the spnmo tin-own on
to the screen.

CHAPTER VII

MISCELLANEOUS THEOREMS AND
CONSTRUCTIONS

Intersecting chords of a circle

Theorem. If two chords of a circle intersect the product
of the segments of one chord is equal to the product of the

segments of the other.

Let AB
t CD be the two chords, intersecting in P. They may

intersect inside the circle (as in Fig. 84 (a)) or outside the

circle (as in Pig. 84 (6)).

FIG. 84 (6).

PA, PB are the
"
segments

"
of the chord AB\ PC, PD

are the segments of the chord CD. Thus we have to prove
that PA .PB^PC.PD.
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Join AD and BC.
Then in the A 's PAD and PCB,

/_PDA = PBC (in the same segment, standing on arc

AC).
_APD = CPB (vertically opposite angles in Fig. 84 (a),

or same angle in Fig. 84 (&)).

Thus the triangles are equiangular and therefore similar.

PA PD
Hence PC~PB>

:. PA .PB=PC .PD.

Corollary. The product of the segments of a chord drawn
from a point outside a circle is equal to the square of the length
of the tangent drawn from that point.

This is seen by swinging the chord PCD round P, as shown
in Fig. 85, until the points C and D coincide in the point T,
when PT will be a tangent to the circle. Thus

PA.PB-PC .PD-PC' .PD'~ . . .

Exercise. Prove the preceding corollary directly from

Fig. 86. [Hint. Prove the A's PAT, PTB similar, using
the

"
alternate segment theorem

"
(Part I, p. 209).]

The converse of the above theorem is : If A, B, C, D are

four points and P is the intersection of AB and CD (produced
if necessary), then if PA . PB =PC . PD the four points are

conoyclic.
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The proof is left as an exercise for the student.

[Hint. A circle can be drawn to pass through three given

points. Let the circle through A, B, cut CD in E. Then

prove that D coincides with E.]

Fio. 86. FIG. 87.

The converse of the corollary is : If A
, B, T are three points

on a circle and P is a point in AB produced, then if

PT2 =PA . PB the line PT is a tangent to the circle.

The proof is left to the student.

Example. A plano-convex lens is of thickness \ in. and the

diameter of its plane face is 2 in. Find the radius of its

spherical surface.

Let AGE represent a cross-section of the lens (Fig. 87), D
the centre of the plane face and CE the diameter of the sphere

through D. Then AB 2 in.
;
DC * in.

If the radius of the sphere is r in.,

#Z) = (2r-J) in.

But ED.DC~AD.DB
:. (2r

-
$) x J - 1 x 1

r-i-1
r-lj

Hence the radius of the spherical surface is 1 J in.

Length of chord of a circle

Let AB be any chord of a circle, and P, Q the mid-points
of the minor and major arcs AB. Then PQ is a diameter and
it bisects AB at right-angles at N (Fig. 88).
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Let the chord AB*=c9 PN**h and the diameter d. Then

AN .NB=PN .NQ

." A

Lei,AP=a (AP is the
"
chord of half

the arc "). Then

/C\2_ 2
C2

ffl2=t2 +
\2J

= 2 +
4

Approximations to length of arc and area of segment

The length of an arc and the area of a segment are evaluated

exactly, in terms of the angle subtended at the centre, in

Chapter IX.

The following approximations are sometimes useful :

Length of minor arc AB =^
8a-c

where, as above, a is the chord of half the arc and c is the

chord of the whole arc.

[This is known as Huygens' approximation.]

&s
Area of minor segment cut off by AB == -f $ch.

ZiC

Huygen's approximation is fairly accurate, the error never

exceeding 1*2%. For small arcs the accuracy is much better

than that.

The approximation for the area is not so good, though it

never exceeds 4%. It should be used only for small seg-
ments.
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Mean proportional

The mean proportional to two quantities a and b has been

defined on p. 147 as the quantity x such that a:x=*x:b,
, i

a x
i.e. such that - = -.

x o

Hence x2 ab and x Vab.

[It is sometimes called the
"
geometric mean "

of a and &.]

Construction. To draw the mean proportional to two

given lengths.
Set out the two given lengths AB t BG end to end in a

straight line (Fig. 89).

Draw a semicircle on AC as diameter.

Through B draw the line BD perpendicular to AC, and let

it cut the semicircle in D.

Then BD is the mean proportional to AB and BO.

K

FIG. 89.

Proof. Complete the circle on AC as diameter and produce
DB to cut the circle in E.

DB . BE =AB . EC (from the theorem on p. 151).

EutBE^DB

As an alternative proof we may notice that ADC is a

right-angle (angle in semicircle) and then use Exercise XX
Question 15.
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Construction. To draw a square equal in area to a given

rectangle.

Let ABCD be the given rectangle (Fig. 90). Produce AB
to E, making BE^BC.

Area of rectangle =*AB . BO
=AB.BE.

/. Side of required square = VAB . BE = mean proportional
to AB and BE. This is found by the previous construction.

It is BH in Fig. 90, and BHKL is the required square.

Construction. To draw the tangents to a circle from a

given point outside it.

Let P be the given point and the centre of the given circle.

Draw the circle on OP as diameter and let it cut the given
circle in the points A and B.

Joint PA and PB. Then PA
and PB are the tangents from P
to the given circle.

Proof. Since the angle in a
semicircle is a right angle, each

of the angles PAO, PBO is a

right angle. Thus PA is per-

pendicular to OA, and PB per-

pendicular to OB.

But OA, OB are radii of the given circle, and hence PA,
PB are tangents to that circle.

It is clear from symmetry that the two tangents from any
point to a circle are equal in length.

This can be easily proved from Fig. 91. For the A'8

PAO, PBO are each right-angled, have the common side PO,
and have their sides AO, BO equal. They are therefore con-

gruent, and hence PA

FIG. 91.

Common tangents of two circles

A line which touches each of two circles is called a common
tangent to the two circles.
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If two circles do not intersect they have four common
tangents, as in Fig. 92 (a). CD and EF are called the exterior

(or direct) common tangents ; HK and MN are called the

interior (or transverse) common tangents. If the two circles

intersect they have only two common tangents, as in

Fig. 92 (6).

E

FIG. 92 (6).

When a belt passes over two pulleys the straight part of

the belt is a common tangent to the two pulleys. In the case

of an open belt .i^-hmin^ there is no slackness) the tangents
are exterior common tangents, and the two pulleys rotate in

the same direction.

In the case of a crossed belt the tangents are interior common
tangents, and the two pulleys rotate in opposite directions.

It will be noticed from Fig. 92 (a) that the angle of lap is

larger for a crossed belt than for an open one, and so there

is less tendency to slip when the belt is crossed.

Construction. To draw the common tangents to two circles.

(1) Exterior common tangents.

Let A, B be the centres of the two circles CHE, DKF
(Fig. 93). Suppose that B is the centre of the larger circle.

With centre B draw a circle whose radius is equal to the

difference of the radii of the given circles.

From A draw the tangents AP9 AQ to that circle.

Join BP and BQ y and produce them to cut the larger circle

in D and F.



168 GEOMETRY

Through A draw AC and AE parallel to BD and BFt

and on the same side of AB as those radii.

Join CD and EF.
Then (7Z>, jE^ are the exterior common tangents.

Proof. Since BP is equal to the difference of the radii BD
and AC, it follows that PD=AC. Thus PD is equal and

parallel to AC, and hence APDC is a parallelogram (Part I,

p. 183).

Further, since AP is a tangent to the circle PQ, it is per-

pendicular to the radius BP and hence to PD. Thus /_APD
is a right angle, and so the parallelogram APDC is a rectangle.
CD is therefore perpendicular to AG and to BD, and hence

it is a tangent to each of the given circles. [The construction

is the same whether the circles intersect or not.J

(2) Interior Common Tangents.

In this case with centre B (the centre of the larger circle)

draw a circle whose radius is equal to the sum of the radii of

the given circles (Fig. 94).

From A draw the tangents AP9 AQ to that circle.

Join BP and BQ9 and suppose they cut the larger circle in

D and E.

Through A draw AC parallel to DB but on the opposite
Me of AB, and AE parallel to FB on the opposite side of AB.
Join CD and EF.
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Fm. 94.

Thus CD, EF are the interior common tangents.
The proof is left to the student.

Medians of a triangle

A line joining a vertex of a triangle to the mid-point of

the opposite side is called a median.

A triangle has three medians, one through each vertex.

Theorem, The three medians of a triangle meet in a point,
which trisects each of them.

Let Y be the mid-point of AC and Z the mid-point of AB9

and let the medians BY, CZ intersect in G.

Join AG, and let AG produced
cut BC in X. Then we have to

prove that X is the mid-point of

BC.
Draw BP parallel to ZC, cut-

ting AG produced in P
; join CP.

In &ABP, Z is the mid-point
of AB and ZG is parallel to BP

;

hence G is the mid-point of AP
(Theorem, p. 124).

In &APC, GY joins the mid-

points of AP and AC ; hence GY is parallel to PC, i.e. BO IB

parallel to PC.
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BGCP is a parallelogram.

X is the mid-point of EC. (Diagonals o : * parallelogram
tot each other ; Part I, p. 183.)

AX is a median.

/Ifence the three medians meet in the point G.

/Also GX \GP. (Diagonals of a parallelogram bisect each

|
But GP =AG (since G is mid-point of AP

; proved above).
I ';. QX~\AG,i.*.QX-lAX.
Similarly it can be proved that GY = \BY and GZ = \CZ.
Thus G is the point of trisection of each of the medians.

anofer proof, depending on similar triangles, see

XX, QuLvtion 19.1

, or centrcid, of a triangular area

ii Fig. 96 the triangular area ABC has been divided up
a number of thin strips by drawing lines parallel to the

side BC. One such strip, PQ,
is shown shaded. The centre

of gravity of each strip, which

may be regarded as a thin rod,
is at its mid-point. Since the

mid-points of all the strips lie

^X. on *^e niedian AX (see Exercise

c XX, Question 34) it follows

that the centre of gravity of

the whole area lies on AX.
In the same way, by dividing up the triangle into thin strips

N&allel to AB or AC, it is seen that the centre of gravity
kifc lies on each of the other medians. It must therefore lie

j|f
he point of intersection of the medians,
fence the centre of gravity of a triangular area is the point
atersection, G, of the medians. The point G is usually

!}ed the centroid of the triangle.

=

X
FIG. 96.
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?* i; CM* 1 and the inside width Ls 4 ft. in. Find the outside
; L',-

"
;

^ /'
;

: < $ct a line of length V0 in., by drawing the mean pro-
s, ;-(i.\t I in. and 3 in. Measure the length of your line, and

/}
, 4

(

J.j
* 4y'h *ne value of V6 found from tables or by calculation.

;

'

ci V5 by a geometrical construction, and compare with
,

/ -given in your tables or found by calculation.

Jraw a rectangle of sides 2-6 in. find 1-5 in. Construct a
3 equal in area to the rectangle, and measure its side.

&<, *

. Draw a circle of radius 1| in. and mark a point 4 in. from
centre. Draw the tangents from the point to the circle, and

>asure their lengths.

Also find their lengths by calculation.

17. Draw two circles of radii 2 cm. and 3-5 cm. with their

centres 12 cm. apart. Draw the exterior common tangents and
measure their lengths.

18. Draw the two circles in Question 17, and draw the interior

common tangents. Measure their lengths.

19. Calculate the lengths of the four common tangents to the
two circles in Question 17.

20. Two circles of radii a and b have their centres distant c

apart, c being greater than a + 6. Calculate the lengths of (i) the
exterior common tangents, (ii) the interior common tangents.

CHAPTER VIII

SOLID GEOMETRY

Lines in space

If we draw any two lines in a plane (e.g. on a flat sheet of

paper) they will intersect if produced far enough, provided

they are not parallel.

Two lines in space, even if they are not parallel, i.e. not

in the same direction, do not generally intersect. The student

will see this fact if he takes a pencil in ea< ^"^d and holds

them in any positions at rancfam.



166 GEOMETRY

If two lines in space do not intersect nor

say they are skew to each other. The followi

of skew lines : (1) a

ceiling of a room and^jt,

parallel to the first

floor, (2) the top
cover of a book and the bi *

of the back cover, when t.hti

partly open, (3) the diagor.nls Jf
E'D' of opposite faces of r,fro c

Fig. 104, (4) the lines AC -md (B

Fig. 104.

Since two lines which lie in thw

plane either intersect or are parallel, two skew liiftg cvunofc

lie in the same plane ;
that is, it is impossiblfe to chr&<v a

plane to contain each of two skew lines.

in space

iwo planes in space intersect in a line, 'tboy are

We
ca^i

that line the line of intersection of the

A line In jgpaoe cuts any plane in a point, unl ** jt IB

the plane*

on a

a plane we draw the lim per-
izcr.Iar to l\& Aflame, the foot of the pcrpouc-k

k
-uL:,: m '-a* led

pv'j< rlton of Uiat potot oa the plane. | T

Jf from every point of a owe, or figure of any^iwrt* ?u p^^y

?iiraw jwrj^riijjfiUai^ to a plane, the fdft'of the gpJF-

pendjcufcir* jrfj fid ou,^p^t*ter curve or figure. TbiB^a called

Hie projeofcjpraf tite o^i^iual curve^ or ilgure, v.

l

> filie plAn-*.

*.^Ve iS^ttietiiT]/^ sf^ak^of this p^gi^taon as the ortfwgonal

prtllf&titin orf CJCn ^ t

'

,i-, to
disfcinj^&Vit ropi 4^er ttpe* of

ifcjB$ior ^ lllc^'* r^*)<wr'!3B^ ^f?; ;/
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It is clear that the projection of a line on a plane is another

line.

A plan is a projection on a horizontal plane ; an elevation

is a projection on a vertical plane. An object has a single

plan, but may have various elevations according to the vertical

plane on which it is projected ; e.g. we speak of a side eleva-

tion, end elevation, etc.

Angle between a line and a plane

If M , N are the feet of the perpendiculars from Pt Q on
the plane ABCD (Fig. 105), the line MN is the projection of

the line PQ on the plane.

B

FIG. 105.

If the line PQ cuts the plane in 0, the line MN passes

through O.

The angle between a line and a plane is defined as being the

angle between the line and its projection on the plane.

The angle between the line PQ and the plane ABCD
in Fig. 105 is Z_POM.

Angle between two planes

The angle between two planes, such as ABCD and ABEF
in Fig. 106, is defined as follows : Take any point P in their

line of intersection AB9 and draw the lines PQ and PR,
one in each of the planes, both lines being perpendicular to
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AB. The angle between those lines, viz. /_QPR> is defined

to be the angle between the planes.

FIG. 106.

The student can make a model of Fig. 106 by drawing a

line AB on a sheet of stiff paper, then drawing any line QPR
perpendicular to AB on the paper, and finally folding the

paper about AB.

Angle between two skew lines

The angle between two lines depends only on their directions.

The angle between two skew lines is therefore equal to

the angle between two intersecting lines parallel to the given
lines.

In practice the following is usually the most convenient

way of defining the angle : Let AB, CD (Fig. 107) be two

skew lines. Through any point P of AB draw PQ parallel

FIQ. 107.
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to CD. Then the angle between AB and CD is the angle
between AB and PQ, i.e. the .BPQ.

Example. What is the angle between the diagonals AC
and B'D' of opposite faces of the cube in Fig. 104 ?

AC is clearly parallel to A'C'. Thus the angle between
AC and B'D' is equal to the angle between A'C' and B'D',
which is a right angle, since A'B'C'D' is a square. Hence
AC and B'D' are perpendicular to each other.

Lines of greatest slope in a plane

If in Fig. 108 the plane ABEF is horizontal, the lines of

greatest slope (i.e. the steepest lines) in the plane ABCD are

those which arc perpendicular to AB.

For let PQ be the line through P perpendicular to AB
in the plane ABCD, and let PS be any oilier line through P
in that plane. Let SQ be parallel to ABt and let R, T be the

projections of Q, 8 on the horizontal plane. SQ is horizontal,

since it is parallel to AB which is horizontal, and hence

RQ = TS.
Also PQ is perpendicular to QS, since Q8 is parallel to BA,

and hence PQ is shorter than PS.
Thus in moving from P to Q we rise the same vertical

distance as in moving from P to 8, but the distance travelled

6*
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in the first case is less than in the second. Hence PQ is

steeper than PS.
It is clear that the inclination of a plane to the horizontal

is the same as the inclination of its lines of greatest slope.

Direction of a line in space

Directions of lines on the ground, or in any horizontal

plane, are given by compass-bearings, such as N.E. or

S. 20 W. To indicate the direction of a line in space we need

to specify two angles. For ex-

\ ample, in describing the position

AB / of a star, we might say that it

was seen in a direction N. 50 W.
at an elevation of 42. To locate

the star from this information

we should first turn our telescope

through a horizontal angle of 50

from the North towards the

West, and then raise it through
an angle of 42 in the vertical

plane. The angles arc shown in

Fig. 109 ; NOA is a horizontal plane, AGE is a vertical

plane.
It is important to realize that angles measured by a compass

are angles in a horizontal plane, so that when we say that a

line, such as OB in Fig. 109, has a bearing of N. 50 W. we
mean that its projection on a horizontal plane is in the direction

N. 60 W. Thus all lines in the same vertical plane have the

same compass-bearing.

Direction (or orientation) of a plane in space

A line which is perpendicular to a plane is called a normal

to the plane. There is one normal through each point of a

plane, and all the normals are parallel. Thus the direction

of a plane (or its orientation as it is sometimes called) is known
when the direction of its normals is known.

FIG. 109.
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When we say that a wall (or, more correctly, one side of a

wall) faces south, we mean that its normals (on that side)

point south. If the wall is not vertical then its direction

will be specified when we know, in addition, its inclination

to the horizontal plane.
Thus if we say that a hill-side faces N. 70 E. at an inclina-

tion of 14, we mean that it is inclined at 14 to the horizontal

and that its normals bear N. 70 E.

iH

F A
FIG. 110.

In Fig. 110, ABCD is the plane of the hill-side, ABEF a

horizontal plane, OH a normal and OK the line of greatest

slope through 0. KOHL is a vertical plane.

Length of the projection of a line on a plane

Let PQ be a line of length I making an angle with a plane

ABCD (Fig. Ill), and let pq be its projection on the plane.

x.Q

FIQ. 111.
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(The projections of points are often denoted by the corre-

sponding small letters
;

thus here we have denoted the

projection of the point P by the letter p, and the projection

of Q by q.) Draw PN parallel to pq. Then QPN = ^POp
(by parallels), and PNQ is a right angle.

Also PNqp is a rectangle. /. pq=PN.
Now in the right-angled triangle PNQ,

PN
=cos0

/. PN=PQcos 6 = 1 cos

.*. pql cos 9.

Projection of an area

In Fig. 112 AB is the line of intersection of two planes X
and F, and PQRS is a rectangle in the plane X, whose sides

are parallel to AB and perpendicular to AB. The projection

Fio. 112 (a). Fia. 112 (6).

of the rectangle on the plane T is pqrs. It is clear that pq
and sr are parallel to AB, while pa and qr are perpendicular
to AB ; thuspqra also is a rectangle.

If the angle between the planes is 0, then

pq P#, sr =SK, qr =QR cos S,ps=PS cos 0.
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/. Area pqrs pqxqr PQ x QR cos

= (areaP##)x cos 0.

Now suppose we consider any area S in the plane X
(Fig. 112 (b)) and its projection S' on the plane Y.

As explained in Chapter VI (p. 142), we can regard the area S
as built up of rectangles whose sides are parallel to AB and

perpendicular to AB. When we project on to the plane Y,
the area of each of these rectangles is reduced in the ratio

cos 0:1, and hence the sum of their areas is reduced in the

same ratio. Thus

Reduction of lengths in projection

If, in Fig. 112, we regard Y as a horizontal plane, the lines

of greatest slope in the plane X are the lines perpendicular
to AB. Any line, in the plane X, oblique to AB is inclined

to the plane Y at an angle less than 0, and the cosine of its

angle of inclination is therefore greater than cos 0. Hence
for such lines the ratio length of projection : original length is

greater than cos 0, the ratio depending on the inclination of

the line.

The lines of greatest slope, therefore, suffer the greatest
reduction in length.

Thus, in projecting from one plane on to another, all lines

parallel to the line of intersection of the planes are unaltered

in length, all lines perpendicular to the line of intersection

are reduced in the ratio cos 0:1, and all other lines are reduced

in some intermediate ratio.

The ellipse

If a circle in a plane X (Fig. 113) is projected on to another

plane Y, the oval-shaped figure obtained is called an ellipse.

The centre of the circle, H, projects into a point which is

called the centre of the ellipse. Chords of the ellipse which

pass through its centre are called diameters of the ellipse.

Diameters of the circle project into diameters of the ellipse.
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FIG. 113.

The diameter DD' parallel to LM, the line of intersection of

the planes, is unaltered in length by projection ; the diameter

CC' perpendicular to LM is reduced more than any other

diameter. Hence their projections, AA' and BB'
', are the

greatest and least diameters of the ellipse ; we call AA' the

major axis and BB' the minor axis of the ellipse.

If the radius of the circle is a, and the angle between the

planes is 0, AA ' = 2a and BB' = 2a cos 0.

Also, any chord QQ' of the circle which is perpendicular to

LM projects into a chord PP' of the ellipse, such that

PP*=QQ' cos 6.

In Fig. 114 the circle and the ellipse are drawn in the same

plane with the diameters DD' and AA' superposed.*
The lengths of the major and minor axes of an ellipse are

usually denoted by 2a and 26 respectively. Thus

2acos

.'. cos = -.
a

* We may regard Fig. 114 as obtained by projecting the circle

AOA'C'A on a piano through AA' inclined to the plane of the circle,
and then rotating the second plane together with the projected figure
(the ellipse) back into the plane of the circle.
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C
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Hence an ellipse of major axis 2a and minor axis 26 may be

regarded as obtained by projecting a circle of radius a on a

plane inclined to the plane of the circle at an angle such

that cos 0=-.
a

Since PP* =>QQ' cos and N is the mid-point of both QQ'
and PP',

NP^NQcos =-xNQ.
CL

Hence we have the following construction for drawing an

ellipse with axes of lengths 2a, 2b :

Draw a circle of radius a, and any diameter AA'. From

any point Q of the circle draw QN perpendicular to AA'
b

and mark the point P on QN such that NP = - x NQ. Do
Or

this for a large number of positions of Q, and join up, by
a smooth curve, all the points such as P obtained in this

way. The resulting curve will be the required ellipse.
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The way in which this construction leads to the equation

1 *hz
** * kas ^>een 8nown on Pa e ^-

There are various simple mechanical constructions for

drawing an ellipse by means of a trammel. For these the

student is referred to any book on geometrical drawing.

Area of an ellipse

Area of ellipse
= (area of circle) x cos 9

b

Example. Find the area of a section of a circular cylinder

of diameter d by a plane inclined at an angle <x to the axis of the

cylinder.

Fig. 115 shows the section, PQ, and also a cross-section,

MN (i.e. a section by a plane perpendicular to the axis).

The section MN is the orthogonal projection of the section

PQ on the plane MN.
The angle between the two planes is 90 -a.

/. Area of section MN = area of section PQ x cos (90 -
a)

=area of section PQ x sin a.

area of section MN
/. Area of section PQ =

sin a
77-^2

4 sin a"
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Latitude and longitude

The Earth is very nearly a sphere and for most practical

purposes may be regarded as such. Its radius is approximately
3960 miles.

If, in Fig. 116, P is any point on the Earth's surface and

N, S are the North and South poles, the plane NFS cuts the

sphere in a circle. The semicircle NFS, i.e. any semicircle

on Nft as diameter, is called a meridian. The angle between

the plane of this meridian and the plane of the meridian

through Greenwich (the Greenwich meridian) is called the

longitude of F. Longitude is reckoned East or West of Green-

wich, up to 180 in each direction. All points on the same

meridian have the same longitude, of course. In Fig. 116

the longitude of P is the angle cf> (West).

The plane through P parallel to the plane of the Equator,

i.e. perpendicular to the axis NS, cuts the sphere in a circle

which is called a circle of latitude or, more generally, a parallel

of latitude. The angle between OP and the plane of the

Equator is called the latitude of P. Latitude is reckoned
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north or south of the Equator, up to 90 in each direction.

All points on the same parallel of latitude have the same

latitude, of course. In Fig. 116 the latitude of P is A (North).
The position of a point on the Earth's surface is determined

by its latitude and longitude (usually abbreviated Lat. and

Long.) ; for example New York is in Lat. 40 20' N., Long.
740'W.

Exercise XXTT

1. A rectangular brick measures 9 in. x 4J in. X 3 in. What is

the distance between two opposite corners ?

2. If each side of the cube in Fig. 117 is of length a, find (i) the

length of the diagonal AC', (ii) the angle between AC' and the
face A'B'C'D', (iii) the angle between AC' and AD.

FIG. 117. FIG. 118.

3. A vertical mast is strengthened by three stay-wires, each
35 ft. long, attached to a point of the mast 28 ft. above the

ground, the wires being arranged symmetrically around the
mast. Find (i) the angle each wire makes with the ground,
(ii) the distance of the foot of each wire from the mast, (iii) the
distance between the feet of the wires. [Assume the wires are

straight and neglect the thickness of the mast.]

4. Fig. 118 shows a regular tetrahedron (i.e. a triangular pyramid
whose six edges are all equal, so that all its faces are equilateral

triangles). Find (i) the angle between the edge AB and the face

BCD, (ii) the angle between any two faces (e.g. ABC and BCD).

5. Prove that the figure obtained by joining the mid-points
of consecutive sides of a skew quadrilateral (i.e. a quadrilateral
not in one plane) is a parallelogram.
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6. A board in the shape of an equilateral triangle is placed in
the corner of a room, with one edge resting on the floor and one
against each of the walls. Find the inclination of the board to the
floor.

7. A door, 6 ft. 6 in. high and 2 ft. 6 in. wide, originally shut,
is opened through an angle of 30. Find the angle between
a diagonal of the door and the wall.

8. A 60 set square is placed on a table and is then rotated
about its longest side through an angle of 45. What are then
the inclinations of the other two sides to the table ?

9. A pyramid has a square base of side 6 in. and its vertical

height is 8 in. Find (i) the angle between a sloping edge and the

base, (ii) the angle between a sloping face and the base.

10. Fig. 119 shows a hipped roof. The ridge AB is horizontal,
and so is the plane CDEF (the plane of the eaves). A C, AF 9 BD9

BE are the hip rafters. If AB = 15 ft., CD =FE = 20 ft., DE= CF
= 14 ft. (CDEF being a rectangle), and the ridge is 6 ft. (vertically)

D
FIG. 119.

above the plane of the eaves, find (i) the area of the roof, (ii) the

length of the hip rafters, (iii) the slope (i.o. inclination to the

horizontal) of the hip rafters, (iv) the slopes of the roof-faces.

[Hint. Draw the perpendicular from A to the plane of the

eaves.]

11. The ridges of two sloping roofs meet at right angles ; if

the roofs are both inclined at 45 to the horizontal, find the in-

clination of their line of intersection.

[Hint. Draw a plan of the roofs.]

12. A line of greatest slope on a hill-side has a gradient of

1 (vertical) in 10 (up the plane). What is the gradient of a road
which makes an angle of 20 with the lines of greatest slope ?

13. A hill-side, which may be regarded as a plane, faces due
south and is inclined at 20 to the horizontal. Find tho inclina-

tion ofa road on the lull-side in the direction N.E.
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14. A prism whose cross-section is an equilateral triangle of

side 4 in. is cut by a plane inclined at 60 to the edges of the prism.
Find the area of the section.

15. A circular disc of diameter 1 ft. is held at right-angles
to the sun's rays when the sun's altitude (i.e. elevation) is 55.
What is the area of the shadow on the ground ?

16. Fig. 120 shows the side-elevation and front-elevation of a
semicircular dormer window. Find the area cut away fiom the
main roof.

Y
FIG. 120.

17. Find the diameter of a circle whose area is equal to that of
an ellipse of axes 10 in. and 6 in.

18. A nautical mile is the length of arc on the Equator which
subtends an angle of 1 minute at the centre of the Earth. Find
the length of a nautical mile in feet.

19. Calculate the distance of Greenwich (Lat. 51 29' N.) from

(i) the Equator, (ii) the North Pole.

20. Find the length of the Arctic Circle (parallel of Lati-

tude 66J).

Mensuration. Volumes and surfaces

We shall assume the formulae for the volumes and surfaces

of the following simple solids.

Some of these formulae have been demonstrated in Part I,

Chap. XV ; the remainder are proved in Chap. XVI of this

Part or in Part III.

Prism. Volume = (area of base) x (perpendicular distance

between parallel ends).
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Cylinder. This may be regarded as a special case of a

prism. For a circular cylinder, if the radius of the base = r,

and height = h, then area of base = Trr2 .

.'. volume = 7rr2A.

Area of curved surface = (circumference of base) x height

Pyramid. Volume = J(area of base) x (perpendicular

height).

Cone. This may be regarded as a special case of a pyramid.
If the radius of the base =r, and height = h, area of base =77T2 .

.'. volume = $7rr
2h.

If I is the length of the slant height,

area of curved surface = J (circumference of base) x (slant

height)

- X 277T X I

= 77T/.

Sphere. If the radius ==r,

volume =

surface area =

Volumes of similar solids

Similar solids have been defined in Chap. VI as solids

which are of the same shape but different in size.

Of two similar solids, one may be regarded as an enlargement
of the other.

One of the simplest solids is a rectangular block, shaped
like a brick. It is sometimes called a cuboid.

Fig. 121 shows two similar rectangular blocks. If the edges
of one of the blocks are of lengths a, 6, c, the corresponding

edges of the other block are equal multiples of those lengths ;

Bay na t nb, nc.

The volume of the first block is a x b x c, i.e. abc ; the volume

of the second block is na.xnbxnc, i.e. w3o6c. Hence the
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ratio of the volumes of the blocks is
abc

~. Thus the
1

ratio of the volumes of similar rectangular blocks is equal to

the cube of the ratio of corresponding edges.

/nb

na
Fio. 121.

We have already seen (p. 142) how any plane area may be

regarded as built up of rectangles. In much the same way
any solid, whatever its shape, may be regarded as built up
of rectangular blocks.

If the solid is enlarged, or reduced, every line in it is en-

larged, or reduced, in the same ratio. If this ratio is n : 1
%

the volume of each of the inscribed rectangular blocks is

increased in the ratio n% : 1, and hence the sum of the volumes
of the blocks also is increased in the ratio n3

: 1. Thus the

ratio of the volumes of two similar solids is equal to the cube
of the ratio of the lengths of corresponding lines in the two
solids.

We usually express this in the form :

The volumes of similar solids are proportional to the cubes of
their corresponding linear dimensions.

Thus, for example, if the linear dimensions of a body are

doubled its volume is increased eight-fold.

Example. Two iron castings are made to similar patterns,
one being 3 ft. 6 in. long, the other 5 ft. 4 in. long. If the

smaller casting weighs 14 cwt., what is the weight of the larger
one ?

Since the castings are of the same material, their weights
are proportional to their volumes.
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Volume of larger casting /5 ft. 4 in.\ 8

Volume of smaller casting \3 ft. 6 in./

/64 in.\s
**

\42 in./

-(ff)3 = (1-524)3 -=3-54.

Wt. of larger casting

Wt. of smaller casting

.*. Wt. of larger casting = 3-54 x 14 cwt.

-49-56 cwt.

== 2 tons 9J cwt.

Areas of surfaces of similar solids

If a solid bounded by plane faces is enlarged so that every

length in it is doubled, the area of each face is increased four-

fold and hence the total surface area of the solid also is

increased fourfold.

More generally, if each length is increased or decreased in

the ratio n : I, the total surface area increases, or decreases,

in the ratio n2
: 1.

This is true also for solids bounded by curved surfaces ;

that is, the surface-areas of similar solids are proportional to

the squares of their corresponding linear dimensions.

As an example, we might verify this for the case of a cylinder

by using the formula for its surface area. If the radius of

the cylinder is r and its height h,

area of curved surface =27rrh,

area of each end =77T2 .

/. Total surface area = 2irrh + 2irr*.

For a similar cylinder, whose radius and height are nr and

total surface area = 2?rar . nh + 2ir(nr)
2

Hence the ratio of their surface areas is n2
: 1.
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Example. A manufacturer makes three types of motor-car

headlamps, all of the same pattern but of different sizes. The
diameters of the glasses for the three types are 12 in., 8 in.,

6 in. If it costs 5 shillings to chromium plate the largest size,

how much does it cost for the other sizes ? (Assume the same
thickness of plating in each case.)

The areas of the surfaces to be plated are proportional to

the squares of <'orro<|Kiri<1iri.
r linear dimensions, i.e. are in the

ratios 12* : 8* : 62 , i.e. 144 : 64 : 36, i.e. 36 : 16 : 9.

Hence the cost of plating the second size lamp

=f x 5 shillings =-/ shillings^ "2s. 2\d. 9

and the cost of plating the smallest size lamp

=-3B * 6 shillings =f shillings
= Is. 3d.

Frustum of a pyramid

By a frustum of a pyramid is meant a portion of a pyramid
cut off between two planes parallel to the base. In Fig. 122

FIG. 122.

the solid between the planes
frustum of a pyramid.
Volume of frustum - volume of pyrami

of pyramid OP^Q^S^

, and 8 a

- volume
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Let the volumes of the pyramids
be FI, V\ and their perpendicular heights hi3 h2y and the areas

of their bases AI, A%.
Let the volume of the frustum be F and the perpendicular

distance between its parallel ends be h.

Then h =&2
- Alf and F = F2

-
FI.

The pyramids OPiQiJRiS^ OP^Q2R^^ are similar solids,

,. FI fa
and hence =

1 T I

The bases PiQiRiSi, P^Q^R^z are similar figures, since

they are in parallel planes and in perspective (from 0). Hence

^i

Frustum of a cone.

Since a circle may be regarded as the limit of an inscribed

polygon when the number of sides increases indefinitely,

a cone may be regarded as the limiting case of a pyramid
when the base becomes a circle.

Thus the previous formula is true also for a frustum of a

cone, shown in Fig. 123. It may be expressed in another form

as follows.
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If the radii of the circular ends are rx and r2 ,

/. Fvol. of frustum of cone 2 +?7r2
2
)

FIG. 123.

This result may be obtained also by using the formula

for the volume of a cone, treating the frustum as the diiferehce

of the two cones shown in the figure.

The area of the curved surface of the frustum, which we
shall denote by S, is the difference of the areas of the curved

surfaces of the two cones shown in the figure.

Denoting the slant heights of the cones by Il9 lz and the

slant height of the frustum by I, so that / = /2
- Il9

= 777*2^2
~*

rl ^1

But, from similar triangles,
~~

r *
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The radius of the mid-section of

the frustum, i.e. the section by the

plane mid-way between the ends

and parallel to them (shown by FIG. 124.

the dotted circle in Fig. 124) is

J(r i + r2)- Ite circumference = 2?r . J(rx + r2 ) =ir(ri +r2 ).

Hence we can express the surface area of a frustum of a cone

in the form

8 = (circumference of mid-section) x (slant height).

Zone of a sphere

A zone of a sphere is a part cut off between two parallel

planes.
Its plane faces are circles. If their radii are rl9 r2 and the

distance between the parallel planes is h (Fig. 125), it can
be proved (see Part III) that

volume of zone +r)
If the radius of the sphere is r, it can be proved (see

Part III) that

area of curved surface of zone =

This is e^ual to the area cut off

between the same planes on the

cylinder which circumscribes the

sphere and whose axis is perpen-
dicular to the planes.

It should be noted that this area

depends only on the distance be-

tween the planes and not on the

positions of the planes. FIG. 125.
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Segment (or cap) of a sphere

A segment, or cap, of a sphere is

a part cut off by a plane (Fig. 126).

It is a special case of a zone when
one of the planes touches the sphere.

If the radius of the plane face

is R and the thickness of the cap
is h, the volume is obtained from the

formula for the volume of a zone by
putting TI 0, r2 R.

Fio. 126.

/. Volume of segment = |7r&(3.ft
2 + A2

).

Area of curved surface of segment =

Oblique frustum of a cylinder

If a cylinder is cut by a plane AB (Fig. 127) not parallel to

the end faces, the volume ABDC cut off is clearly equal to

the volume of the cylinderMNDC, since vol. BPN = vol.APM .

M
A
t

i

*>>

t

*

C

N

Fio. 127. Fio. 128.

/. Vol. of oblique frustum

If Aj, &2 are the lengths of the shortest and longest generators

of the frustum, h = \(hi + h%).

2
(

* 2

J
:. Vol. of frustum
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Also, area of curved surface of frustum = area of cylinder

UNDO - 2<jrrh =7rr(/ii + h2 ).

Elliptic cylinder

If the cross-section of a cylinder is an ellipse whose principal

axes are of lengths 2a, 26,

volume of cylinder = (area of base) x height =7706. h.

Exercise XXIII

1. An iron sphere of diameter 8 in. weighs 70 Ib. What is

the weight of one of diameter 6 in.?

2. A set of weights for scales are similar solids ; the 4 oz.

weight is J in. thick. What are the thicknesses of the 1 oz., 8 oz.

and 1 Ib. weights ?

3. The surface area of one sphere is eight times that of another ;

find the ratio of the radii and the ratio of their volumes.

4. Two equal spheres each of radius 6 cm. are melted down into

a single sphere. What is its radius ?

5. Two similar lead cylinders, one 3 in. long, the other 5 in.

long, are melted down and made into a single similar cylinder.

What is its length ?

6. A pyramid 10 in. high is cut into two parts by a plane parallel

to the base and 6 in. from the base. What is the ratio of the

volumes of the two parts ?

7. A cone of height 6 cm. is to be divided into two parts of

equal weights by a plane parallel to the base. Find the distance

of the plane from the base.

8. Find the volume of a right prism 1 ft. 6 in. long whose cross-

section is an equilateral triangle of side 3 in.

9. A cubic foot of copper is drawn into a wire 800 yards long.

What is the diameter of the wire ?

10. A mound of earth is in the shape of a pyramid 2 ft. 6 in.

high on a square base of side 3 ft. 3 in. Find the volume of earth

in the mound.

11. Find the volume and surface-area of a regular tetrahedron

of side 8 cm.

12. A sphere of 2 in. diameter is beaten out into a circular

sheet 0*0 16 in. thick. Find the radius of the sheet.
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13. A hollow cast-iron sphere weighs 240 lb. and its external

diameter is 14 in. Find the thickness of the iron. [1 cu. in. of
cast iron weighs 0-26 lb.]

14. Find the weight per foot length of lead pipe of 1J in. bore,

A in. thick. [1 ou. ft. of lead weighs 711 lb.]

15. A glass tube 15 cm. long, of external diameter 4 mm.
weighs 4 gin. Find the inside diameter. [Sp. gr. of glass = 2-52.]

16. Find the volume of a spherical shell of internal radius r

and thickness t, and show that if t is very small compared with r

the volume is approximately 1-nrH.

17. A reservoir containing a million gallons of water is emptied
by a pipe of diameter 2 ft. 4 in. in 3 hours. Find the rate of flow

in the pipe. [6J gall. = 1 cu. ft.]

18. A pipe of diameter 3 ft. is to be replaced by two pipes, one

having twice the diameter of the other, which shall together

carry the same volume of water as the single pipe. Find their

diameters.

19. Find the volume of the air-space under the hipped roof

in Exercise XXII, Question 10 (p. 179).

[Hint. Draw vertical planes through A and B so as divide

the volume into a prism and two pyramids.]

20. A swimming bath is 110 ft. long and 25 ft. wide. The
water is 3 ft. deep at one end and 6 ft. 6 in. at the other. Find
the volume of the water.

21. Find the volume of a log of timber, 6 ft. long, which tapers
from 8 in. square at one end to 3 in. square at the other.

22. A friction clutch is in the shape of a frustum of a cone of
end diameters 5 in. and 7 in., the distance between the plane ends

being 4 in. Find the area of the curved surface.

23. Fig. 129 shows a vertical cross-section of the head of a bolt,

horizontal sections being circles. Find its volume.

Fie. 129.
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24. A hollow shaft 3 ft. 6 in. long is of uniform thickness

throughout, and has a taper of 1 in 20. At the narrow end the
external diameter is 4 in. and the internal diameter 3 in. Find the
volume of metal in the shaft.

25. A glass ash-tray is in the form of a frustum of a cone with a

spherical segment scooped out from the top, the dimensions being
as shown in Fig. 1 30. Find the volume of glass.

26. The vertical cross-section of a casting is shown in 131, the
bottom face being circular. Find thevolume ofmetal in the casting.

FIG. 130. FIG. 131.

27. Find the total surface area of the frustum of a cylinder
shown in Fig. 132.

28. Find the ratios of the surface areas of a cube, sphere and
regular tetrahedron of equal volume.

29. A fine wire of diameter d is wound (close-coiled) on the
outside of a cylinder of length I and diameter D. Find the length
of the wire.

30. A right-angled triangle whoso sides are 3 cm., 4 cm., 5 cm.
revolves about its hypotenuse. Find the

fvNv volume of the double cone generated.

31. Fig. 133 shows a section of a collar for
a shaft. Find its volume.

JO

Fio. 133.
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32. The largest possible cone of vertical angle 60 is cut out

from a sphere. Find the ratio of its volume to that of the sphere.

83. An elbow-joint (Fig. 134) consists of two pieces of metal

piping at right-angles. The external diameter of each pipe is

3 in. and the metal is f in. thick. Find the volume of the metal.

34. Find the weight of the steel rivet shown in cross-section

in Fig. 135, the total length of the rivet being If*. [1 cu. in. of
steel weighs 0'29 lb.]

FIG. 134.

. -

jfl
*.

Fia. 135.

35. Prove that the volume ofa segment of a sphere is J?r/i
2
(3r 7t),

where r is the radius of the sphere and h is the height of the

segment.

36. If S is the area of the curved surface of a frustum of a

cone, rl and r a the radii of its ends, I the slant height and 6 the

angle between the slant height and the base, prove by projection
that I cos 6 and S cos 0=s7r(r 8

8
r,

2
) ; deduce that

37. Obtain the formula (p. 187) for the area of the curved sur-

face of a frustum of a cone by regarding the surface aa the limit

of the sum of a number of trapezia.
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CHAPTER IX

RATIOS OF ACUTE ANGLES

The six trigonometric ratios

If the angles of a triangle are known, then the shape of the

triangle is determined, though not its size. We can draw as

many triangles as we please having their angles equal to the

given angles ; they will all be "
similar triangles

"
(p. 133).

FIQ. 136.

In Fig. 136 each of the triangles has ONP = 90 and NOP = 0.

They are similar triangles and therefore their corresponding
sides are proportional (p. 134) ; that is, for example, the ratio

NP/OP is the same for all the triangles shown, though of

course if d had a different value this ratio would be different.

The ratio NP/OP, which depends only on the value of 0,

is defined as the sine of the angle 0, written as sin 0.

There are, al;o:ri'ili< k

r, six ratios between the three sides of

the triangle ONP, viz. :

NP ON NP ON
~

OP' OP 9 ON' NP 9

7 193
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Each of these ratios is independent of the size of the triangle

and depends only on the value of the angle 0. They are

spoken of as
"
the six trigonometric ratios of the angle Q"

and are called the sine, cosine, tangent, cotangent, secant

and cosecant, respectively, of the angle ; they are written

as sin 0, cos 0, tan 6, cot 0, sec 0, cosec 0, respectively.
The first three ratios have already been met with in Part I.

Definitions of the ratios

We can set out the definitions of the six ratios concisely in

the following form.

Draw a right-angled triangle having one of its acute angles

equal to the given angle 0. The
side opposite to the right angle

I is called tho hypotenuse. Now
label the side which is opposite
to the angle as

"
opposite side,"

and the remaining side as
"
ad-

jacent side
"

(it is adjacent to the

angle 0). Then, using the words
"
opposite

" and "
adjacent

"

as short for
"
opposite side

" and "
adjacent side,"

adjacent side

FIG. 137.

sn =

cos =

tan -

opposite

hypotenuse'

adjacent

hypotenuse*

opposite

adjacent*

cosec

sec

cot =

hypotenuse

opposite

hypotenuse

adjacent

adjacent

opposite*

Relations between the six ratios

It will be noticed from the definitions that three of these

ratios are the reciprocals of the other three, viz.

cosec
sin0'

sec =

"cos ff
cot 0-> :

tan 0'
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[It will serve as a help in remembering these if we observe

that in each of the three pairs of reciprocals there is one

ratio with the prefix
" co "

; thus the reciprocal of sin is

osec, of sec is cos, of tan is cot.]

Also, referring to Fig. 136,

NP
n NP OP sin 6 cos 9

tan 6 = 7777
=

7777
=

2>i
anc* hence cot =

-3.ON ON cos sin

OP
Thus all the ratios can be expressed in terms of sin 6 and

cos 6.

We shall see later that, in the case of acute angles, any one
of the ratios can be expressed in terms of any other, so that

the values of all the ratios can be found if the value of one of

them is known.

Tables of the ratios

The values of the ratios of angles from to 90 are tabulated

in books of trigonometric tables under the headings
"
natural

sines/'
"
natural secants," etc. In some books of tables only

the values of sines, cosines and tangents are given ; in that

case the values of the other three ratios can be found from the

relations above.

Where tables of oo: finish 1

:-, secants and cosecants are

provided, however, the student is advised to make use of

them
;

for not only does it save time and labour to read off,

for example, sec 28 directly from the table of secants, instead

of looking up cos 28 and then working out ^, but there
COS ,<So

is less risk of mistake or inaccuracy since the numerical work
in compiling the tables has been done by professional com-

puters.

Example. The top of a vertical pole is 9 ft. above the

ground. Find, to the nearest inch, the length of the shadow

cast on the ground when the elevation of the sun is 76.
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In Fig. 138, AB represents the pole, and BC the shadow on
the ground. We are given that

= $ ft. and ACB 76

In the right-angled triangle ABC,
BC

=cot 76

.'. BC=AB cot 76 = 9 cot 76

B c
= 9 x 0-2493 =2= 2-244 ft.

Fio. 138. =2 ft. 3 in. (to the nearest

inch).

Hence the length of the shadow is 2 ft. 3 in. (to the nearest

inch).

An alternative method is as follows :

9AB
=

tan76~fOT68
2= 2 -244 ft. ==2 ft. 3 in.

The former method is the easier, since it involves multiply-

ing 9 by 0-2493 instead of dividing 9 by 4-0108.

As a general rule, it is best to use a ratio in which the un-

known quantity (BC in the above example) occurs in the

numerator.

Example. A straight road up a hillside makes an angle
of 10 with the horizontal. How far must a man walk along

the road in order to rise a
vertical height of 400 ft. ?

In Fig. 139, PQ represents
r~~~

N the distance the man walks

Fio. 139. along the road. His vertical

rise is NQ. ;. NQ =400 ft.

Here the unknown length, which we want to find, is PQ,
and so we try to find a ratio in which PQ is the numerator and
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in ^hich the denominator is known. The only known length
is NQ ; so we take :

PQ
.coseclO*

/. PQ=NQ cosec 10 -400 cosec 10

-400 x 5-7588 1^ 2304 ft.

Hence the man must walk a distance of 2304 ft. along the

road.

If tables of cosecants are not available, we must work from
a table of sines, thus :

400 400
PQ =400 cosec 10 -

j-

-
g
^ 2304 ft.

Kadian measure for angles

Angles are ordinarily measured in practical work (e.g. on

protractors, galvanometer scales, etc.) in degrees and minutes,
but there is another unit for angle which is extremely useful

in theoretical work. It is the angle
subtended at the centre of a circle

by an arc equal in length to the

radius, and it is called a radian. It
S\

is the angle AOB in Fig. 140.

We can easily convert from degrees
to radians or vice versa, just as we can

convert from inches to centimetres

or from grammes to pounds. For FJO 140.

in a circle of radius r, half the

circumference has a length TTT and this arc subtends an angle
180 at the centre. Hence an arc of length r subtends an

180
angle at the centre. Thus, by our definition of a radian,

7T

180
1 radian == 57-3 =s= 57 18'

7T

(more accurately 1 radian =^57 -296 ^=57 17' 45").
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Hence also,
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180
radian == 0*01745 radian.

The rule for conversion is most easily remembered in tho

form :

TT radians = 180.

Length of arc of circle

If an arc of a circle subtends an angle 9 radians (usually
written as Oc

)
at the centre, its length

is d times that of an arc which sub-

tends 1 radian at the centre.

Hence, if the radius of the circle is r,

length of arc = rO.

If the angle is measured in degrees,

say x, then since x = TT racuans >

FIG. 141
the length of the arc is r . 7---.

lot)

Area of sector of circle

Referring to Fig. 141,

area of sector POQ angle subtended by PQ
area of circle angle subtended by whole circumference

6

e
.\ area of sector POQ =7rr2 x ~ =

\r-0.
2/rr

Hence
area of sector of circle

Example. An endless belt passes over two pulleys, whose

radii are rj and r2 and whose centres are distant d apart.
Find the length of the belt, assuming it is taut throughout.
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The belt may be open (Fig. 142 (a)) or crossed (Fig. 142 (6)).

In the former case the two pulleys rotate in the same direction,

in the latter case they rotate in opposite directions.

A 2

OPEN BELT

FIG. 142 (a).

CROSSED BELT

Fia. 142 (6).

O^AI, O\BI, ZA>> and 0Bz are the radii to the points of

contact of the belt with the pulleys ; O^A l is parallel to

2^2> since each is perpendicular to the tangent A^A^ Also

OiBi is parallel to 2B2 .

O2N is drawn perpendicular to OiAi, or 0^4 1 produced.
For an open belt OiN r - r2 ; for a crossed belt

Let the angle between each of the straight parts of the belt

and the line of centres be radians.

Let the total length of the belt be /.
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I. For open belt

20i# = (I
-
0]

radians.

.'. Angle of lap on larger pulley =27r-2l-^ =(TT + 26)

radians.

/. Length of belt in contact with larger pulley ^^TT 4- 20).
/\

/TT \
Also 1 2A 2

^=
[
~ + 0\ radians.

/. Angle of lap on smaller pulley = 2ir - 2 1
-

-f 6 1 = (7r-20)

radians.

.*. Length of belt in contact with smaller pulley ^r^xr -'19}.

Also AiA 2 -NO^=d cos and B^B^A^^d cos 0.

/. Total length of belt =^(77 +26) +r2(ir-26) +2d cos 6,

i.e. / =?r(r 1 -f r2 ) -I- 2^(rj
- r2 ) -f 2c^ cos 6.

The angle can be found from the relation OiN = 1 2 sin ^,

i.e. TI -r2
= d sin 0.

We can also write the expression for / in the form

/ ^ 7r(r l + r2 ) + 26(rt
- r2 ) -f 2(r l

- r2 ) cot 0,

on substituting for d in terms of r^ and r2 .

6).

II. For crossed belt

Angle of lap on larger pulley = 2?r - 2 1
- - 6 \ = (TT -f 20)

radians, as before.

.'. Length of belt in contact with larger pulley 1^(77 + 26).

^ /7T \
Also C02A 2

=
I r - ^ I radians.

/. Angle of lap on smaller pulley 27j-2J;r-0) =(TT

radians.
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.'. Length of belt in contact with smaller pulley =r2 (7r -f 28).
Also AiA^NOz^d cos and B1B2~AiA 2 =*d cos 0.

=7r(r 1 +r2 ) + 20(r1 +r2 ) 4- 2d cos 0.

The angle is now given by the relation rl + r% = d sin 0.

The alternative form for I is :

-f 2(r1 +r2)(0 + cot 0).

It will be noticed that, if the distance d is fixed, the length
of a crossed belt depends only on (rx + r2 ), the stm of the radii

of the pulleys, and not on rx and r2 separately. This fact is

made use of in fitting step or cone pulleys for varying the

velocity ratio of two shafts.

Variation of the ratios as the angle increases from to 90

Since the hypotenuse is the longest side of a right-angled

triangle, sin and cos are each less than 1, and their

reciprocals, cosec and sec 0, are

therefore each greater than 1 for all

values of between and 90.
If OA and OB are two fixed radii of

a circle, at right angles to each other

(Fig. 143), and if OP is a radius

making an angle with OA, then, as

Q increases from to 90, OP turns

from the position OA to the position

OB.

Suppose PN is perpendicular to OA, and that the radius of

the circle is r units. Then if ON ==x units and NP=y units,

y x y x T r
sin 0=-, cos = -, tan 0=-, cot 0=-, sec = -, cosec 0-.

r' r x y x y
As increases from to 90, y increases from to r and x

decreases from r to 0. Hence sin increases from to 1,

dnd cos decreases from 1 to 0.

In tan 0, which is equal to y/x, the numerator increases

and the denominator decreases, so that the fraction increases.
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When 0=0, tan = 0; when 6 is just less than 90, y is nearly

equal to r and x is nearly zero, so that yjx is then very large,

and as approaches more and more closely to 90, x becomes
smaller and smaller and yjx, i.e. tan 0, increases without limit.

We express this briefly by saying that tan tends to infinity

as 6 tends to 90, or, still more briefly, that tan 90 = oo

(read as tan 90 =
infinity).

If the student looks at his tables he will find that

tan 88 = 28-64, tan 89 -57-29, tan 89 30' = 114-6,

tan 89 48' =286-5, tan 89 54' =573-0. Also, from seven-

figure tables he will find that tan 89 58' = 1718-9,

tan 89 59' =3437-7.

The other three ratios are the reciprocals of the three already
considered. Now when a quantity increases its reciprocal

decreases, and vice versa, and hence we see that, as increases

from to 90, cot 6 decreases from oo to 0, sec increases

from 1 to oo ,
cosec decreases from oo to 1.

The student can also verify these statements by considering
XT Y

how the ratios -,
- and - vary as P goes from A to B.

y x y
J &

Ratios of some important angles

The angles 30, 45 and 60 are important because they
occur so frequently in practical applications of trigonometry,
and also because their ratios can be easily found without the

use of tables.

If we draw a square ABCD of side 1 unit and draw one

diagonal AC (Fig. 144 (a)), then CAB=A*CB~45, and, from

Pythagoras' theorem, AC = \/2 units. From the right-

angled triangle ABC we can write down all the trigonometric
ratios of 45.

For example,

sin -?--, tan ---l, sec 45=^ = VI.
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If we draw an equilateral triangle PQR (Fig. 144 (6)) and
draw PM perpendicular to QR> then PM bisects QR and also

bisects the angle QPR. Thus if we call the length of each side

1 B

FIG. 144 (a).

/ M /

FIG. 144 (6).

of the triangle PQR 2 units,QM = 1 unit, and, from Pythagoras*

theorem, PM = V(PQ* - QM*) = A/3 units. The angles of

the triangle PQM are 60, 90 and 30, and from that triangle
we can now write down all the trigonometric ratios of 60*

and 30.

QM
For example, cos 60 =

-rrg
~ cosec 60 = 77 = T-

0t
MP
QM

PQ
7773

QM

2
T,

.
" V3 ' sin 30 =

PQ
"

*'

The student should make a mental picture of the diagrams

above, and should remember the values of V2 and V3,
viz. V2 == 1-414, V3 =^= 1-732, so that he can convert the ratio*

to decimals if required.

Note on the use of tables

Since cos 6, cot and cosec all decrease as increases, the

numbers in the difference columns in the tables of those

ratios must be subtracted, not added.

Sin 6, tan and sec all increase with 0, and so the numbers

in their difference columns must be added.
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Example. Find cot 42 8'.

From tables, cot 42 6' = 1-1067

difference for 2' =0-0013

/. cot 42 8' = 1-1067 -0-0013 = 1-1054.

Example. Find sec 66 27'.

From tables, sec 66 24' =2-4978,

difference for 3' -0-0050,

/. sec 66 27' =2 -4978 +0-0050 -2 -5028.

We are not likely to forget whether to add or subtract if

we remember that 42 8' being greater than 42 6', its cotangent
must be less than that of 42 6'.

There is an easy rule for remembering whether to add or

subtract differences. If we call the ratios which have the

prefix co- (viz. cosine, cotangent, cosecant) the
"
co-ratios,"

the rule is: subtract differences in the case of the co-ratios,

add in the case of the other ratios.

The same rule applies also to the tables of the logarithms
of the trigonometric ratios (i.e. tables of log, sines, etc.).

The student will notice that in some of the tables there are

certain ranges of values of the angle for which mean differences

are not tabulated. For example, in four-figure tables of

natural tangents no mean differences are tabulated when the

angle is greater than about 77. The reason is that the

increase in the value of tan 6 when 6 increases from, say,

86 to 86 6' is 0-37 while the increase in tan 6 when 6 increases

from 86 48' to 86 54' is 0-57
;
so that an increase of 1 minute

in the angle between 86 and 86 6' corresponds to an increase

of about 0-06 in the value of tan 6, which the same increase

in the angle between 86 48' and 86 54' corresponds to

an increase of about 0-10 in the value of tan 0. Thus no

number in the difference column would be correct for the whole

range of values in the line marked 86.
In such cases the student can obtain a reasonably good

value for the function by using proportional parts as shown

in the following example.
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Example. Find tan 79 34'.

From tables, tan 79 30' =5-3955

tan 79 36' =5-4486

.'. Difference for 6' =0-0531

/. Difference for 4'^ f x 0-0531 =0-0354

/. tan 79 34' =^= 5-3955 +0-0354 =5-4309.

205

Exercise XXIV

1. Find, from tables,

(i) sin 55 16', (ii) tan 67 19', (in) cot 48 39',

(iv) sec 12 52', (v) cos 81 4', (vi) cosec 33 21',

(vii) tan (0-571 radians), (viii) cosec (1-364 radians).

2. In Fig. 145 express as ratios,

in terms of a, 6, c,

(i) sin a,

(ii) cot ft

(in) sec a,

(iv) tan a,

(v) cos ft

(vi) cosec a. FIQ. 145.

3. Find, without the use of tables,

sin 60, cosec 30, tan 60, cosec 45, sec 30, cot 60.

4. Find the lengths of the remaining sides of the triangles
shown :

(ii)

FiO. 146.

(iii)

5. A man rows across a river in a direction making an angle
of 55 with either bank. If the river is 30 yd. wide, how far

does he have to row ?
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6. A pendulum 15 in. long swings, in a vertical plane, through

an angle of 22 on either side of the vertical (Fig. 147). Find
the vertical height through which its end rises.

7. In the preceding question, find the total horizontal distance

through which the end moves in one complete oscillation.

8. A ladder, which leans against a vertical wall, makes an angle
of 65 with the ground and reaches a window 12 ft. above the

ground. Find the length of the ladder.

9. Find the area of the triangle in Fig. 148. Find also the

distance ofA from BC.

10. Find the angle (to the nearest minute) if :

(i) sin = 0-65, (ii) cot = 0-164, (iii) tan = 2-26.

11. Find the angle a (to the nearest minute) if:

(i) cos a = 0-973, (ii) seca = 3-453, (iii) coseca=l-75.

12. Draw an angle whose secant is 1-8. Measure the angle,
and compare your answer with that given in the tables.

13. Find the remaining angles in the triangles shown :

S3 cm

4 in 90

5 in

(0

9ft

Fio. 149.

(iii)

14. Verify, from tables, that log sec 58 24'- -log cos 68 24'.

Explain why the relation log sec 0= -log cos is true for all

valuee of 0.
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15. A wireless mast 20 ft. high casts a shadow of length
14 ft. 6 in. on the ground. Find the angle of elevation of the sun.

16. A garage with a span roof has a rectangular floor of dimen-
sions shown in Fig. 150, and the pitch of the roof is 28. Find the
area of the roof.

17. Water flows over a V-notch (Fig. 151) at a velocity of 40 ft.

per sec. If the angle of the notch is 50 and the depth of the
water is kept constant at 3 ft., find the volume which flows over
in one minute.

rfi ft

Fio. 150.

18. A telegraph polo of diameter 1 ft. 8 in. is strengthened by a
wire cable, which passes once round the pole and is secured to the

ground, as in Fig. 152. Find the length of cable required. Find
also the distance of the foot of the cable from the centre of the

pole.

19. Each leg of a step-ladder is 8 ft. long and it stands on level

ground with its feet 6 ft. 6 in. apart. Find the angle which each

leg makes with the ground, and the height of the top above the

ground.

20. Find the lengths of the sides A B and BC of the metal plate
in Fig. 153, and find the area of the plate.

10ft.

A 8 in. O

6 in.

e
Fio. 152. FIG. 153.
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21. If a shell is fired with velocity v ft. per sec. from a gun at an
elevation a, it reaches a height &v 2 sin 2 a ft. and strikes the ground
at a distance ou 2 sin a cos a ft. from the gun, air resistance being
neglected. If t;=1200 find (i) the distance at which it strikes the

ground when a ~ 52, (ii) the angle of elevation necessary to reach

a height of 9000 ft.

22. The two tangents from a point P to a circle of radius 5 cm.
are inclined at an angle of 34 to each other. Find the length
of either tangent, and the distance of P from the centre of the

circle.

23. The power, p watts, in an alternating-current circuit

is given by p = w, where v is the voltage (in volts) and i is the

current (in amperes). If v 200 sin 50* and i 10 sin (50J + 7), the

angles being in radians, find the power when f = 0'01.

24. A baulk of timber of the dimensions shown (Fig. 154)
rests over a cylindrical drum of diameter 14 in. Find the heights
ofA and B above the ground.

25. Draw the graph of y = sin x for values of x from to 90.

26. Draw the graph of t/
= cos x from # = to x = rr radians.

27. Draw the graph of y tan x from x = to x= 90.

28. A belt passes over two pulleys whose diameters are 2 ft. 2 in.

and 1 ft., and whose centres are 4 ft. apart. Find the length of
belt necessary (i) open, (ii) crossed.

Complementary angles

If the sum of two angles is a right-angle the angles are said

to be
"
complementary

"
; each is called the

"
complement

"
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of the other. The complement of an angle is therefore the

angle 90 -
0, or ^ - 0. (Note. - means

"
radians.)

Fio. 155.

If we draw a right-angled triangle ABC with BAO 0, then,

since the three angles add up to 180, ABC- 90 -0. From
the figure,

AC BC
sin (90-0)=-r-rcos 0; cos (90-0) = =.sin 0;

tan (90
-

0)
=-jj

~cot ; cot (90 -
0) = tan ;

sec (90
-

0) =-7, -cosec 6\ cosec (90 -
0) =-77,

= sec 0.

These are best remembered in words, thus :

cosine of any angle =*sine of its complement ;

cotangent of any angle tangent of its complement ;

cosecant of any angle secant of its complement.

We can also interchange the words sine and cosine, tangent
and cotangent, secant and cosecant in these relations, as is

obvious since the complement of 90 - is itself.

These relations show why we use the terms co-sine, co-

tangent and co-secant, the prefix co- being the first part of

the word complement.

By the aid of the three relations above we can use tables

of sines, tangents and secants to find cosines, cotangents and
cosecants. For example, cot 25 12'= tan (90 -25 12')

-tan 64 48'2-1251, from the table of tangents.
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Identities

The meaning of the word identity in mathematics has been

explained on p. 13.

The identity,
sin2 + cos2 0==1

has been proved in Part I (p. 295).

It follows at once from Pytha-
goras' theorem. For in Fig. 156 :

A B
FIG. 156.

i.e. sin2 0-f cos2 = 1.

If we divide both sides of this identity by cos2 0, we have

sin2 1

i.e.

cos2 cos2

tan2 + 1= sec2 0.

Also, dividing both sides of the first identity by sin2 0, we
have

1cos2
14- -T

sin2 sin2

i.e. 0.

As these three identities are often useful for simplifying
trigonometric formulae, we shall collect them together for

reference :

sin2 0+cos2 0== 1,

1-ftan2 0==sec2 0,

1-fcot2 0==cosec2
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Example. Prove that sin2 & + sin2 6 tan2 == tan2 6.

L.H.S. (meaning
"
left-hand side

"
of the relation)

= sin2 6 (1+tan2 6)

sin2 6 . sec2

sin2

= tan2 0=RH.S.

^ , . , . . .
1 + cos x sin x

Example. Simplify the expression :

-
-f

Expression -

sin x 1+cosa:*

(1 + cos x)
z + sin2 x

sin x (1 -I- cos x)

1+2 cos x -f cos2 x -f sin2 a;

sin x (1 -f-cos a:)

2 -f 2 cos x
C082 x + SU12

sm x(l + cos a:)

2(1 -fcos x)
=r '' "

sin x(l -I- cos x)

2

sin x

= 2 cosec x.

Given one ratio of an acute angle, to find the other ratios

Example. If sin a =3/5, find cot a.

Since sin2 a 4- cos2 a = 1

cosa=f
cos a 4 4

cot a = -: =? - x- =-.
sin a f $ 3 3

The point to notice here is that we have not found the angle

first, and have not used trigonometric tables at all.
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[NOTE. We took the positive square root for cos a above,
viz. , instead of f, because we are assuming in this chapter
that all the angles with which we deal are acute.]

A more direct method is as follows :

Draw a right-angled triangle ABC (Fig. 157) in which
x\

BG = 3 units, AB=*5 units. Then sin BAG =f and therefore

BAG = a.

AC
/.oata-gg.

But, from Pythagoras' theorem,

AC = A/52 -32 V25-9 = Vl6 = 4 units ;

/. cot a = |.

It will be seen that it is not necessary to draw the figure

accurately ;
we need only draw a right-angled triangle roughly,

B

0-4

FIG. 157.

7

FIG. 158.

mark one of the angles a and call the lengths of the two sides,

whose ratio is sin a, 3 and 5, or any two convenient numbers

whose ratio is 3/5. We can then find the third side from

Pythagoras* theorem, and so write down any of the ratios of

the angle a.

Example. If tan x =0-4, find sin x.

In &ABC (Fig. 158), let BAC=x.
BC
-r^=tan ar=*0*4.
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Hence if AC = 1 unit, BO =0-4 units.

.*. AB = Vl 2 + (0-4)2
= Vl + 0-16 = vTl6 == 1-077.

BO 0-4

Exercise XXV
1. Verify from tables that cos 28 36' = sin (90 - 28 36'), and

that tan 28 36' = cot (90 -28 36').

2. Verify the relations cos = sin (90 -
0), etc., when = 60,

without using tables.

3. If sin x = cos 25, find x.

4. Show that sin (90
-

a) . cot (90 -
a) sin a.

5. Show that- =siri 2
/?.

6. If sin = 5/13, find tan 0.

7. If cos
<f>
= 1/2, find cosec <.

8. If tan a = 3, verify that
sina ~ cosa

sec a cosec a

9. Find, without tables, the value of tan 6 + sec d when sin 6 ~ }.

Simplify the following expressions :

10. . o a- 1. 11. sin s A-f sin A cos 9 A.
sin 2 8

sec a cos a cot 9
12.-:

- lo.
sin a

'

v"l-f cot 2

1 4- sin x 1 sin a;"
*

tan A cot -dl

*

Prove that :

16. sin4 x - cos* x = 1 - 2 cos 2
or.

17. tan -4 +cot ^4 s sec ^1 cosec *4.

18. sec 2 + cosec 2 s sec 2 cosec 2 0.

19. sin 2 -4 cos 1 #-cos a A sin 2 Z? = sin 2 A -sin* Z?.
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20. J
: =sec x+ tan x. [Hint. Multiply numerator and

^> x " sin x
denominator by Vl -fain a?.]

21. (Sec y - cos y) (cosec y -sin 2/)=sin y cos y.

Applications of trigonometry to solid figures

There are no new principles involved in applying trigono-

metry to solid figures. The student must be careful, however,
to visualize the figure properly as a space figure, and must
remember that right angles in space will not generally be

represented by right angles in his diagram.

Example. A room is 20 ft. long x 14 ft. wide x 10 ft. high,
and a string is stretched from one corner of the ceiling to the

opposite corner of the floor. Find the angle the string makes
with the floor.

In Fig. 169, AE represents the string. AC is the projection

of AE on the floor ; hence CAE is the required angle.

B
-fr- 20ft. ~>6

Fio. 159.

Since ABC is a right angle,

AC - VAB* + BC* - V142 + 202

- V196+400 - A/590 ^= 24-41 ft.

s\
Also ACE is a right angle.

.-. cob c2*--?! -2-441

22 17'.
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[The student will notice that we found CAE here from its

cotangent instead of from its tangent. We did this merely
because it is easier to divide 24-41

by 10 than to divide 10 by 24-41.]

Example. A right pyramid has a

square base, of side 4 cm., and its

slant edges are each 5 cm. long.

Find the height of the pyramid and
the angle between any slant edge
and the base.

In Fig. 160, ON is perpendicular
to the base ABCD. From sym-

metry N is the centre of the base.

-4rv

Fia. 160,

Since BCD is a right angle,

BD =

JBtf =

+CD* -

2 \/2 in.

16 in.

In the right-angled \OBN (in which N is the right angle)

ON* = OB* - BN* = 52 - (2V2)2 = 25 - 8 = 17.

4-123 cm.

BN is the projection of the edge BO on the base. Hence

angle between BO and base = OBN.

2V2 2x1-414 2-828
3__ = - =- 0-566.

/. OBN^ 55 32'.

Example. A hillside is inclined at 15 to the horizontal,

and a road is to be constructed on the hillside with a gradient
of 1 (vertical rise) in 12 (along the road). What must be the

angle between the road and the lines of steepest slope on the

hillside ?
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In Fig. 161, AC represents a portion of the road, AD and
BC are the lines of steepest slope through A and C, and ABFE
is a horizontal plane. DE and CF are vertical lines.

FIG. 161.

If CF = 1 unit, then AC = 12 units.
x\

&CBF is a right-angled triangle and CBF 15.

BC
/. 777;

= cosec 15 .

C.T

/. BC = 1 cosec 15 -3-8637 units.

The angle between the road and the lines of steepest

slope ^BCA (=CAD).
x\

&ABC is a right-angled triangle (ABC being a right angle).

^ll 13'.

Exercise XXVI

1. The slant height of a right circular cone is 5 in., and the
diameter of the base is 8 in. Find the vertical angle and the

height of the cone.

2. Find the angle between two diagonals of a cube.

3. The roof of a lean-to shed slopes at 30 and the floor is square ;

find the angle of slope of a diagonal of the roof.
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4. Fig. 162 represents a right triangular prism whose ends are

equilateral triangles of side 6 in., and BCD is a section by a plane
inclined at 40 to the ends. Find the lengths of AD and CD,
and the area of the section BCD.

5. In Question 4, find the angle between CD and each of the
faces of the prism through BC.

6. An electric light pendant in the shape of a hemispherical
bowl of radius 8 in. is suspended from a point in the ceiling by
three chains each 12 in. long, attached to points at equal distances

apart on the rim. Find (i) the angle between each chain and the

vertical, (ii) the angle between two chains.

7. The top and base of a reservoir embankment (Fig. 163) are

squares of sides 180 yd. and 200 yd. respectively, and the vertical

height is 15 ft. Find the slopes of the bank and of the slant edges.

\
FIG. 163.

8. A hillside faces due South and has a slope of 30. Find the

gradient of a path on the hillside running in the direction N.W.

9. A vertical wall, facing East, is 16 ft. long and 5 ft. high.
Find the area of its shadow on the ground when the sun is in the
direction S.E. at an elevation of 60.

Harder problems

In some problems the unknown quantity (length or angle)
cannot be found directly. We have to denote it by a symbol,
such as x or 6, and then write down what is stated in the
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problem in terms of this unknown. We may then obtain an

equation which we can solve for the unknown.

Example. An aeroplane is observed at the same time by
two anti-aircraft batteries, distant 1 mile apart, to be at eleva-

tions of 20 and 14. Assuming that the aeroplane is travelling

directly towards the two batteries, find its height and its

horizontal distance from the nearer battery.
In Fig. 164, A represents the aeroplane, B and C the two

batteries. AD is vertical.

FIG. 1C4.

Using the foot as our unit of length, let AD*=h. Then,
from the right-angled triangle ACD,

CD
=cot 14 /. CD = n cot 14 ;

h

and, from the right-angled triangle ABD,

BD
-r- = cot 20 /. BD = 7i cot 20.
h

:. CB=CD-BD = h(coi 14 - cot 20).

But we are given that CB = 1 ml. =5280 ft.

/. A(cot 14 - cot 20) - 5280

i.e. 7i(4-0108
- 2-7475) = 5280

1 -2033^=5280

. 5280

Hence the height of the aeroplane is 4180 ft. (approx.).
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Its horizontal distance from B is BD

BD = h cot 20 No. .

-4180 cot 20 4180

= 11480 ft. cot 20

= 3827 yd. =2 ml. 307 yd. u 439

Example. A man at the top of a mountain observes, by
using a theodolite, that the angles of depression of two land-

marks, one due South and the other due East, are 5 18' and
7 33' respectively. He finds from a map that the landmarks

are both at 100 ft. above sea level and 107 miles apart.
What js the height of the mountain ?

FIG, 165.

In Fig. 16.5, A is the man ; B, C are the two landmarks ;

BDG is a horizontal plane and AD is vertical.

BAD = 90 - 5 18' - 84 42'
;
CAD = 90 - 7 33' 82 27'.

Let AD^x miles.

T>T\

Then = tan 84 42'. /. BD =x tan 84 42' miles,x

CD
tan 82 27' /. CD~x tan 82 27' miles.

x



220 . TRIGONOMETRY

Since BDC is a right angle, BD* + CD* =

:. *2(tan2 84 42' + tan2 82 27') = 10-72

-2-f 56-94) -10-72 No. Log

T11A..2 in 72 tan 2 84 42' 2 x 1-0326 = 2-0652
/J-i^a = 1U-/

116>2 2-0652

==0 '8132 tan 2 82 27' 2x0-8777 = 1-7554

56-94 1-7554

32 ml. =4293 ft.

Hence the height of the y
_l^Z_ l

'0294

mountain -4203:iOO Vl73 ' 14 i(2-2384)M192

Exercise XXVII

1. A straight tunnel AB is bored horizontally through a moun-
tain. The distance over the mountain is 6J miles, and the sides

of the mountain slope at angles of 12 and 21. Find the length
of the tunnel. [Hint. First find the height of C above AB.]

FIG. 16C.

2. The angles of elevation of the top of a building from two
windows of a house opposite are 44 30' and 37 8'. If the
windows are 15 ft. arid 40 ft. above street level, what is the height
of the building ?

3. A man in a boat observes that two lighthouses P and Q
bear N. 20 W. and N. 32 E., and from his map he finds that Q
is 10 miles due east of P. Find his distance from P.

4. An aeroplane is observed at the same instant from two
places A and #, five miles apart, at elevations of 14 and 10,
being then vertically above some point between A and B. One
minute later it is vertically above B. Find its height (in feet)
and its speed (in ml. per hr.).
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5. A surveyor, who wants to find the width of a river, observes

the angle of elevation of the top of a tree on the bank directly

opposite to be 8 18'. He then walks downstream a distance of

50 yd. and finds the elevation to be 5 30'. What is the width of
the river ?

6. A wall 6 ft. high runs parallel with the side of a house, and
a scaffold pole 17 ft. 6 in. long resting over the wall, with its foot
on the ground and the top against the house, is inclined at 34*
to the horizontal (the vertical plane of the pole being perpendicular
to the wall). Find the distance between the wall and the house.

Miscellaneous Exercise XXVIII

1. A cotter 6 in. long is 1 in. wide at one end and 1J in. wide at
the other end (Fig. 167). Find the angle of taper.

2. The lid of a desk, hinged along the top edge,
is 18 in. from front edge to hinge, and slopes at
6 to the horizontal when closed. Through what
vertical distance does the front edge rise when the .

ft
_

lid is opened through 40 ?

3. In a reciprocating engine (Fig. 168) the crank OA is 2 ft.

long and the connecting rod AB is 10 ft. long. If AOB = 12,
find (i) the antrle <, (ii) the length OB9 (iii) the distance of the
crosshead B from top-dead-centre.

FIG. 168.

4. The pressure, p Ib. per sq. in. between the faces of a cone
6F

clutch is given by the formula P
"~rjj

cosec a, where 6 in. is the

width of the face, a the cone angle, D in. the mean diameter and

F Ib. the force exerted by the lever. Find, by logarithms, the

value of 6 required when a- 8 15', D - 14f , F = 600, p = 250.
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5. Fig. 169 shows the cross-section of a railway cutting which
is 60 yd. long. Find the volume of earth removed.

- -
33ft.

Fio. 169. FIG. 170.

6. The jib of a crane (Fig. 170) is 14 ft. long and inclined at

54 to the vertical. The tie-rod is inclined at 72 to the vertical ;

find its length.

7. Vertical borings are made at points 300 yd. apart and coal

is found at depths of 640 ft. and 725 ft. Find the dip of the coal

seam to the nearest degree.

8. In the framework shown in Fig. 171, AB=* 16 ft. Find the

lengths of the sloping members and of CD.

E

9. In the roof truss shown in Fig. 172, AC*=BC*=15 ft.,

AD =BE= & ft. 6 in., D#=8 ft., and the distance between the

supports A and B is 24 ft. Find all the angles.

10. The jib of a navvy-crane (see Fig. 170) is 21 ft. long and
its inclination to the horizontal can be varied between 30 and

Fio. 172.
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60. The crane can turn completely round its vertical axis.

Find the surface area of the ground which can be excavated.

(Neglect the dimensions of the bucket.)

11. A surveyor's field-book roads as follows :

Yards.

ToB
435

To C 85 385
185 150 to E.

To D 140 120
From A

B is due north of A . Find the bearings of D and E from (7.

[Note. If a line PQ points in the direction N. 60 E., Q is

said to bear N. 60 E. from P.]

12. A tunnel AB is constructed through a mountain ridge

(Fig. 173). A, B, C are 900, 1200, 1700 ft., respectively, above
sea-level, and the sides AC, BG of the ridge slope at 27 and 34
to the horizontal. Find the gradient and the length of the tunnel.

C

Fio. 173.

13. Is sin 2 0=1 -cos B an identity or an equation ? If it is

an equation, solve it for 6.

14. The E.M.F. (e) generated in a coil of cross-sectional area A
rotating with angular velocity co about an axis perpendicular to a

magnetic field of strength H is given by e = 10~ *&HA sin co$.

Calculate, by logarithms, the value ofe when J = 0-006, if co = 507r,

# = 30 and ^4 = 140.

15. A toggle joint (Fig. 174) consists of two rods OA, AB,
each 15 in. long, hinged at A. The end O is fixed and B can

o B X

Fio. 174.
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slide along the line OX. Initially OB = 26 in. Find the decrease
in the angle OAB when B is pushed 6 in. towards 0.

16. Two elevations of a hopper are shown in Fig. 175. Find
the slope of the edge AB.

A*

CHAPTER X

ANGLES OF ANY MAGNITUDE.
FUNCTIONS

PERIODIC

Angles of any magnitude

If a rod turns about one end, in one revolution it turns

through 360, in two revolutions through 720, in one and a

half revolutions through 540, and so on. We have to

distinguish between the two directions of rotation, since if it

rotates through 60 in one direction its final position will be

different from that which it would occupy if it rotated through
60 in the opposite direction. We therefore regard rotations

in the anti-dochwise direction as positive, and rotations in

the clockwise direction as negative. Thus a rotation of

220 means turning through 220 in the anti-clockwise direc-

tion (Fig. 176) ; a rotation of -60 means turning through
60 in the clockwise direction (Fig. 177).
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initial position

FIG. 176. FIG. 177.

Definitions of the trigonometric ratios of angles of any
magnitude

Let X'OX, Y'OY be two lines at right angles, and suppose
a line OP rotates about O from the direction OX through an

angle 6 into the position OP.

Let x and y be the co-ordinates of P referred to the axes

OX and OY ;
i.e. x, y are the algebraic values of ON, NP,

respectively, x being positive if P lies to the right of YfOY
and y being positive if P lies above X'OX.

If OP=*r (always regarded
as positive), we define sin 0,

cos 0, etc., as follows :

-, cos # = -, -,
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and their reciprocals,

cosec sec - -,x
cot

y * y

We take these as our definitions of the sine, cosine, etc., of

any angle whatever its magnitude, whether positive or nega-

tive. When the angle lies between and 90, they agree

with the definitions previously used (in Chap. IX).

The lines X'OX> Y'OY divide the plane of the paper into

four quadrants, which we number in the order in which they

would be described in a positive rotation (Fig. 179).

2nd.

Quadrant

e
3rd.

quadrant

1st.

quadrant

x ~ue
y + ue

4th.

quadrant

x ~ve

yue

r + ue

y + ue

x + ue

y-oe

FIG. 179. Fio. 180.

x is positive in the first and fourth quadrants, negative in

the second and third ; y is positive in the first and second

quadrants, negative in the third and fourth.

Since r is always counted as positive, sin has the same

sign as y, and cos 6 has the same sign as x. The signs of sin

and cos in the four quadrants are therefore as shown in

Fig. 181.

sin + ue

cos -ue

sin -ue
cos-ue

sin + ue

cos + ue

sin - ue
cos + ue

tan

all

COM

Fio. 181. Fio. 182.
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Sin is positive when OP lies in the first or second quadrant,

negative when it lies in either of the other two quadrants.
Cos 9 is positive in the first and fourth quadrants and negative
in the other two.

Since tan 0**ylx, tan is positive when x and y have the

same signs (i.e. both positive or both negative) which occurs

when OP lies in the first or third quadrant. In the second and
fourth quadrants x and y have opposite signs (one positive,

the other negative) and therefore tan is negative in those two

quadrants.
Since the reciprocal of a positive number is positive, and

the reciprocal of a negative number is negative, the ratios

cosec 0, sec and cot have the same signs as their reciprocals,
viz. sin 0, cos and tan 0.

The signs of the six ratios are most easily remembered by
Fig. 182, where the word in any particular quadrant signifies

that, in that quadrant, that ratio and its reciprocal are positive,

and that all the other ratios are negative. For example,
in the first quadrant all the ratios are positive ; in the fourth

quadrant cos and its reciprocal sec are positive, all the

others are negative.

Fig. 182 may be
"
read

"
in an anti-clockwise (i.e. positive)

direction, beginning with the first quadrant, as
"

all, stn, tan,

cos."

It will be noticed that each of the ratios is positive in two

quadrants, and negative in two quadrants.

Example. Find the value of cos 153.

Here OP lies in the second quadrant

(Fig. 183), and x is negative,

i.e. a:- -ON,
x ON /\

/. cos 153==-= -^p
= -cos NOP

- - cos (180 - 153) = - cos 27

- -0-8910.

X'KT
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Example. Find the value of tan 240.

OP lies in the third quadrant (Fig. 184) ; x and y are both

negative,

i.e. x~ -ONy y~-NP
NP

tanNOP -tan 60 - \/3 1-7321.

FIG. 184.

If the arm OP lies in the first quadrant we usually speak of

the angle XOP as lying in the first quadrant, and so for the

other quadrants.
Thus, we should say that the angle 153 lies in the second

quadrant and that the angle 240 lies in the third quadrant.

Method for finding any trigonometric ratio of any angle

We notice from the two examples above that cos 153 is

numerically equal to cos 27, and tan 240 is numerically

equal to tan 60, and in the same way it will be seen that
s\

the sine, cosine, etc., of any angle XOP are numerically

equal to the sine, cosine, etc., of the acute angle that OP
makes with the line X'OX. The sign to be attached to the

ratio is determined by the signs of x and y, and may be ob-

tained from the
"

all, sin, tan, cos
"

rule. Thus we have the

following rule for finding the sine, cosine, etc., of any angle.
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Rule.
x-

(1) Estimate, by a rough sketch, in which quadrant the

angle lies, and determine the sign of the ratio

from the
"

all, sin, tan, cos
"

rule.

(2) Find the acute angle between OP and X'OX and write

down the value of the corresponding ratio of that

angle from tables.

After some practice the student will find that he need not

draw even a rough sketch, but will be able to estimate the

quadrant and the angle mentally.

Example. Find sin 460.

460 = 360 + 100 - one revolution -f 100.

The angle therefore lies in the

second quadrant, and its sine is

positive.
The acute angle required is 80

(Fig. 185).

.'. sin 460= + sin 80 -0-9848.

Example. Find cot (
- 54).

54 lies in the fourth quadrant.

Cot is the reciprocal of tan 6 and
is therefore negative in the fourth

quadrant.

/. cot (
- 54) - cot 54 - 0-7265.

FIG. 185.

FIG. 186.

NOTE. It .rill be observed that we can add, or subtract,

any multiple of 360 (or 2?r radians) without affecting the

trigonometric ratios of the angle.
Thus in the example above, sin 460= sin (460 -360)

= sin 100.

Also, addition or subtraction of any multiple of 180
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(or IT radians) does not alter the numerical values of the trigono-
metric ratios, though it may change their sign. The sign
can readily be found from the

"
all, sin, tan, cos

"
rule.

For example, cos 230 - cos 50 ; tan 230 tan 50.

Example. The current, amperes, in a circuit after

t sees, is given by the formula t * 5 sin WQirt, the angle being
in radians. Find the current after

0-231 sec.

When *= 0-231,

t =5 sin 23-lTT - 5 sin (22?r + MTT)

= 5 sin 1-br (see note above)

5 sin (M x 180), since

FIG. 187.
* radians -180*,

- 6 sin 198.

198 is in the third quadrant, and its sine is negative.

.'. t-5x(-8inl8) -5 sin 18

- - 5 x 0-3090 - 1-545 amperes,

NOTE. When angles are expressed without units, the units

are understood to be radians.

Exercise XXIX

State whether the following ratios are positive or negative :

Loin 172, sin 316, cos ~, tan 220, cos (-31 8').

3. ein 600, cot 195, sin ( -~\ sec 140, tan ^.

Express each of the following as the ratio of an acute angle,
with the proper sign (4- or -

) :

3. cos 252, sin 116, sin (
- 10), tan 187 3CK.
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4. sin
-7^,

cos (
- 248), tan 94 15', cos -~.

5. tan ( -460), sec 293 42', sin 1-82, cosec 214.

Find the values of :

6. Sin 140. 7. Sin 310 36'. 8. Cos 212.

9. Cos ~. 10. Tan 136 15'. 11. Tan 195 54'.

12. Sin 6. 13. Cos ITT. 14. Sec 225.

15. Cot 98 30'. 16. Cosec 152. 17. Sin ( -570).

Verify the following relations for any acute angle (by drawing
a rough sketch) :

18. Sin (180-0) -sin 6, cos (180~0) -cos 0,

tan (180-0) = -tan 0.

19. Sin (180 + 0) = ~sin 0, cos (180 + 0) -cos 0,

tan (180 + 0) = tan 0-

20. Sin (-0)=* -sin 6, cos (-0)cos 0, tan (~0) -tan 9.

21. By substituting (-0) for 9 in the relations sin (90 -0)
= cos 0, etc., on p. 209, and using the results of the previous
question, prove that sin (90 + 0)= cos 0, cos (90 + 0)=* -sin 0,

tan (90 4-0)=- cot 0.

22. The voltage in a certain circuit at time t is 240 sin 4004.

Find the voltage when J= 1/80.

23. The valve displacement, d ft., in a certain machine is given
by the formula

d3-6-f 4'2 sin + 1*75 cos 0,

where is the angle through which the crank has turned. Find
the displacement when the crank has turned through 130*.

24. In which quadrant does the angle lie if :

(i) sin is positive and cos is negative ?

(ii) sin is negative and cos is positive ?

(iii) tan is positive and cos is negative ?

25. Evaluate cos (3*+ 0-785) when *= 0-512.

Graph of sin

By constructing a table of values of sin for values of 6 at

intervals of, say, 15, we can draw the graph of sin for any
range of values of that we please.
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There is, however, a very simple and useful method of

obtaining the graph.
If in Fig. 188 the rotating line OP is of length 1 unit, then

NP
sin 6 = - -NP. Take a point 0' on OA produced and let

O'X be taken as our axis for 6
; mark off on O'X a scale of

Fio. 188.

values for 9. If R is the point corresponding to the value
/\

0AOP, the ordinate RQ on our graph has to be equal to

sin 0, i.e. equal to NP. If, therefore, we draw PQ parallel to

OA, and if this line cuts the ordinate through R in Q, then

Q will be a point on the graph of sin 6.

By taking a number of different positions for OP and

corresponding points R we get a number of points on the graph
of sin 6. We then join these points by a smooth curve.

In Fig. 189 values of have been taken at intervals of 30

from -30 to 480. The lines OP , OPlt OP2 , OPa ,
. . .

SIN 6

Fia. 189.
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are the positions of the radius when =0, 30, 60, 90, . . .,

and $ , Qi, <?2 > #3> are tne toPs of the ordinates corre-

sponding to those values.

By allowing the radius to rotate through an angle greater
than 480 we could draw the graph for values of as large
as we please, and by considering the radius rotating in the

opposite direction we could obtain the graph for negative
values of 8.

It is clear from the way in which the graph is drawn that the

values of y are repeated during each successive revolution of

the radius. For example, the value of y when 0=420 is

the same as when 6 = 60, and the portion of the graph between
= 330 and = 480 is identical with that between 0= -30

and = 120. The complete graph therefore consists of a

succession of waves, repeated indefinitely in both directions.

The thick line in the graph indicates one complete wave.

Graph of cos

If is any acute angle, 90 + lies in the second quadrant.

Let JOP = 904-0 in Fig. 190. Then P s

BOP=*6 and, since NP is parallel to
XX

sin (90 -f 0)
= - =

T-p ,
since y is positive,

^ov '

FIG. 190.

(See also Exercise XXIX, Question 21.)

We have proved this relation only when is an acute angle,
but it can be shown to be true for all values of the angle 0.

(The student could verify this for himself by considering
to lie in each of the four quadrants in turn.)

The ordinate of the cosine graph for any value of is there-

for equal to the ordinate of the sine graph for the value 90 + 6.

This means that the graph of #=cos can be obtained from
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the graph of y=sin by merely moving the origin and the

y-axis through 90 to the right ; or, what is equivalent, by
keeping the origin and y-axis fixed and moving the sine curve

bodily through 90 to the left. We thus obtain the graph in

Fig. 191.

GRAPH OF Y = COS 6

FIG. 191.

The cosine curve, being merely a displaced sine curve, also

consists of a succession of waves, each of width 360 (or 2n

radians). One complete wave, from 0=*0 to 0=a360, is

indicated by the thick line in the graph.

Graphs of tan and cot 9

To draw the graph of tan we construct a table of values

from a book of trigonometric tables and plot the points. So
also for the graph of cot 0. The graphs are shown in Figs. 192

and 193.

It will be noticed that there are breaks in the curve y = tan

at 0-90, 270, etc., and at 0=* -90, -270, etc. We
say that the curve is

"
discontinuous

"
at those points, in

contrast to the curve of sin which is a continuous curve.

The curve of cos is also continuous, but that of cot is dis-

continuous at 0, 180, 360, etc., and at - 180, - 360,
etc.

The curves ysin and y = cos lie entirely between

the two lines t/= -1 and y=l, but the curves ytan
and y**cot stretch indefinitely upwards and downwards.
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GRAPH OF y =tan0
"

235

270(

FIG. 192.

GRAPH OF y = cot 6

Fia. 193.

As approaches 90 from the left, i.e. by gradually increasing

values, tan increases indefinitely; for tan 88 - 28-64,

tan 89 -67-29, tan 89 30' 114-6, tan 89 48'~286-5,
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tan 89 54' =573-0, and between 89 54' and 90 the value of

tan increases without limit ; we say briefly that tan ap-

proaches oo . On the other hand, as approaches 90 from the

right, i.e. by decreasing values, we find that tan 92 = - 28-64

(being negative because 92 is in the second quadrant), tan

91-= -57-29, tan 90 30'- -114-6, tan 90 12'= -286-5,
tan 90 6' - 573-0, and between 90 6' and 90 the value of

tan becomes larger and larger numerically, but is still nega-
tive. We say briefly that tan approaches

- oo . Thus when
6 is just less than 90, tan is a very large positive number ;

when is just greater than 90, tan is a very large negative
number. We cannot give any definite value to tan 90, since

we might regard it equally well as being -f oo or - oo .

This fact need not worry the student, and it will cause no

difficulty in practice, so long as he realizes how the graph
behaves near the points where the breaks occur.

Graphs of sec and cosec 6

These graphs do not occur so frequently in practice as the

graphs of the other ratios. The graph of cosec is shown in

Fig. 194.

GRAPH OF Y = COSEC 6

90 , 180 27O 330 450 540
C

FIG. 194.
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Since sec 6 = 2
- -^ st-cosec (90 + 0), the

cos sin (90 +0)
graph of sec is obtained by moving the curve y = cosec

bodily through 90 to the left.

Sec and coseo are both numerically greater than 1

(i.e. greater than 4- 1 or less than -
1) for all values of 0.

Periodic functions

We have seen that if we add 360, or 720, or any exact

multiple of 360, to an angle 0, the value of sin is unaltered.

The values of sin repeat themselves at intervals of 360.
A function which repeats itself at regular intervals is called

a periodic function, and the interval between two successive

repetitions is called the period of the function. Thus sin

is a periodic function of 0, its period being 360, or 2rr radians.

Cos also is a periodic function of with period 2-ir radians.

Tan also repeats itself every 360, but it repeats itself twice

in an interval of 360, as we can see from the graph between,

say, -90 and +270. The smallest interval in which tan

repeats itself is 180, and that is what is meant by the period.
Thus tan has a period of 180, or rr radians. So also has cot 0.

Sec and cosoc are both periodic with period 2rr radians.

Functions of the type a sin p0 or a sin cot or a sin lirft. Oscilla-

tions

The graph of t/
= a sin 0, where a is any fixed number, is

obtained by drawing the graph of y=sin and then multi-

plying each ordinate by the same number a. This is equivalent

merely to altering the scale for y.

We could also obtain the graph of y=a sin by the same
construction as in Fig. 188, but using a crank OP of length
a units instead of 1 unit.

Now let us see what the graph of y = sin 20 is like. This is

the same as 2/
= sin except that 20 takes the place of

previously. Since the graph of y =sin crosses the axis when
. . .,

- 180, 0, 180, 360, . . ., the graph of y= sin 29
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will cross the axis when 20 has those values, i.e. when
0~ . . .,

- 90, 0, 90, 180, ....
The curve of sin reaches its maximum and minimum

values when = . . ., -90, 90, 270, . . ., and therefore

the curve of sin 20 has its maximum and minimum values

when 20 - . . ., -90, 90, 270, . . ., i.e. when . . .,

-45, 45, 135, . . . Thus the graph of y=sin 20 is the

same as that in Fig. 189, except that all the numbers on the

0-axis have now to be halved. This is equivalent to making
the scale for twice as large.

The function sin repeats itself when increases by 360,
and so the function sin 20 repeats itself when 20 increases by
360, i.e. when increases by 180. Thus sin 20 has a period
of 180, or 77 radians. There are two complete waves between

In the same way sin 30 is periodic with a period for of

2-7T

, i.e. 120, or~ radians. There are three complete waves
3 o

in the graph between =0 and = 360.

Generally, if p is any fixed number, the graph of y sin p0
is the same as the graph in Fig. 189, except that the numbers
marked there on the 0-axis are now to be read as being the

values of p0 instead of 0, i.e. the graph of y =sin p0 is the same
as the graph of y sin 0, but with a different scale for 0. The

360 2?r
function sin p0 has a period for of- ,

or radians.

The graph of y **a sin p0 is obtained from that of y sin p0
by merely multiplying each ordinate by a.

The graph is shown in Fig. 195, angles being marked in

radians. If p is a whole number there are p complete waves
between and 2-n.

If a crank OP, of length a, rotates with angular velocity a>

radians per sec. starting from the position OA (Fig. 196), then in

t sees, it turns through an angle cut radians. If Q is the projec-
tion of P on the diameter perpendicular to OA, then, as P goes
round the circle, Q moves along that diameter from to B then
down to B', back to B, and so on, i.e. Q oscillates between



ANGLES OP ANY MAGNITUDE 239

B and &. The distance (y) of Q above is equal to NP,
which is a sin cot WhenP is in the third or fourth quadrant
sin cot is negative and y is negative, indicating that Q is below O.

GRAPH OFy=asinj>0

z\
-37T

P
O TL 21

IP P

FJO. 195.

If we draw the graph of t/=a sin co, marking values of t

along the horizontal axis, the ordinate y will give the dis-

placement of Q from at the time given by the abscissa t.

The point Q executes one complete oscillation, i.e. one to-

and-fro movement, as for example from

B to B' and back to B, when the crank

makes one complete revolution, i.e. when
the angle cut increases by 2-rr radians, i.e.

when t increases by . The period of

the oscillation is therefore sees. The

period is usually denoted byT . (Note that

the period here is a time, not an angle.)

The number of oscillations per sec. is called the frequency
of the oscillations and is usually denoted by / (or sometimes

by n). It is clear that

frequency =

i.e.

penoci

1

r^r-, and hence eo=277/.
J 4/TT
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The maximum displacement of the moving point (Q)

from its mean position (0) is called the amplitude of the oscil-

lations. In Fig. 196 the amplitude is the length of OB, i.e. a.

Hence the mathematical equation representing oscillations

of amplitude a and frequency/ is y a sin 2irft.

Functions of the type a sin (p0 + a) or a sin (wf + a) or

a sin (27r/f +a)

Suppose we want to draw the graph of y=a sin (0-foc),

where a is any fixed angle. This is the same as y=a sin

except that #+<x takes the place of 6. Now the curve

y =a sin crosses the axis when =
. . ., -TT, 0, TT, 2rr

y . . .,

and hence the curve y=a sin (0+a) crosses the axis when
0-fa has those values, i.e. when 0= . . ., -7r-a, -a,
TT a, 2rr a, ... The points of crossing the axis are there-

fore all moved through an amount a to the left. The same is

true also of any particular ordinate, so that the graph of

y=a sin (#+a) is obtained by moving the curve y=a sin 6

bodily to the left through an amount a.

If a is negative it means that the curve is moved to

the right instead of to the left
;

for example, the curve

y = 2 sin (0
- 30) is obtained by drawing the curve y = 2 sin Q

and moving it through 30 to the right.

Example. Sketch the curve y = 4 sin (6 -f 60).

We first draw the curve /
= 4 sin 6 which is an ordinary

sine curve of amplitude 4. The values of for this curve are

marked above the axis. We now have to move the curve

through 60 to the left, or, what is equivalent, we can move
the t/-axis through 60 to the right, so that all the numbers
on the #-axis read 60 less than ori^inall}. The new values

of 6 are marked below the axis. The curve is shown in

Fig. 197.

To obtain the graph of y~a sin (pO+a.) we write this as

y a sin <pi -f
-

I / This is the same as y a sin pO except
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that is replaced by 6 + -. The effect of this is to move the

oc

curve bodily to the left through an amount - ; or, if we prefer,

we can move the t/-axis to the right through an amount a/p.

GRAPH OF y=4 sin (0+60)

Scat9 for y = 4 gin 6

Scale for y
4 sin (Q +

6,0*)

GCf \80 / ^

Fia. 197.

Example. Sketch the curve y=2 sin (30-150), and find

the smallest positive value of for which y is a maximum.
We first draw the curve y2 sin 30, which is a sine wave of

360
amplitude 2 and period 5, i.e. 120.

o

-2

50 -

GRAPH OF y = 2sm (30-160)

120' 240, 360/
50 80 115?^ itfj

5

53^
2905 s3oP Si

FIG. 198.

There are three waves between and 360 and the curve

crosses the axis at 0, 120, 240, 360, etc. The values of

for this curve are marked above the axis.

We now write the required curve as y=*2 sin 3(0 -50),
so that we have to move our original curve through 50 to
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the right, or, what is easier, we have to move our y-axis

through 50 to the left. The values of for the new curve are

marked below the axis. The smallest positive value of 8

for which y is a maximum is half way between 60 and 110,
i.e. 0- 80.
The significance of the constant a can be illustrated by

referring again to the rotating vector, or crank, on p. 238. If

OP starts from a positionOA
'

(Fig. 199) instead of fromOA , and
/^> /\

if AOA 1 a (radians), then, after t sees., A'OP>=*a>t and hence

AOP**tot+oi (radians). The displacement of Q from is

therefore given by y -a sin (cat -fa).

The period of oscillation of Q, which is equal to the time of

one revolution of the crank, is not affected by altering the

starting position of the crank ; the

period is still 27r/cu sees.

The angle AOP between OP and
the lino of reference OA> is called the

phase at that instant, and a is called

the phase constant or phase displace-

ment (or sometimes the epoch). If we

imagine two cranks rotating about O
in Fig. 199 with the same angular

velocity co, but one starting from OA
and the other from OA' at the same

instant, the second crank will always
be an angle a ahead of the first one, i.e. it

"
leads

"
the

first one by an amount a. For this reason electrical engineers

usually say that the oscillation y**a sin (cuf-foc) has a lead

of a. If a is negative it is called a lag.

The second crank is a/co sees, ahead of the first in reaching

any position ;
we might call a/o> the time lead.

If we have two oscillations of the same period but different

amplitudes, such as

y a sin (tot -fa) and y **b sin (wt -f /?),

the phase of the first at time t is wt -fa, and the phase of the
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second at that time is a>t +/}. The difference of these angles
is a-j8; this is called the phase difference of the two
oscillations. Electrical engineers would say that the first

oscillation leads the second by an amount a
/J.

If aj8 the two oscillations have the same phase at any
time ; they are said to be in phase ;

if a is not equal to ft

they are said to be out of phase.

It may be noted that, since a cos(pfl -f jS) =a sin(p0 + /J +ir/2) 9

the equation y=*a cos (p9 +/?) represents an oscillation of the

same amplitude (a) and period (Zir/p) as y^a sin (p9 + f$)
but

leading it by 7r/2.

If we draw, with the same axes, the graphs of two oscilla-

tions which are in phase with each other, they will cross the

time-axis at the same points.

Fig. 200 shows the graphs of two oscillations which are in

phase, Fig. 201 the graphs of two oscillations which are out of

phase with each other.

GRAPH OF TWO OSCILLATIONS GRAPH OF TWO OSCILLATIONS
IN PHASE OUT OF PHASE

A
Fio. 200. Fio. 201.

In each figure the amplitude of the curve II is twice that of I.

In Fig. 201, the oscillation II leads I by a time r ; for

example, the maximum and minimum values of II occur a

time r before those of I. The angle of lead, or phase differ-

ence, is 0)T.

Summary, The significance of the constants in the. equa-
tion y a sin (cot + a) or y a sin (Zirft -f a) is as follows :

a amplitude ; affects only the scale for y.
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2fJT 1

-period
\ affects only the scale for t.

*
w

x
/*=-- frequency

a phase displacement; affects only the position of the

curve.

Mechanical and electrical oscillations

Oscillations of the type considered above are of frequent
occurrence in mechanics and engineering. They are referred

to as sine*wave oscillations, or sinusoidal oscillations or simple
harmonic oscillations. The oscillation may be an actual

vibration of a moving point or part of a machine, or it may be

merely a convenient way of representing in a formula the value

at any time of a quantity which varies between two extreme

values a according to a sine law.

Thus in the case of a weight at the end of a spring, and in

the motion of the bob of a pendulum (if the amplitude of the

oscillations is small), the displacement is represented by an

expression of the type above, and in alternating-current

theory we meet with voltages given by expressions like

v = V sin (2irft -<f>). In the two former cases there is an actual

oscillation of the weight up and down in a vertical line or

of the pendulum-bob in an arc of a circle but in the third case

there is no such motion, though the value of v does oscillate

between V.

In much the same way every sine-wave (or simple harmonic)
oscillation can be pictured as produced by a rotating vector

as on pp. 238, 242, though the crank may not be an actuality,

but only a geometrical fiction which we use in order to give
us a more concrete picture of the behaviour of the quantities

with which we are dealing. The electrical engineer uses

rotating vectors very frequently in this way.
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Exercise XXX
1. Draw an accurate graph of sin between = 180 and
+180, using a rotating vector as on p. 232. Find, from

your graph, the value of sin 132. What angles are there between
- 180 and 180 having their sine equal to 0-71 ?

State the periods of the following functions of (giving the
answers in degrees and in radians).

2. (i) sin 40, (ii) cos 30, (iii) tan 60.

/ 30 TT\
3. (i) sin

^ (') sin
V~2"

+
6/'

cot p9.

State the frequencies of the following oscillations :

4. (i) 2/
= sin lOO^f, (ii) y sin 402, (iii) 2/

= cos 2nt.

Write down the amplitude, period and frequency of each of
the following oscillations :

5. (i) 2/==5 sin (42+ 1), (ii)
= 230 sin (507r*-0-8).

6. (i)
=
3'6sin(|+l-4\ (ii)

"= 10 sin

(iii) t/
= 12 cos (4* 2-8).

7. (i) y-A sin , (ii) y =B sin f +r
J.

8. Draw the graph of y = 0*5 sin 2x between rc = and #= 360.
From your graph find the value of sin 250, and compare this

with the value obtained by the use of tables.

9. Sketch on the same diagram (i.e. with the same axes and
x

the same scales) the graphs of the functions sin x, sin 2x9 sin -

between x and x 2n.

10. Draw a rough sketch of the curve 7/
= 2 tan 3# over two

periods commencing at x= 0.

11. Sketch roughly the curves represented by the expressions
in Questions 2-7, showing at least two complete waves in each
case, and mark in your figure the amplitude, period and phase
displacement, and the points where the curve crosses the axis.

12. If a simple pendulum of length I is pulled away from the
vertical through a small angle and then allowed to fall, the

angle which it makes with the vertical at time t later is given



246 TRIGONOMETRY

by the formula 00 cos J ft,
where g is the

"
acceleration due

to gravity
"

(i.e. 32'19 ft./sec.
2
, or 981*2 cm./sec.*). Find (i) the

period of oscillation of a pendulum of length 1 ft., (ii) the length
of a pendulum which beats seconds (i.e. which swings from left to

right, or from right to left, in one sec.).

13. A crank OP, 3 ft. long, rotates at a uniform speed of 30 revs.

per min., starting from a position OA. If Q is the projection of

P on the line through perpendicular to OA, find the equation
for the distance of Q from O at a time t sees, later.

14. If the crank in Question 13 starts from some other position
and passes through the position OA J sec. after the start, find the

equation for the distance ofQ from O at a time I sees, after the start.

15. The voltage in a circuit t sees, after the current is switched
on is 200 sin (3 14$

-
60). When is the voltage first zero, and when

is it first a maximum ?

16. What is the phase difference between the oscillations

y 3 sin
(4*-f

?) and y = 6 sin (it ~
j

? Express it (i) as an

angle, (ii) as a fraction ofthe period, (iii) as a time-lead or time-lag.

17. Draw an accurate graph of y= 2 sin (5o? 3) over one period

starting from x= 0.

18. Write down the equation of the sine curve in Fig. 202.

120 160"

FIG. 202.

19. Write down the equation of the sine curve in Fig. 203.

/ 315 76"

Fio. 203.
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Some other periodic functions and their graphs.

The sine function is the simplest periodic function, but

many other periodic functions occur in practice. For example,
in electricity, although the sine wave is the ideal wave form

for alternating currents, the voltage produced by a commercial

generator is generally of a more complicated wave-type.
We shall consider a few periodic functions which can be built

up from pure sine functions.

1. Typeyc + a sin (J>0+a)

This is a sine wave in which each ordinate is increased by
the same amount c. Its graph is therefore obtained by
drawing the curve y =a sin (p9 -fa) and moving it a distance c

up the y-axis, or, what is equivalent, lowering the y-axis
27T

through a distance c. The period is unaltered ; it is still .

Example. Fig. 204 shows the graph of y=:l-fsin20.
The value of y oscillates between and 2 (instead of between
-land + 1).

GRAPH OF y = 1 + sin 29

45* 90* 135* 180*

. Period - 7T *

Fio. 204.

2. Type y =0 sin + b cos 6

Example. Draw the graph of y 3 sin + 2 cos 9.

We draw the graph of 3 sin and in the same figure (i.e.

using the same axes and the same scales) we draw the

graph of 2 cos $. By means of a pair of dividers or compasses,
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we now add the ordinates of the two curves, remembering
that a negative ordinate has to be subtracted. The result-

ing curve, shown by a slightly thicker line, is the graph of

y * 3 sin 6 + 2 cos 0.

GRAPH OF y
= 3sm0 4 2cos0

Period - 27T

FIG. 205.

It will be noticed that the final curve is periodic, its period

being 2?r, which is the same as the period of each of the curves

from which it is compounded. It can be shown that the final

curve is itself a sine wave. In fact we shall show later (in

Part III) that if any two sine waves of the same period are

added together the resulting curve is itself a sine wave of the

same period.
Note that 2 cos = 2 sin (9 +77/2), so that the component

curves in this example are sine waves of the same period,

but having a phase difference of ?r/2, i.e. a quarter of a period.

The amplitude of the resultant curve is seen to be 3-6 (approx. ).

[Compare p. 292.]

3. Type y =0 sin pQ + b sin q0

Example. Draw the graph of y = 3 sin +4 sin 29.

Fig. 206 shows the result of adding the ordinates of the

curves y 3 sin 6 and y =4 sin 20.

We are here adding two sine waves of different periods.

The resultant curve, shown by a slightly thicker line, is not

a sine wave, though it t$ a periodic curve.
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Fio. 206,

Example. Draw the graph of y = 4 sin -f sin 30.

Fig. 207 shows the result of adding the curves t/=*4 sin 8

and y sin 30.

Here again the resultant curve is not a sine wave, but it is

periodic.
GRAPH OF y = 4sin0 + sin 30

_ _ _ Period ~ 27T >.'

Fio. 207.

4. Typey = asin (0 + a) +6 sin (20+/?)+c sin (30+y) + . . .

This consists of adding a number of sine waves, the fre-

quencies of the second, third, etc., terms on the right-hand side

being twice, three times, etc., that of the first term. The com-

ponent terms on the right-hand side are called, respectively,

the first harmonic (or
" fundamental "), second harmonic,

third harmonic, etc. In the case of a musical note they
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represent the fundamental tone and the harmonics or overtones.

Compound waves of this type are of importance in many
branches of physics and engineering.
The curve in Fig. 207 is more or less typical of waves of this

type in which only odd harmonics occur (in the example
shown only the first and third harmonics are present) ; such

waves occur frequently in the study of alternating currents.

In the curve in Fig. 206 there are only first and second

harmonics ; this type of wave occurs in considering valve

motions.

Period and frequency of compound wave

When two sine waves of different periods are compounded
(i.e. added together) we can find the period of the resultant

wave (which is not a sine wave) without drawing a graph.
The period of the resultant wave is in fact the least common
multiple of the periods of the component waves, as the follow-

ing example will show.

Example. What is the period of the function

sin 2x + sin 4x ?

2rr
The period of sin 2x is , i.e. IT radians, so that the function

sin 2x returns to its original value when x increases by rr or 2rr

or &r, etc., radians.

2ir TT

The period of sin4a? is -j, i.e. ~
radians, so that sin4z

4 &

returns to its original value when x increases by r or TT or ~
& 2t

or 277, etc., radians.

The smallest increase in x for which both functions, and there-

fore also their sum, return to their original values is TT, which

is the L.C.M. of TT and -
.

^
i

The period of the function 8in2z+sm4# is therefore

w radians.
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The same method applies if we compound more than two
sine waves ; we merely find the L.C.M. of the periods of all

the components.
If we are given the frequencies instead of the periods we

may first convert to periods, find their L.C.M. and then

convert back to frequencies.

Example. Two waves of frequencies 40 and 100 are com-

pounded. What is the frequency of the compound wave ?

The periods of the component waves are ^ and x^ sec.

The L.C.M. of these is $ sec. This is the period of the com-

pound wave, and its frequency is therefore 20.

In this example we notice that 20 is the H.C.F. of 40 and

100, and it is not difficult to show that the frequency of any
compound wave is the H.C.F. of the component frequencies.

Exercise XXXI

1. A weight at the ond of a spring is vibrating in a vertical

line. The length, x in., of the spring at time I sees, is given by
x = 6 -f 2 cos in*.

Draw a graph of x against t. What are the greatest and least

lengths of the spring during the motion ?

2. Draw the graph of y=sin x + $ sin 2x between x= and
= 4ir.

3. The current in an inductive circuit is given by :

i= 5 sin 40* -0-2 cos 40*.

Plot a graph of t against t over one period.

4. In a reciprocating engine the velocity (v) of the piston is

given by vcor (sin + o/ 8*n ^' where r is the length of the

crank, I the length of the connecting-rod and co the angular velocity
of the crank.

If r2, l=* 10 and (0= 617, draw a graph of v against 9, from
= Ot00 = 4lT.

5. The voltage in a cable at time t sees, is equal to

200 sin 100irf + 75sin 300?rf.

Draw a graph to show how the voltage varies during the first

A sec.
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6. Plot the curve y*sin (a; -40) + 3 sin (3s + 20) from re =
to x=360.

7. Plot the graph of y^sin 0-f sin 20 + } sin 30 from = to

0=27T.

8. Plot the graph of d against in Question 23 of Exercise

XXIX (p. 231).

Find, without drawing a graph, the periods of the following

periodic functions of x :

9. Sin 2x + 3 sin 4#. 10. Sin 2rc + 2 sin 3x.

11. 4 sin #-sin $x. 12. Sin 37r#-t-cos 5nx.

13. Sin 3#-f ? + 2 sin (x-?. 14. Sin x + sin 2x + sin 3#.

Simple harmonic oscillations of the following frequencies are

compounded. What is the resultant frequency in each case ?

15. 50, 200. 16. 30, 45. 17. 225, 250.

18. /, n/, where n is a whole number. Express your conclusion

in this case in words.

CHAPTER XI

TRIGONOMETRIC EQUATIONS

Graphical solution of equations

We have had examples in algebra of solving equations by
means of graphs. We can also solve equations in trigono-

metry by graphical methods.

Example. Solve the equation x =2 sin x for x.

[NOTE. As explained on p. 230, sin a: is understood to

mean sin (x radians).]

If we draw the graphs of y =*x and y = 2 sin x on the same
axes and with the same scales, then at the points where the

curves intersect, the ordinatea for the two curves will be equal,
i.e. x * 2 sin x. Hence the roots of the equation are the values

of x at the points where the curves intersect.
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GRAPHICAL SOLUTION OF EQUATION x*2sir>

0"
3

2

1

-7/-6 -5 -4 7 X

FIG. 208.

The graphs of y =x and y = 2 sin a; are shown in Fig. 208.

The x-axis is scaled (underneath the axis) at unit intervals,

>ut the most convenient values to take for graphing the sine

surve are 77/2, TT, 3rr/2, etc. ; these values are marked above
he axis. The curves intersect at three points, viz. 0, P and Q.
t is evident that they will not intersect again however far

re continue the graphs to the right or left. The abscissa? of the

>oints 0, P and Q are 0, 1-9 and -
1-9, approx. The equation

herefore has three roots, viz. x=0 and x = l-9 (approx.).
We could get a closer approximation to the roots by drawing

he parts of the graph near P and Q on a larger scale. We
teed only enlarge one portion, say that near P, since the root

,t Q is clearly the negative of that at P. Fig. 209 shows the

>ortion between x = 1-8 and x = 2-0 on a larger scale.

?able of values for 2 sin (x radians) between x = 1-8 and x =2.

1-8 1-85

^ngle in degrees 103-14 106-00
C

mx .. 0-9738 0-9613

isin* .. 1-9476 1-9226

[NOTE. 1 radian =^=57 -3 =57 18'.]

1-9

108-87

0-9462

1-8924

1-95

111-73

0-9289

1-8578

2-0

114-60

0-9092

1-8184
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1 85

18

From Fig. 209 a more accurate value of the x at P is 1-896.

The roots of the equation are therefore and 1-896 (approx.).

[To test in the equation :

sin (1-896 radians) = sin 108 38'

= sin(180-10838')
- sin 71 22' - 0-9476.

.'. When x - 1 -896, 2 sin x = 2 x 0-9476 = 1 -8952 = 1 -895 to

three places of decimals.]
It is often advisable to rewrite the equation in a different

form so as to make the graphs which have to be drawn as

simple as possible.
For example, if we wish to solve the equation a;2 tan x 1,

instead of finding the intersections of the graphs of y *=z2 tan x

and t/
= l, we might write the equation in the form a;

2 = cotx

(by dividing both sides of the equation by tan a;), and find the

intersections of the graphs of y**x* and t/
= cota;, which are

curves of well-known shape. Alternatively we could put the

equation into the form tan x =
, and find the intersections of

the graphs of y * tan x and y *~ .
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Angles having a given sine, cosine or tangent, etc.

To find the angles whose sines are equal to J is equivalent
to solving the equation sin for 0. We could do this

graphically by drawing the graph of y = sin 6 and finding where

it cuts the line y = J.

t
3MT "* "- 0>fBO OJ

V /V
v-/\

FIG. 210.

From Fig. 210 it is seen that the line y = cuts the curve

t/
= sin in an infinite number of points. The values of 6 at

those points are . . ., -690, -570, -330, -210, 30,
150, 390, 510, 750, 870, . . .

Similarly, if we take any other value between -1 and +1,
call it k, we see that the line t/

= & cuts the curve t/=sin 6
in an infinite number of points ; that is, the equation sin 6 k
has an infinite number of roots.

Since the curve y = sin repeats itself every 360 we need

only to find the roots between 0=0 and 0=360 or the
roots which lie within any other period, say between - 180

and + 180. If we then add or subtract multiples of 360, we
shall obtain all the other roots.

The same is true if we want to find all the angles having a

given cosine, or tangent, or cotangent, secant or cosecant.

We can find the roots between and 360 without drawing
a graph, as the following examples will show.

Example. Find all the values of for which sin =*
J.

First find the angles between and 360. Since sin is

positive, must lie in the first or second quadrant.
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The angle in the first quadrant whose sine is is 30. The

angle in the second quadrant is 180 - 30, i.e. 150 (Fig. 211).

All the other values are found by adding or subtracting

multiples of 360. Thus we get

. . ., -690, -330, 30, 390, 750, . . .

and . . ., -570, -210, 150, 510, 870, . . .

the dots indicating that we can continue indefinitely in each

direction.

All these angles are included in the general formula
= 30 w . 360 or 150n . 360,

where n denotes any integer.

Example. Find 6 if cos 0= -0-6202.

First to find the angles between and 360 which satisfy

this equation. Since cos 6 is negative, must lie in the second

or third quadrant.

FIG. 211. FIG. 212.

The acute angle whose cosine is 0-6202 is (from tables) 61 40'.

The required angles (shown in Fig. 212) are therefore

180 -51 40', i.e. 128 20', and 180 + 51 40', i.e. 231 40'.

All the other angles are obtained by adding or subtracting

multiples of 360 ; they are

. . ., -591 40', -231 40', 128 20', 488 20', 848 20', . . .

and
. . ., -.488 20',

- 128 20', 231 40', 591 40', 951 40', . . .

or, mote concisely,

128 20' n . 360 or 231 40' . 360,
where n is any integer.
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It has already been observed (p. 227) that each of the six

trigonometric ratios is positive in two quadrants and negative
in the other two. Thus, whichever of the six ratios is given,
there will be two angles between and 360 which have the

given ratio.

Thus we have the following rule :

To find all the angles Jiaving a given sine, cosine, tangent, etc.,

first write down the two angles between and 300 having the

given ratio, and then add or subtract multiples of 360.

In the case of the tangent we can write down the angles
still more easily. If we refer to the graph of tan 8 on p. 235,
we see that all the angles having a given tangent differ by
multiples of 180 ;

so that we need only to find one angle

having the given tangent and then add or subtract multiples
of 180.
For example, all the angles whose tangents are equal to 1

are included in the formula 45 n . 180, where n is any
integer.

Similarly, the general solution of the equation tan 6 tan a
is 0=aw. 180.

The notation sin-1 x is often used to denote an angle whose
sine is equal to x, with similar meanings for cos 1

x, tan"1
x,

cot"1
x, etc. Thus in the last example we have found all

the values of cos-1
( -0-6202). The student should be careful

to remember that sin""1 x does not mean sin x raised to the

power 1.* To avoid ambiguity it is usual to write sin x to

the power - 1 as (sin a;)-
1

.

Example. Find all the angles 6 between and 360
which satisfy the equation 6 sin (20 - 45) = 1-47.

sin (20
- 45) =-^ = 0-294

.'. 20 -45 = sin-1 0-294.

* In Continental and American books the notation arc sin x, arc cos x,

etc., is used in place of sin- 1 xt cos- 1
x, etc.

9
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The two values of sin-1 0-294 between and 360 are

17 6' and 162 54".

/. 20 -45 -17 ffn . 360

or 162 54' n . 360, where n is any integer.

/. 20 = 62 6' ??. .360

or 207 54' n . 360

/. = 31 3'7i. 180

or 103 51' n . 180, where n is any integer.

i.e. = . . ., -148 57', 31 3', 211 3', 391 3', ...
or . . ., -76 3', 103 57', 283 57', 463 57', . . .

We have to pick out the values of 9 between and 360
;

they are

31 3', 211 3' and 103 57', 283 57' ;

or, iiiT.ui,/! in order,

31 3', 103 57', 211 3' and 283 57'.

To find an angle when its sine and cosine are given

If an angle is known to be acute we can find the angle (from

tables) if we are given either its sine or its cosine (or its tangent
or cotangent, etc.).

If an angle is known to lie between and 360 and the

sine is given, there are two possible values for the angle :

e.g. if the sine is \, the angle may be 30 or 150. Similarly,
if the cosine is given there are two possible values. If,

however, we are given both the sine and the cosine then the

angle is determined.

For example, suppose we are given that sin = \ and

cos - ~ and that 9 lies between and 360. Then,

since sin0 = , 9 must be either 30 or 150; also, since

0080=, 9 must be either 150 or 210. The only

possible value for 0, therefore, is 150.
The quickest way to find the angle is to use the

"
all, sin,

tan, cos rule
"

(p. 227). Thus, in the above example, since

sin is positive, lies in the 1st or 2nd quadrant ; since cos
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is negative, lies in 2nd or 3rd quadrant. The only possible

quadrant therefore is the 2nd. The value of the angle can

now be found either from its sine or from its cosine.

Example. Find 6 if sin 6 = - and cos = f , assuming that

6 lies between and 360.

Since sin 6 is -
ve, lies in the 3rd or 4th quadrant.

Since cos 9 is +ve, 9 lies in the 1st or

4th quadrant.
Hence must lie in the 4th quadrant.

From a table of sines we find that the

acute angle whose sine is *-, i.e. 0-8, is

53 8'.

Hence 0-360 -53 8'

= 306 52'. FIQ. 213.

Exercise XXXII

[Exercises 17 are to be solved graphically.]

x
1. Solve the equation cos (x radians) 1 -.

Zt

2. Find the smallest positive root of the equation x tan a? 1,

the angle being in radians.

3. Find the roots of the equation sin (x-f 25)= cos 2a? which
lie between and 180.

4. When a crossed belt of length I in. passes over two pulley
wheels of radii r l and r 2 in., the distance d in. between their

centres is given by d^t(r l + r t ) cosec 6, where 6 is determined
from the equation

+ 0-f cot
0j (seep. 201).

If I = 80, r l
= 6 and r t

~ 4, find 6 and hence d.

5. The force on a piston is proportional to cos 8+ ; cos 26,

\vhere r arid I are the lengths of the crank and connecting-rod.
If Ie 4r, find the smallest positive value of & for which the force
on the piston is zero.
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6. Fig. 214 shows a cross-section of a gutter full of water. The
area of the cross-section of the water is

Jr
2 (0-sin 0) sq. in. If r = 3 and the

area is 4 sq. in., find the value of 0, and
express the angle in degrees.

7. In a certain type of ammeter the

current, * amps., when the deflection of
the needle is is given by

FIG. 214.

sm
Find the deflection when a current of 3 amps, passes through the

instrument.

8. In which quadrant does an angle lie if its sine and cosine

are (i) both positive, (ii) both negative ?

Find the two values between and 360 of the following :

9. Sin- 1 0-33. 10. Cos"" 1 0-472.

11. Sin- 1
(-0-92). 12. Tan- 1 4-23.

13. Sec- 1 1-40. 14. Cos- 1
(-0-845).

Find the values between - 180 and 180 of the following :

15. Cot- 1 0-708. 16. Sin- 1
( -0-265).

Find, in radians, the angles between and 2n which satisfy the

following equations :

17. Sin =
J. 18. Tan x=* - 1.

19. Cos a = 0-2. 20. Cosec = 2.

Find all the values of between and 360 which satisfy the

following equations :

21. 2 cos 40 = 0-75. 22. 3 sin - = 2*58.

23, Sin 20= -0-5. 24. 6* tan 30 = 9-325.

25. The angular displacement <f> degrees of a pendulum at time
t sec. is given by < = 1 5 sin 3w/. Find the times during the first

second at which the displacement is -f 10.

26. The voltage in a circuit t sec. after the current is switched
on is 200 sin (314J - 60) volts. Find, by calculation, (i) when the

voltage is first zero, and (ii) when it first reaches its maximum
value.

27. The displacement * in. of a slide-piece in a certain
mechanism at time t sec. is given by * = 6 sin (3J + 0'8). Find the
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smallest positive value of t for which the displacement is (i) +3 in.,

(ii)
- 3 in.

Find the angles 0, between and 360, which satisfy the

following :

28. Sin = 0-81 and cos = -0-5864.

29. Sin 6= -& and cos = if.

30. Sin = -ft and cos 0= - if.

Trigonometric equations

Example. Find all the angles between and 360 which

satisfy the equation

tan2 0-4 tan + 1=0.

This is a quadratic equation in tan 6 ; solving the quadratic
in the ordinary way we have :

tan 0=

-3-7321 or 0-2679.

When tan = 3-7321, =75n, . 180.

When tan = 0-2679, =15w . 180.

/. The possible values of 6 between and 360 are 15,
75, 195 and 255.

If two or more ratios occur in the equation we must trans-

form the equation into a form in which only one ratio occurs.

Example. Solve the equation

sin2 = cos 0.

Since sin2 = 1- cos2 0, the equation can be written hi the

form

1 - cos2 = cos 0,
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which contains only cos 9.

:. cos20 + cos 0-1=0.

This is a quadratic in cos 6
; solving the quadratic we have

-lrtVT+4
cos

-liA/5
-

)

-1 2-23607
: .1 ...... . ...

1-23607 3-23607

= 0-6180 or -1-6180.

The latter value is impossible, since cos cannot be leas

than - 1 for any real angle 0.

m\ cos = 0-6180

or 308 IV n . 360.

Example. Find the angles x between and 360 which

satisfy the equation

sin 2x = J cos 2x.

Dividing both sides of the equation by cos 2x, we have

which contains only one ratio, viz. tan 2x.

:. 2z = 26 34' w . 180, where n is any integer.

.*. x 13 17'itt . 90, where n is any integer.

The values of x between and 360 are

13 17', 103 17', 193 17', 283 17'.
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Exercise XXXIII

Find the angles between and 360 which satisfy the following
equations :

1. 4 sin 8 0=1.

2. Tan cc = 5 cot x. Hint. Write cot x as . 1

L tan x J

3. Sin 2 0-2 cos 2 0+ 1-0.

4. Cos 3 # = 3 (1+sin x).

5. Tan x + 2 cob x - 3 = [see hint to Question 2].

6. Sec 2 = J tan 0+1.

7. Cos 2

I
= 0-4.

8. Sin So; = cos 3x.

9. Sin # + tan x = 0.

10. The angular velocity of a connecting-rod in an engine is

')

If r=l-4 and Z = 7, find the values of
for which the angular velocity is Jco.

11. Barr's formula for the efficiency
of a worm-gearing is

tan a ( I
\.
t tan a )

If e = 0-93 and /z
= O02 find the angle a.

(Only the smallest positive value is re-

quired here.)

12. Fig. 215 shows a cam which rotates

about O and imparts a vertical motion to
the follower F 9 the follower moving up
and down in a vertical line through O.

Show that, when the point of contact P
lies on the arc AB, the height (h) of P
above O is given by

If

= d cos 0+V& 2 -d 2 sin 2 0.

in. and d = 2- in., find the value of when

FIG. 215.
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Some useful identities

The relation sin2 0-f- cos2 0=1 was proved earlier for any
acute angle 0, but it is easily proved to be true for any angle
whatever its magnitude, positive or negative.
For in Fig. 178, ON*+NP* = OP* in whatever quadrant

OP lies.

ON NP
But = it cos and = dbsin 6, the signs to be taken

depending on the quadrant in which OP lies. The -
signs

disappear when we square them and thus in any case we have
cos2 + sin2 0==1.

So also the relations

1 + tan2 == sec2 and 1 + cot2 == cosec2

are true for all values of 0.

It can be proved also that the relations :

sin (90
-

0) = cos 0, cos (90
-

0) sin 0,

tan (90
-

0) = cot 0, cot (90
-

0)
= tan 0,

sec (90
-

0) = cosec 0, cosec (90
-

0) = sec 0,

are true, whatever the angle 0, by drawing figures in which

the angle lies in different quadrants.

Example. Verify the relation sin (90 -
0) cos when

0-120.
sin (90 -120)= sin (-30)

- -sin 30 (Fig. 216)

--i
cos 120= -cos 60= -J,

Hence the relation is true when 120.

If is an acute angle, 180 - is an angle in the second

quadrant and, from the rule on p. 229, we have from Fig. 217

that

sin (180
-

0) = sin 0, cos (180
-
0)

- cos 0.

tan (180 -0)= -tan0.
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Also if is acute, (
-

6) is in the fourth quadrant and

therefore, from Fig. 217,

sin (-6)=* -sin 0, cos (
-
0)
- cos 0, tan(-0) = -Un0.

FIG. 216. Fio. 217.

These six relations can also be proved to be true whatever

the magnitude of the angle 0, positive or negative.

Example. Verify that cos (180
-

0)
- cos when

0= -110.

cos {180 -( - 110)} -cos (180 + 110) -cos 290
= cos 70, from Fig. 218.

-
{cos (

- 110)} = -
( -cos 70), from Fig. 219

- cos 70.

Hence the relation is true when *= - 110.

FIG. 218. Fro. 219.

The following identical relations can also be proved to be

true for all angles :

sin (90 + 0) = cos 0, cos (90 + 0)
= - sin 9,

tan (90 +0)= -oot0;
9*
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sin (180 + 6)
- - sin 6, cos (180 + 6)

- - cos 0,

tan (180 + 0)
= tan 6.

We shall prove only the first ; the proofs of the remainder

can be left as an exercise for the student.

Sin (90 + 0)
= sin {90

-
(
-
6)} =cos (

-
6) from the relations on p. 264

= cos 6.

The relations between the ratios of an angle 6 and the ratios

of the angles (-6), 180 -0 and 180 + are illustrated on

the graphs of the ratios.

y a sin

FIG. 220.

For example, the graph of y = sin 6 in Fig. 220 shows that

sin
( 180 -0)* sin 0,

and that sin (180 + 6) = sin (
-

6) = - sin 0.

[In Fig. 220, we have marked as an angle between

and 90 ;
the student is advised to take other values for

on the graph and to verify these relations for the values he

chooses.]

The student is not expected to remember all these relations.

In practice, if we want any one of them we draw a rough
figure in which is oczde, and read off the relation from the

figure. We then know that it ia true for all values of 0.

This same remark applies to expressions of the form
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stated scale. To distinguish between the two opposite

oict'ections (or
" senses ") on a line we often put an arrowhead

>n the line. ^
^ We usually speak of

"
the vector AB " when we mean the

? vector represented by a line AB (in the sense from A to B)
in a vector diagram. A and B are called the initial and final

points of the vector respectively. If the sense of the vector

were from B to A, so that the arrowhead would be reversed

in Fig. 221, we should write it as
"
the vector BA."

FIG. 221. FIG. 222.

We sometimes denote a vector by a single letter with an

derrow over it ; thus, if the length of the vector in Fig. 222

bu, F, we should speak of
"
the vector F" The arrow over

nefte F is necessary to distinguish between a vector and a
number or length. Many books use a heavier type instead

of an arrow, and write the vector as F
; electrical engineers

use a dot and write it as F.

Another useful way of writing a vector is to take some
standard direction, such as OX in Figs. 223 and 224, from which
to measure angles. Then if the angle between OX and the

""*" ""*"

direction of F is a, we write the vector F as Fa ; electrical

engineers often write it as F/_OL.

FIG. 223. FIG. 224.
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For example, in Fig. 224, OA =230 o, 0# = 3110 *, referred to

OX as direction of reference.

[NOTE, It should be carefully observed that when we speak
oi the direction OX we mean the direction from to X. The
easiest way to make quite sure that we label the angle correctly
in the diagram is to take a pen and lay it along OX with the

nib pointing towards X and then turn the pen about (in

an anti-clockwise direction) until it falls along the vector with

the nib pointing in the direction of the arrow. The angle

through which the pen has turned is the angle a.

For example, vector EO in Fig. 225 is 2240o, not 260o.]

The resultant of two vectors is defined by the "
parallelo-

gram law "
; that is, the resultant of the vectors OA and OB

in Fig. 226 is the vector 0(7, where 00 is the diagonal through
O of the parallelogram formed on the sides OA arid OB.

nL

FIG. 225. FIG. 226.

This is the law by which, in mechanics, we compound
two forces acting at a point or two velocities.

The vectors OA and OB are the components of the vector

OC in the directions OH and OK . The components of a vector

in any two directions can be found by reversing the con-

struction for the resultant, that is by drawing lines through
(7 parallel to the given directions cutting them in A and B.
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It is frequently necessary to tind the components of a vector

in two directions which are at right angles, such as OX,
OY in Pig. 227. In that case the magnitudes of the com-

ponents are called the resolved parte or resolutes of the vector

Y

e

Q,

P

Fiu. 227.

in those directions. If the resolved parts along OX, OY are

P and Q and the magnitude of the resultant is R, and if the

direction of the resultant makes an acute angle 6 with OX,
then, from Fig. 227,

Also tan =
J.

Resultant of any number of vectors

In Fig. 226, since OACB is a j^nillolojrnim, AC is equal
fr-

aud parallel to OB. We can therefore find the resultant R

(i.e. OC) by drawing OA and AC, of lengths P and Q, parallel

to the vectors P and Q. It is not necessary to draw the

whole parallelogram. The construction is shown in Fig. 228.

P

Fio. 228. Fio. 229.
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We might describe the construction briefly thus : Place
-*. -*

the vectors P, Q end to end, so that the initial point of one

vector coincides with the final point of the other ; the resultant

is then represented by the line joining the free ends, in the

direction from the first point to the last.

The order in which we take the vectors makes no difference,

as is shown by Fig. 229, which is equivalent to drawing the

triangle OBO of Fig. 226.

O

Fia. 230 (a).

Now suppose we have three vectors, Plt P2 > ^a (Kg. 230 (a)).

Pl and P2 have a resultant 8 (Fig. 230 (6)). Compounding

8 with Pa , they have a resultant R. Thus H is the result

of compounding the three vectors JPly P2 and P3 . The
order in which we take the three vectors makes no difference

to the final result. The vector R is called the resultant of the

three given vectors.

If PI, Pz ,
P3 represent three forces acting at 0, they are

->

equivalent to a single force R acting at O.

We can find the resultant of any number of vectors by
extending the construction above. The rule is : Place

the vectors end to end, so that the initial point of each vector
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coincides with the final point of the previous one, that is, so

that the direction of the arrows as we go round the figure
O'ABC is continuous. The resultant is represented by the

line joining the free ends in the direction from the first point
to the last.

O'A, AB y BO (in Fig. 230 (&)) may be regarded as the links of

a broken chain, and CO' as the final link which completes the

chain. This link reversed is the resultant. Hence the above

rule is called the chain rule.

Example. Find, graphically, the resultant of the vectors

2'530 <>,
470 ,

2125, 6212o.

Take OX as direction of reference. Taking a scale of

1 unit = 1 cm, draw OA of length 2-5 cm. making an angle 30

with OX (Fig. 231). From A draw AB of length 4 cm.,

making an angle 70 with OX. Similarly, draw BC and CO
to represent 2 12^ and 6212 o.

Join OD. Then 01) is the resultant.

5-5

O
FIG. 231.

By measurement it is found that J? =43 cm. which repre-
x\

sents 43 units (on our scale) and XOD = 128.

Hence the resultant is the vector 4-3 128w
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[In Fig. 231 the scale has been reduced for convenience of

printing. The student should use as large a scale as possible,
of course.]

Example. A body is pulled simultaneously by forces of

20 Ib. wt. due N., 25 Ib. wt. due E. and 16 Ib. wt. in a direction

S.W. Find the direction in which it moves.

tlorth

A

B

R.-

25

FIG. 232 (a). Fio. 232 (b).

The forces are shown in Fig. 232 (a). Their resultant is

found by the chain rule in Fig. 232 (b) ;
it is represented by

The body moves in the direction of the resultant force,

i.e. in the direction OH (which is drawn parallel to O'C).

By measurement we find that OH makes an angle 56A with

the northerly direction, i.e. the body moves in the direction

N. 56J E.

Resolved part of a vector in any direction

In Fig. 227 OA is the resolved part of OG in the direction

OX ; it is the projection of OG on that direction.

If OC represents a force, OA may be regarded as the effective

part of the force in the direction OX, since the component

OB has no tendency to move the body in the direction OX.
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Now suppose the angle between OX and 00 is an obtuse

angle, as in Fig. 233.

The force OC is equivalent to the two forces OA and OB.
The effective part so far as motion along OK is concerned is

OA, which is a force of F:i,i:r:iiiu<l<- P in the direction OX'

opposite to OX. The effective force in the direction

X is therefore of magnitude
-P -R cos

(
180 -

6)

[Check. Since is obtuse, cos 6 is negative, and hence the

resolved part in the direction OX is negative, which is correct.]

In the same way, if we take any other value of 0, say
in the third or fourth quadrants, we find that in every case

->
the resolved part of R along OX is R cos 6.

It may also be seen that the resolved part along OY (per-

pendicular to OX) is E sin in every case. Thus : the resolved

parts of a vector RQ along OX, OY are always R cos and
R sin 0.

It is clear that the resolved parts in any given direction of

two equal and parallel vectors are themselves equal (Fig. 234).

To solve the equations r cos = 0, r sin 6 = b

Equations of this type in which a and b are given, and we
have to solve for r and 0, occur very frequently.

Since r cos and r sin are the resolved parts along OX
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and OT of the vector r#, our problem is simply to find the

magnitude (r) and direction (6) of the vector whose resolved

parts along OX and OY are a and b. This can be done

rapidly from a rough sketch.

Example. If r cos = 3 and r sin = 4, find r and 0.

The resolved parts of TQ along 0Z, 07 are 3 and 4 respec-

tively. Hence the vector is as shown in Fig. 235.

From Pythagoras' theorem,

r2 = 32 -f42 = 9 + 16 = 25,

/. r = 5.

(We take the positive square root for r obviously.)

Also, from the figure,
= tan~i -|-tan~i 1-3333-53 8'.

Fio. 225.

We might, of course, take to be 53 8'any multiple of

360, but in every case in practice only the simplest value of

6 is required.

Example. Solve the equations r cos 6 = 5, r sin 6 = - 2.

The resolved part along OY is negative, viz. -
2, in this

case ; the vector r$ is therefore as shown in Fig. 236,

r2 = 52 + 22 =25 +4 = 29

5-385.
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From the figure, the angle 6 is in the fourth quadrant.
The acute angle between OX and the vector

= tan-i | tan-i 0-4 = 21 48',

.-. 6 - 360 -21 48' - 338 12'.

We sometimes prefer to take as being -21 48'. Both
values for 6 satisfy the equations, with the value of r as found.

Resolved part of the resultant of any number of vectors

We shall now show that :

TJie resolved part in any direction of the resultant of any
number of vectors = the sum of the resolved parts, in that same

direction, of the component vectors.

M NX
Fio. 237 (a).

O N M X

Fia. 237 (6).

P, Q are any two vectors, and R their resultant. OX is any
direction ; M, N are the projections of A y B on OX.

>

In Fig. 237 (a) the resolved parts of P and Q along OX are

OM t MN. Their sum = 0.M +MN~ON the resolved part

of ITalong OX.

In Fig. 237 (&) the resolved part of P is OM, and the resolved
>

part of Q along OX is NM (being negative since the angle

between OX and Q is obtuse). Their sum =OM -NM =ON
the resolved part of R along OX.
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Our statement is, in fact, true whatever the directions of

.

It is easily seen that the statement is equally true however

many vectors there are.

Analytical method for finding the resultant of any number of

vectors

The above gives us an easy method of finding the resultant

of any number of vectors by calculation. Take any two

convenient directions OX, OJ at right angles. Resolve

each force into its two components along OX and 07. Let

the algebraic sum of the components along OX, OY be X
and Y respectively. Then X and Y are the components

along OX and OY of the resultant, which is therefore found

by compounding them in the usual way. If the resultant is

of magnitude R and makes an angle 6 with OX,

Prom these equations we can find R and 6.

We shall take the two examples which have been worked

graphically on pp. 273-4.

Example. Find, by calculation, the resultant of the vectors

2*530 , ^QO, 2126 ,
62 i2*-

Take the line of reference as OX and the line perpendicular

to it (the line 90) as OY.

The resultant therefore has component 2-7022 along OX
and 3-4678 along OY.
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Drawing a rough sketch (Fig. 238) we see that :

R =V(2-7022)
2 + (3-4678)

2

279

= V7-302 + 12-03 = \/19-33 =^= 4-397^ 4-40.

Also the acute angle between R and OX'
3-4678 ,,"1

Henoe = 180 - 52 5' = 127 55'.

Thus jR=4-40127o 55-.

(This is of course more accurate than the value found

graphically on p. 273.)
(North}

y

x' 2-7022

Y'

FIG. 238.

o

Fm. 239.

Example. A body is pulled simultaneously by forces of

20 Ib. wt. due N., 25 Ib. wt. due E. and 16 Ib. wt. in a direction

S.W. Find the direction in which it moves.

Take OX, OY in directions E. and N. respectively.
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The resultant has components 13-6864 Ib. wt. due E. and

8-6864 Ib. wt. due N. (shown in Fig. 239).

6 is in the first quadrant and is equal to

The body moves in the direction of the resultant force, i.e.

in the direction N. 57 36' E.

Example. Show that the resultant of two equal forces,

each of magnitude P, inclined at an angle a to each other, is a

force of magnitude 2P cos - in the direction bisecting the angle

between them*

Y

p

FIG. 240.

Choose the line bisecting the angle between the forces as OX.
a

The force Pay2 has components P cos -
along OX and

P sin ? along OY.

The force P-aj2 ^as components P cos - along OX and
2i

-P sin ~
along OY.

a
Hence the resultant has components 2 P cos - along OX and

2 a
along OY ; i.e. the resultant is a force of magnitude 2P cos -

along the bisector of the angle.
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Exercise XXXV

[Additional easier exercises on vectors will be found in Part I

(pp. 266-269).]

Find, graphically and by calculation, the magnitude and direc-

tion of the resultant of each of the following pairs of vectors,

expressing its direction by the angle which it makes with the first

vector in each case :

1. Forces of 3 Ib. wt. and 10 Ib. wt. inclined at 60 to each other.

2. Velocities of 40 ft. per sec. and 15 ft. per sec. inclined at

150.

3. Forces of 6 tons wt. and 8 tons wt. at right angles.

Find, graphically and by calculation, the magnitude and direc-

tion of the resultant of the following pairs of vectors :

4. Forces of 10 tons wt. due N. and 7 tons wt. in the direction

S.E.

5. Velocities of 25 m.p.h. N. 30 E. and 18 m.pJi. N. 55 W.

6. Express the vectors shown in Fig. 241 in the form Pa> taking

OX as the direction of reference, and find their resolved parts

along OX and OF:

0) (iii)

FIG. 241.

7. Find the resultant of the vectors 620 and 9230 .

8. A man's normal walking pace is 4 m.p.h. If he walks
at his normal pace across the deck of a ship which is moving
forward at 20 knots, find his actual velocity. [1 knot = a speed
of 1 nautical ml. per lir. = 6080 ft. per hr. =c=M5
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9. An aeroplane is climbing at an angle of 18 to the horizontal.

If its horizontal speed is observed to be 135 m.p.h., what is its

actual speed ? How long does it take to climb 1000 ft.

(vertically) ?

10. The vector 585
=> is the resultant of two vectors, one of which

is 630 ; find the other vector.

11. A man can row a boat at 4 m.p.h. in still water. If he
wishes to row directly across a river

/6

flowing at 3 m.p.h., in what direction
must he keep the boat headed ?

12. A body of weight W Ib. is pulled
up a smooth plane, inclined at an angje
a to the horizontal, by a force P Ib. wt.
inclined at an angle to the plane.
What is the resolved part of the result-

ant force on the body up the plane ?

13. A force of 10 tons wt. acts in a direction N. 70 E. Find,

graphically, its components in the directions E. and N.E.

14. Find, graphically and by calculation, the resultant of two
velocities of magnitudes 20 ft. per sec. and 32 ft. per sec. in

perpendicular directions.

15. A man walks 3 ml. due N., then 2 ml. S. 36 E. and finally
5 ml. due E. Find the distance and bearing of his final position
from the starting-point.

16. Find, graphically, the resultant of the vectors 1060 , 4 J10 ,

815-

17. Take the vectors in Question 16 in a different order and

verify that the resultant is the same as that previously obtained.

18. Show graphically that the following three forces are in

equilibrium : 7-07 tons^N. 60 E., 27-32 tons N. 45 W., 26-38 tons
S. 30 E.

[A number of forces are in equilibrium if their resultant is

zero.]

19. Three forces of magnitudes 4*5 Ib., 6 Ib. and 9 Ib. are in

equilibrium. Find the angles between their directions.

Find r and 6 from the following equations <taking r to be

positive) :

20. r cos = 6, r sin 0=12. 21. r cos = 4, r sin 0= -3.
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22. r cos = 2-5, r sin 0= 1-4. 23. r cos 0= - 1-6, r sin = 27.

24. Find, by calculation, the resultant of the vectors in

Question 16.

25. A truck is pulled along a light railway by two men hauling
on ropes inclined to the rails at 20 on
either side. If the force along the rails

necessary to move the truck is 230 Ib. wt.,
find the pull which each man must exert.

26. Fig. 243 shows a crane supporting a
load of 3 tons. If the stresses in the jib
and tie are P tons and Q tons respectively,
find the values of P and Q graphically.

[The three forces shown must be in equili-
'

pjO> 243.
brium.]

27. Find P and Q in Question 26 by calculation.

28. If Pa is any vector, show that the resultant of the vectors

^o* ^ ' ^ +
4 *s zero -

29. From the result of Question 28 deduce, by resolving along
OX and OY (where OX is the direction of reference) that :

(27T\
/ 4-7T \

a -f -jr 1 f- cos ( a 4-
~

J
s

/ 2?7\ .
/ 47T\

and sin a 4- sin f a -f -77 J
-f sin ( a -f

~
j
= 0.

[The latter identity occurs in electrical engineering in the
theory of a three-phase generator.]

30. Find, by calculation, the resultant of the following vectors :

4 16 , 2-580 , 5188 , 3*4( 70).

31. Find, by calculation, the magnitude and direction of the

single force which is equivalent to the following forces acting
at a point : 10 Ib. wt. due E., 6 Ib. wt. N. 24 W. f 12-4 Ib. wt.
S. 35 W., 8-2 Ib. wt. IS. 57 E.
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CHAPTER XIII

TRIGONOMETRIC RATIOS OP THE SUM AND
DIFFERENCE OF TWO ANGLES

RATIOS OF SMALL ANGLES

Sine and cosine of the sum of two angles

Let P, Q be any two vectors at right angles and R their

resultant. Take any line OX of reference (Fig. 244) and let

the angle between OX and P be a ; then P =Pa and Q #90 +a .

Let the angle between P and R be ft ; thenR =**+$

FIG. 244.

Now the resolved part of R along OX = sum of resolved parts

of P and # along OX.

:. R cos (a + 0) =P cos a +# cos (90 +a)

since cos (90 -fa)
- sin a (p. 265).

But P =R cos ft and Q ~R sin
jS.

/. R cos (a +/?) =7? cos /? cos a -R sin /S sin a

/. cos (a-f jS)cosacos j8~sinasin jff.
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If we take resolved parts along OY, instead of along OX,
we have,

R sin (a +) =P sin a + Q sin (90 -f-a)

=R cos jS sin a +R sin j3 cos a

/. sin (a -f f$)
= sin a cos /2 4- cos a sin

/?.

These two formulae are extremely important for all applica-
tions of trigonometry, and the student must commit them
to memory. They are usually quoted in the forms :

sin (A + B) = sin A cos B 4- cos A sin B,

cos (A + B) = cos A cos - sin A sin #.

These formulae are true whatever the angles A and B,
and whether the angles are positive or negative. The formulae

are therefore still true if we write - B in place of B.

/. sin (A - B) = sin A cos
( -B) +cos A sin

(
- B)

= sin^4 cos B + coaA . ( -sin Z?)

= sin A cos B - cos A sin B.

and cos (A -B)- cos ^ cos (
- B) - sin .4 sin

(
- B)

cos A cos 5 - sin A . (
- sin J5)

= cos ^4 cos B -f sin ^4 sin B.

Collecting these four formulae we have :

sin (AB) =sin A cos Bcos A sin B ;

cos (yl#) = cos .A cos B^sin A sin B,

where upper signs are to be taken together and lower signs

together.
The student should notice the following points which will

help him to remember these formulae :

(i) the sin(^iHh^) formulae contain "mixed products,"
viz. sin A cos B and cos A sin B ;

the cos (AB) formulae contain products of like ratios,

viz. cos A cos B and sin A sin B ;
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(ii) in the sin (A B) formula3 the signs ( ) on the two sides

of the identity are the same
;

in the cos (A B)
formulae the signs are opposite.

Example. Find the values of sin 75 and cos 75 without

using tables.

ein 75 -sin (45 +30)
= sin 45 cos 30 + cos 45 sin 30

1 A/3 1 1

\/2
'

2 \/2
'

2

V3 + 1 (V3 + l)\/2 VO -f VJ
2V2

~~

4
~

4

2-449 + 1414 3-863
=^ 0-966.

4 4

cos 75= cos (45 +30)
= cos 45 cos 30 - sin 45 sin 30

V3-1 (V3-1)V2 V6-V3
2V2

~
4

~
4

2449-1-414 1-035
= r~ ^ 0-259.

4 4

Example. Prove that sin a + sin I a + -77- 1 + sin I a -f 1 =0

for all values of a.

27T\ / 477
8ina+ein la-f -r-

/ 277 277'

sin a + I sin a cos -~- + cos a sm ~^-
\ ^

/ .
477 4rr\

I sin a cos -f-cos a sin I
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= sin a + (sin a cos 120 + cos a sin 120)

+ (sin a cos 240 + cos a sin 240)

V3
= sin a + sin a x

(
-

|) + cos a x
-^- + sin a x

(
-

)

+ cos a :

A/3
, . A/3

= sin a - i sin a -f -r- cos a - \ sni a - -^-
cos a

= 0, for all values of a.

[For another method of proving this identity, see Exercise

XXXV, Question 29.]

Example. Expand 5 sin (200*
-

1-6), the angle being in

radians.

5 sin (200*
-

1-6)
= 5(sin 200* . cos 1-6 - cos 200* . sin 1*6)

1-6x180 288
1-6 radians ^ 91-66 = 91 40' to

7T 77

the nearest minute.

/. .j sin (200*
-

1-6)

= 5 (sin 200* cos 91 40' -cos 200* sin 91 40')

= 5{sin 200* x
( -0-0291) -cos 200* x 0-9996}

- - 0-1455 sin 200* - 4-998 cos 200*.

Example. Show that sin x + cos x ~ A/2 sin I x + -
I.

(77\
7T 7T

x + 7 I
= 8in x cos 7 + cos x 8m 74/44

1 1
= sin x . -= + cos x . 7=

V2 V2

**z (sin x -f cos x).
v 2i

8111
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Multiply both sides by V2

/. sinar-fcosrV2 sin

This result is often useful and is worth remembering,

Formulae for sin 2A and cos 2A

Sin (A 4- B) =sin A cos B 4- cos A sin B
/. sin 2A = sin (A +A) = sin A cos .4 -fcos A sin -4

= 2 sin A cos -4

.*. sin 2A =2 sin -4 cos A.

Cos (-4 -f J?) cos -4 cos B - sin -4 sin B
/. cos 2-4 =cos (A -{-A)

= cos -4 cos A -sin -4 sin A
= cos2 A -sin2 .4.

If in this result we write sin2 A=I- cos2 A or

cos2 A = 1 -sin2 A we get two other forms for cos 2A
; viz. :

cos 2^4 =cos2 A -
(I -cos2 A) =2 cos2 ^4-1

and cos 2^4 = (1
- sin2 ^4)

- sin2 -4 = 1-2 sin2 A.

Thus
cos 2A = cos2 A - sin2 A

2cos2 A -I

= 1-2 sin2 A.

The last two formvko express cos 2-4 in terms of cos A alone

or sin A alone, and are very useful on that account. From
them we get :

2 cos2 -4=1 + cos 2.4 and 2 sin2 A *** I - cos 2^4

.'. cos2 A =
J(l + cos 2A) and sin2 A =

J(l
- cos 2A)

All the formulae printed in thick type above are important,
and the student must either memorize them or be able to

obtain them rapidly as we have done above.
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Example. Find the values of sin 22 and cos 22J without

using tables, and compare them with the values given in

the tables.

In the formula sin2 A J(l
- cos 2A) put A = 22J.

.-. sin* 22J -J(l -cos 45) -

t(l -0-7071) =J(0-2929) =0-14645

.'. sin 22| = VO-14645 = 0-3827.

Since 22J lies in the first quadrant its sine is positive

.'. sin 22J= 0-3827.

From the formula for cos2 A in terms of cos 2A,

cos2 22J -|(1 + cos 45) -jl + -~
-$(1 +0-7071)

= (1-7071) -0-85355

/. cos 22J = 1/0-85355 ^O-l^.'JO.

Since 22J lies in the first quadrant its cosine is positive

.'. cos 22J 0-9239.

On looking up sin 22J and cos 22J in tables we find exactly
the values obtained here, so that the values we have obtained

are correct to four decimal places.

Example. Find expressions for sin 30 and cos 30 in terms

of sin and cos 6.

Sin 36 -sin (20 + 0)

=sin 20 cos -f cos 20 sin

- (2 sin cos 0) cos -f (1
- 2 sin2 0) sin 0, using the

formulae for sin 20 and cos 20
;

2 sin cos2 4- sin 0-2 sin^

2 sin 0(1 -sin2 0) -t-sin 0-2 sin3

2 sin -2 sin* + sin -2 sin3

3sin0-4sin0.
10
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cos 00 cos (20 + 0)

= cos 20 . cos - sin 20 sin

= (2 cos2 -
1) cos -

(2 sin cos 0) sin

~2 cos3 6 -cos -2 sin2 cos

= 2 cos3 - cos -
2(1

- cos2 0) cos

= 2 cos3 -cos -2 cos + 2 cos3

= 4 cos3 0-3cos0.

The student will see that by continuing in this way we could

express tiie sine and cosine of 40, 50, etc., in terms of sin and

Exercise XXXVI

1. Verify the formulae for sin (A+B) and sin (A-B) when
4 = 70, #'=40.

2. Veiify the formulas for cos (A+B) and cos (A~B) when
^4=45, # = 225.

Use the formulae for sin (A Z?) and cos (A B) to verify the

following identities :

3. Sin (90 + 0)== cos 0. 4. Cos (90 +0)== -sin 0.

5. Sin (180 + 0)== -sin 0. 6. Cos (180 +0)== -cos 0.

7. Los (1^70 + 0)==sin 0. 8. Sin (180- 0) == sin 0.

9. If i = 5 sin ( 300J +
) express * in the form

a sin 300 + 6 cos 300, finding the values of a and 6.

Find the value of i when = 0'02 from both forms and verify
that the two values are equal.

10. Express 20 sin (100^-0-65) in the form

a sin iOOnt 6 cos lOOTri, finding the values of a and 6.

11. Prove that cos ( x
^

) -4- cos ( x + -
j
~ cos x.

12. If sin cc = f, sin 0*=if, and a, ft are acute angles, find the
value of sin (a + ), without using trigonometric tables.

13. If 6 is an acute angle and sin = 0-8, find the values of
sin 20, cos 20 and tan 20, without using trigonometric tables.

Express each of the following as a single trigonometric ratio :

14. Sin 20 cos 50 + cos 20 sin 50.
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15. COB 86 cos 25 + sin 85 sin 26.

._ _ IT IT . 7T . 7T

16. Cos
3
cos - -sin - sin -.

17. Sin 10 cos 40 -cos 10 sin 40.

18. Sin 60 cos 20 - cos 50 sin 20.

^ a 3a
. a . 3a

19. Cos
^
cos

-^
-sin

^
sm y.

20. 1-2 sin 15. 21. Sin f cos f.

^ j

22. The reading of a wattmeter is

W F/{cos (30
-

<f>) + cos (30 + ^)}watts ;

prove that W ~ A/3VI cos ^.

23. Prove that sin as - cos x= A/2 sin f a; - T
).

Find the values of the following ratios, without using trigono-
metric tables :

24. Sin 105. 25. Cos 15. 26. Sin 67 .

27. Verify that cos* = J(l+cos 20) and sin 8 = ^(1 -cos 20)

when = ^ radians.
6 *

28. By writing 40 as 2 x 20, prove that

cos 40 = 8 cos 4 - 8 cos 2 + 1.

29. The force P required to pull a weight W up a rough plane,
of inclination a and coefficient of friction /*, is given by

P=W (sin a + p. cos a). If p.
= tan A, prove that P= W am(a

^
A
\

cos /\

30. If the force in Question 29 is inclined at an angle to the

plane, P~W (sin a-f/i cos a)/(cos 0-f /A sin 0). Prove that

Prove the following identities :

31. Sin (A +#) . sin (A - B) = sin 2 A - sin* B.

32. (Sin 0-f cos 0)* == 1 4- sin 20.

33. Cos4 x - sin4 x s cos 2#.

34. Cos 2a- cos 20 = 2 (cos* a -cos 1
j8)
= 2(sin* j8-sin* a).

1 cos00 x
35. 7-7
-

^
= tan 2 r. 36. Cosec x 4- cot 3= cot -.
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37. The efficiency e of a certain screw-gearing is given by
1 it tan oc

c .* _ 1.
^

,

. If ^ tan A, prove that * tan a . cot (a 4- A).

Find the angles a? between and 360 which satisfy the follow-

ing equations :

38. Cos 2x = sin x. 39. Sin 2x <= sin x.

40. Sin 3# *= J sin a?. 41. 3 sin (x -f 60) cos *.

42. Use the result of Question 23 to find the angles between
and 360 which satisfy the equation sin a; -cos x***l.

43. The distance # of a piston from one end of its stroke is

given by :

r a

r} (1-cos 26).

If r=6 in., Z-3 ft., find the values of 9 (between and 360)
for which #=* 10 in.

44. Solve the equation sin (0-40) = 2 cos (0-f 25), giving the
values of between and 360.

To express a sin 6 -f b cos 8 in the form r sin (6 -f a)

In the examples on p. 287 we have seen that

-0-1455 sin 200* -4-998 cos 200* - 5 sin (200* - 1-6)

and sin x -f cos x =V2 si:

We can similarly transform any expression of the type
a sin -f b cos 8 into the form r sin (9 -fa), where r and a have
suitable values. For

r sin(0 -fa) r(sin 6 cos a -f cos 8 sin a)
= r cos a . sin 6 -f r sin a . cos 6.

This is the same as a sin 8 -f 6 cos 0, if

r cos a = and r sin a = b.

From these two equations we can find r and a, when a and
6 are given, as explained on p. 275.

Example. Express 3 sin 8 -f 2 cos in the form r sin (8 -fa).

r sin (8 -fa) =r(sin cos a -fees sin a)

r cos a . sin 8 + r sin a . cos 0.
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This is identical with 3 sin +2 cos 0, if

r cos a = 3, r sin a = 2.

293

From Fig. 245, r - A/32 + 22 = V9-f4 = Vl3 == 3-606.

a^tan-1
| (acute angle)

= tan-i 0-6667 =~=33 42'

/. 3 sin + 2 cos = 3-606 sin (0 4-33 42').

This shows that the result of adding the two " sine waves "

3 sin 6 and 2 cos (the latter being a sine wave whose phase
differs by a quarter of a period from that of the former)
is a sine wave of amplitude 3-606, which leads the first of the

two component waves by 33 42'.

[Compare p. 247, where the curves have actually been
added graphically. The resultant curve, shown in Fig. 205,

has an amplitude of 3'6 (approx.) and it crosses the axis of

from below to above when -33 (approx.). Thus its

equation is y = 3-6 sin (0 + 33), approximately.]

Y

Fio. 245. FIG. 246.

Example. Convert the expression 4 sin wt - 3 cos a)t into

the form r sin (wt +oc).

r sin (a)t -fa) =r(sin a>t cos a + cos a>t sin a)
= r cos a . sin ajt+r sin a . cos a>t.

This is identical with 4 sin cut - 3 cos a)t if

r cos a =4, r sin a =-3.

From Fig. 246, r = V42+32 Vl6T9 - A/25 5, and
a is in the fourth quadrant.
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The acute angle shown = tan-1
f

-tan-1 0-75 =36 52'.

Hence a =-36 52'.

[We could equally well write a = 360 -36 52' - 323 8',

but it is usual to take the numerically smallest value for a

(i.e. the value between - 180 and -f 180) in examples of this

type.]

.'. 4 sin ut - 3 cos co/ =5 sin (at - 36 52').

In the general case, a sin 6 -f b cos 6 = r sin (0 -fa) where

r cos a a and r sin a = 6.

We cannot draw the figure unless we know whether a and
b are positive or negative ; but, squaring and adding, we have

/2 (cos
2 a + sin2 a )

= a2 + 62

dividing,we have

/. r = Va2
-I- 62 (taking the positive value

r sin a b for r) ;

rcosa a

b b
.'. tan a = -, .'. a = tan-1 -.

a a

The particular value of tan*"1 - to be taken has to be decided

by the signs of a and b which fix the quadrant in which a lies.

Thus we have the general formula :

in 6+b cos 0==\/a2 -f&2 sin ( -f tan-1 - La sin

where the value of tan- 1 - is determined by the quadrant in

which a lies.

This shows that y ==a sin 9 +b cos is a sine wave of ampli-

b
tude vaa

-f-6
2

, having a lead of tan"1 - compared with
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u =a sin 0. If tan-1 - is in the third or fourth quadrant it
y a

has a lag instead of a lead.

Example. Solve the equation 15 sin -f 8 cos = 10.

15 sin -f 8 cos =r sin (0 -fa) where r cos a = 15, r sin a =8.

Hence, from Fig. 247, r = V225T64 = A/289 = 17

a = tan-1 -^ (in first quadrant)

-tan-* c-5333

==28 4'

/. 15 sin + 8 cos = 17 sin (0 -f 28 4').

The equation can therefore be written in the form

17 sin (0 + 28 4')
= 10. Y

/.sin (0+28 4')
= if

-0-5882

/. 0+284'=36 2'?i.360,
or 143 58' n . 360,

where n is any integer,

Y. = 758'r&.360

or 11554'rc

8

75

FIG. 247.

Example. The displacement, a; in., of a slide valve is given

by a = 1-6 +0-3 sin2(hrf-M cos207r, where t is the time

in sec. and the angles are in radians. Find the greatest and

least values of x and the times at which they occur.

0*3 sin 20?^ - 1-1 cos 207Tt = r sin (20^ +a),

where r V(0-3) + (!!) = VO-09 + 1-21

and
/ M\- I the acute angle whose tangent is 1

-74 45'.
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Since the angle 2Qirt is in radians we require a in radians.

a= -1-3046 (radians).

/. 0-3 sin 2&jrt - 1-1 cos Stint = 1-14 sin (2&rrt
-

1-3046).

.'. x - 1-6 + 1-14 sin (2(hrt
-
1-3046).

As t varies, sin (2Qirt
-
1-3046) oscillates between - 1 and + 1,

and therefore x oscillates between 1-6 1-14 and 1-6-f 1-14,

i.e. between 0-46 and 2-74. These are the least and greatest
values of x.

The greatest value of x occurs when sin (20rrt
- 1-3046) -f 1

,

i.e. when 2Qirt - 1-3046 =~n . 27r, where n is any integer,
2i

i.e. when 2077* == 2-8754 n . 2n,

2-8754
,

i.e. when t

="~2Jnj
iV1

= 0-04580-l?i.

Since t denotes time, we take only positive values for t .

Hence x attains its greatest value, viz., 2-74, when

f~ 0-0458, 0-1458, 0-2458, etc.

Similarly, x attains its least value, viz. 0-46, when
sin (2CM -1 -3046) =-1,

i.e. when 20^ - T3046 = - ~
L

i.e. when 20?^= -0

0-2662
i.e. when i

- - 0-0042 0-ln,

i.e. when <= 0-0958, 0-1958, 0-2958, etc.

As we should expect, since the graph of x against t is a sine

wave, these values are mid-way between the values of t at

which x has its greatest value.
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Exercise XXXVII

Convert the following expressions into the form r sin (0 + a) :

I. 7 sin + 4 cos 0. 2. 1-5 sin + 2-8 cos 0.

3. 5 sin 6 - 12 cos 0. 4. 100 sin 0-82 cos 0.

5. 4-62 cos 6+ 1-93 sin 0.

6. Express 1 1 sin 300* - 25 cos 300* in the form r sin (300* - a),

giving a in radians.

7. What are the greatest and least values ofa sin + 6 cos ?

8. What are the greatest and least values of 3 sin 4 cos 0,

and at what values of (between and 360) do they occur ?

9. Express 1-6 sin 2nft + 0-3 cos 2njt in the form r sin (Zirft + 0),

giving in radians.

10. Convert 2 cos f -
^J

to the form r sin (0 + a).

II. Express 15 sin 607r* + 8 cos 60??* in the form r sin (607r* + a),

giving the value of a in radians.

Make a sketch of the graph of the function against t for one
complete cycle from *= 0, indicating the period and the amplitude
and the value of the function at the beginning and end of the
interval.

Find the angles between and 360 which satisfy the follow-

ing equations :

12. 4-2 sin + 5-6 cos 0^2-7. 13. 9 sin 0- 16 cos B=* - 12.

14. Sin J0 + cos |0 J. 15. Sec 0=1 + 2 tan 0.

16. The turning moment T tons ft. on the crank shaft of an

engine is given by T = 6 + 2-5 sin 20 - 3-8 cos 20. Find the values
of between and 180 for which T 3.

17. What is the greatest value of T in Question 16, and for
what values of does it occur ?

18. Express 1 1-1 sin 3co - 8-6 cos 3<xtf in the form r sin (3co* + a),
all angles being in radians ; thence solve the equation
11-1 sin 3wt - 8-5 cos 3eo<=10 for *, when co= 60.

19. For what values of between and 360 is 3 sin + 4 cos

positive ?

20. The force P required to pull a weight W up a rough plane of
inclination a and coefficient of friction p is given by

P TF(sin a + /A cos a).

10*
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Find the inclination of the steepest plane up which a man exerting

a force of 120 Ib. wt. can pull a weight of 200 lb., the coefficient

of friction being 0*4.

21. The potential difference, v volts, which must be applied to

send a current / sin GO* amperes through a circuit of resistance

R ohms and inductance L henrys is given by
v I (R sin co-fco cos co2).

Express v in the form v = IZ sin (co* -*- <f>).

[Z is called the impedance (or
"
apparent resistance ") of the

circuit.]
Find the value ofZ and # ifR = 8, L = 0-03, co = lOOTr.

22. What are the greatest and least values of each of the

following :

(i) A+B Bin (coJ-f a) ; (ii) a sin + b cos 0-f c ;

(iii) 4 + B sin (coJ -f a) + C cos (co -fa)?

Approximate values of sin 0, cos and tan when # is small

In this paragraph the angles are understood to be measured

in radians ;
that is, is a number and sin means

sin (0 radians), cos means cos (6 radians), and so on.

The value of the ratio ^ when is small is important
u

for later work and so we shall draw up a table to see how this

ratio behaves as decreases towards zero.

I 0-5 0-2 0*1

sin e .. 0-84147 0-47943 0-19867 0-099831

iin 9
.. 0-84147 0-95886 0-99335 0-99831

6

.. 0-08 0-06 0-04 0-02

sin 9 .. 0-0799138 0-0699645 0-0399913 0-0199972

8in 9
.. 0-99892 0-99941 0-99978 0-99986

It will be noticed that as we made smaller and smaller we

used first five-figure and then seven-figure tables, the reason

being that the numerator and denominator in the fraction

3- were so nearly equal that greater accuracy became
u

necessary as we proceeded.
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It is seen from the table above that as decreases, the ratio

siti 6
5 becomes more and more nearly equal to 1. The accuracy
U

of our tables prevents us from finding the ratio when is less

than 0-02 with a satisfactory degree of precision, but it

seems reasonable to conclude that as approaches indefinitely
sin 6

closely
* to 0, the ratio ^- approaches indefinitely closely to 1.

We can, in fact, prove by geometry that this is so. The proof
is given in Part III.

We usually write the above result in the form

lim sin 6

the left-hand side is read as " the limit, as 9 approaches 0,

When is very small, sin 9 is therefore very nearly equal
to 6, the radian measure of the angle.

This is very useful in finding the sines of small angles and
is often used in calculations arising in surveying.

Example. Find the value of sin 1 42' 35".

.MM2'35'' =(l4o^4) 3600

6155 TT
.

6155x3-14159

3800 180 3600x180

- 0-02984 radians.

/. sin 1 42' 35" == 0*02984.

* cannot be evaluated when ia exactly equal to 0, since *=;?00
which is meaningless.
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This approximation is actually correct to five decimal

places ; by taking a more accurate value for TT we could, if

required, evaluate sin 1 42' 35* still more accurately.
tan

If we tabulate the values of the ratio s for values of

decreasing to we obtain the following :

S i 0*5 0-2 o-l

tan $ .. 1-55741 0-54631 0-20260 0-1003323
**n9

.. 1-55741 1-09262 1-01300 1-00332
Q

.. 0-08 0-06 0-04 0-02

tan $ .. 0-0801702 0-0600726 0-0400233 0-0200012

tan e
.. 1-00213 1-00121 1-00053 1-00006

9

It is natural to conclude that as approaches indefinitely

closely
* to 0, the ratio 3 approaches indefinitely closely

tol.

This also can be proved to be true (see Part III).

Thus Hm tan 9

0-*Q
~

*

the angle being measured in radians.

Hence when is very small, tan is approximately equal

to0.

The student will notice from the tabulated values above

that when is very small, sin is sligMy less than 0, while

tan is slightly greater than 0.

When is very small, cos 0:= 1. We can obtain a better

approximation however by using the approximation for sin 0.

/ 0\
For cos0=cos (2x-| =1-2 sin* -.

tan *L cannot be evaluated when 6 is excutly equal to 0, since =-,

which is meaningless.
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e 00
If is very small, so also is -

, and therefore sin - == -.

/. COS == 1 -

Hence we have the following approximations when is

very small :

02
sin =: 0, cos == 1 - , tan ^= 0.

z

It is possible to obtain better approximations for sin

and tan 0. It can be proved (by methods which are too

03 03
difficult to explain here) that sin ^= -~ and tan == 4-

~
.

D O

Example. Find the angle subtended by a circular target
5 ft. in diameter at a distance of half a mile.

1

FIG. 248.

In Fig. 24S, AB is a diameter of the target and its centre.

O0 = i ml. =2640 ft.

If ACO-0>

Since is very ainall, tan == 0,

180
C

15

= 0-05426
= 3-2556'

-3' 15-3".

/. Required angle = AC^B - 20 - 6" 30-6*

==0' 31*.
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Exercise XXXVIII

1. Show that the approximation sin 0^0 is corroct to 3

significant figures if the angle is less than 4 20', and correct to

4 significant figures if it is less than 1 57'.

2. Ifx is small show that sin x'-^=. 0-00029a;, and evaluate sin 24'.

3. Find the value of cos 89 40' without tables.

4. If the distance of the Sun from the Earth is 92,000,000 miles
and it subtends an angle of 32' at the Earth, find the diameter of

the Sun.

6. The angle of depression of a ship at sea when observed from
the top of a cliff 240 ft. high is 41'. Find the distance of the ship
from the foot of the cliff. (Neglect the curvature of the Earth.)

6. If an arc AB of a circle subtends an angle of 20 at the centre,
find from tables the ratio length of chord AB : length of arc AB.

7. If an arc AB of a circle of radius 1 in. subtends an angle
of 10 at the centre, find the difference of the lengths
arc AB -chord A B. [Take TT = 3- 14 159, sin 5 = 0-087 156.]

8. Show that, if a is small, sin (6 + <x)=^=sin + ac. cos 0, the

angles being in radians.

Deduce that sin ^~ + a
j=

-
(1 -f a), and hence find the value

of sin 46 to three significant figures without tables. [Take

9. Show that a better approximation to sin yr-f a) is

1 / 2
\

-T=|
1 + a - TT

j,
and find thevalue ofsin 46 to five significant figures

by lining this approximation. {Take 7r=3'14159, V2 = 1-41421.]

Miscellaneous Exercise XXXIX

(Harder examples)

Prove the following identities :

1. Cot 0-tan 0=2 cot 29.

tan a-f tan ft_sin (-f ft)

tan a -tan P
==

sin (cc-p)*
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3. Sin* oc + &in 2 (a-t-
-^)

+ sin a (a+-~
j
= f .

4. If cos 20 = 0*4 and 6 is an acute angle, find sin 0, cos 6 and
ton 6, without the aid of tables.

5. When a rod rests with its ends on two smooth planes of
inclinations a and p, its inclination B to the horizontal is given by
the equation

sin (cc + p) . cos = 2 sin a . cos ($-0).

sin (P~a)Prove that tan 6 =

2 sin a sin

6. The acceleration of a piston is rco 2
(cos 6- cos 20), the

+ and signs corresponding to out-stroke and in -stroke respec-

tively. If = =
, find the values of the crank angle for which

the acceleration of the piston is zero.

- ntu + win (0+ 0) cos(30-<) . ., - .

7. The equation -- = -i-~ ~- occurs in the design^
sin (jj

-
6) cos (30 + </>)

&

of a power-factor meter for alternating currents. Show that

tan 6=
j=.

tan p tan
</>.

8. Express 3 cos co - 4 cos (co
- 60) in the form

a sin co -f 6 cos co^,

finding the values of a and 6, and thence convert the expression
into the form c sin (co -f a).

9. Find numbers a and 6 which make
a sin (0

- 30) + b sin (8 -f 60) identically equal to 2 sin 0.

10. li sm0-f cos<=p and cos0- sin<=<?, show that sin

<0-*)=J(j>
a +3 a

)-l-

11. Find all the values of a; between and 10 winch satisfy the

. 7TX 1TX

equation 6 sin -j + 8 cos ~ ~ 5.

12. Prove that :

limCsin (a?-f^)~sin (x-h))

the angles being measured in radians.
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CHAPTER XIV

TRIANGLE FORMULAE

SOLUTION OF TRIANGLES

Relations between the sides and angles of a triangle

The three sides and the three angles of a triangle are often

called its six
"
parts

"
or

"
elements."

In order to construct a triangle we do not need to know all

the six parts ;
for example, it will be sufficient if we know the

lengths of the three sides. The three angles are therefore

determined by the lengths of the sides, and hence it must be

possible to find a formula expressing the angles of any triangle

in terms of the sides. There are also other relations, the

most important of which are given below.

If ABC is any triangle, the lengths of the sides BC, CA, AB
are usually denoted by a, 6, c, respectively. [NoTE. a is

the side opposite the angle A, b opposite B and c opposite 0.]

The Sine Rule

-
a >C

(ii)

FIG. 249.

In Fig. (i) the triangle is acute-angled, in Fig. (ii) it is

obtuse-angled. In each case AN is perpendicular to BO
(or BC produced).
In Fig. (i) : In Fig. (ii) :

j) *p

--sinJS
c c
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/. p c sin B .". p **c sin B

= sin f sin (180 -(7) -sin
b o

:. p~b sin C ;. p =6 sin C.

Hence in each case,

6 sin C B c sin jB

6 c

sin sin

Similarly, by drawing the perpendicular from (7 to -4J5, it

a b
can be shown that -

7 =-: ~
sin .4 sin B
a b c

' *

sin A sin B sin C"

We may express the sine rule in words thus :

The sides of a triangle are proportional to the sines of the

opposite angles.

Example. It, in a triangle ABC, <7=4-3 in., /.4=65,
/_B = 36, find the length of the side AC.

Here we are given that a =4-3 in. and we want to

find b.

a sin B
* *

""

sin A
4-3 sin 36

sin 65

- 2-789

/. AC =^2-79 in.

Example. P, Q are two ends of a surveyor's base-line,

1200 yd. lone, and a landmark R is observed from P and Q.
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The angles QPR and PQR are found to be 28 and 105 20'

respectively. What is the distance of R from P, and what is

its ahorteat distance from the line PQ f

FIG. 250.

In the triangle PQR,

PAQ 180 - (28 + 105 20')

- 180 -133 20'

= 46 40'

PR
But /s

** /x
em PQR sin PRQ
PR

PQ

nPR
1200

No.
1200 3-0792

' *

sin 105 20' sin 46' 40'

'

1200 sin 105 20'
* '

sin 46 40'

1200 sin 74 40'
*

sin 46 40'

== 1591 vd.

sin 74 40' 1-9842

3-0634

sin 46 40' 1-8618

1591 3-2016
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Draw RN perpendicular to PQ produced.

In &PRN,
RN .

No.
= sin 28 1591

/. RN =PR sin 28 - 1591 sin 28 sin 28

== 746-7 vd.

307

Log.
3-2016

1-6716

2-8732

The Cosine Rule

(80

In Fig. (i), the angle A is acute; in Fig. (ii) the angle A
is obtuse.

Draw BN perpendicular to CA ,
or CA produced.

LetAN<=x. Then,

in Fig. (i) CN=b-x.
From Pythagoras' theorem,

in Fig. (u)CN=b+x.
From Pythagoras' theorem,

But - = cos A
c

/. z-ccoaA

.% a2 - c2 62 - 2bc cos A

But a: -c cos (180

.*. x = - c cos -4
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Hence in each case,

In a similar manner we can prove that,

and c2 = a2 -f 62 - 2ab cos C.

From the formula a2 62 + c2 - 26c cos ^4, we have,

/. cos A -.

2bc

Similarly, cos J5 = -
'-^

and cos<7= :
.

2ca 2ab

[Note that the angle A is contained between the sides b

and c, the angle B between the sides c and a, the angle C
between the sides a and 6

;
thus the denominator in the formula

for cos A is twice the product of the sides com ainiiii: the angle.]
The cosine formula enables us to find the angles of a triangle

when its sides are given.

Example. Find the largest angle of the triangle whose
sides are 8 cm., 11 cm., 10 cm.

The largest angle is the one opposite the longest side, that

is the angle opposite the side of length 11 cm.

Let a =8, & = ll,c = 10.

The required angle is B.

Cos 5
2ca

ll 2 100 + 64-121 43

2x10x8 160 100

=0-2688

.'. B 74 24'.

Example. In the crane represented in Fig. 252, the up-

right AB is 10 ft., the tie-rod is 22 ft. long, and the angle
BAC is 115. Find the length of the jib EG.
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Here e 10, 6-22, A 115.

-484 + 100 -440 cos 115

-584+440 cos 65, since

cos 115= -cos 65.
= 584 + (440x0-4226)
= 584 + 185-944
= 769-944

/. a ^ 27-75

BC =^ 27-75 ft.

FIG. 252.

Example. The crank of a steam-engine is 1 ft. long and the

connecting-rod is 4 ft. 6 in. long. If the crank makes an

angle of 55 with the line of stroke of the piston, find (i) the

angle between the connecting-rod and the line of stroke,

(ii) the distance of the crosshead from the end of its stroke.

B

FIG. 253.

We can find ABO from the sine rule :

sin ABO sin AOB
AO

am ABO

XX :

ABO-

AB
sin 55

4-5

=0-8192

4-5

=0-1820

= 10 29', since, from the figure, it must be acute.

Hence OAB - 180 - (AOB +ABO) - 180 - 65 29' - 114 31'.
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We can now find OB either from the cosine rule or from the

sine rule.

Using the cosine rule,

OB* =OA*+AB%- 20A . AB cos OAB
-1 + (4-5)2 -9 cos 114 31'

= 1+20-25 +9 cos 65 29'

= 1+20-25 + (9x04150)
= 1+20-25 + 3-7350
= 24-985

/. OB ^ 5-00 ft.

When B is at the end of its stroke, OB OA +AB = 5 ft. 6 in.

Hence in the given position, B is 6 in. from the end of its

stroke.

Resultant of two vectors

If AB, AC are two vectors of magnitudes P, Q, inclined to

each other at an angle a, their resultant AD is obtained by
the parallelogram law. Suppose its magnitude is R and that

its direction makes an angle with that of AB.

In &ABD, AD*~AB*+BD*-2AB . BD cos ABD.

and ABD = 180 - BAG = 180 - a.

cos (180 -a)

.'. R
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311

DE **BD sin EBD^Q sin a

BE~BD cos EBD^Q cos a

DE <?sina
Lan (7 s=

. _-_ ** T ,

k

L
- ,. .AE P + ^cosa

Fig. 254 has been drawn for the case in which a is an acute

angle. The student should verify that the formulae tor R
and tan 6 are still true if a is an obtuse angle.

Area of a triangle

The area of a triangle is often denoted by A (Greek capital
" delta ").

A

A

B N c B
(?)

FIG. 255.

In each of Figs, (i) and (ii), A
In Fig. (i), !=sinC'.

In Fig. (ii), |
= sin ACN =sin (180 -C) =sin C.

Hence in each case, p =Z> sin C.

Similarly it can be proved that A
A = \ca sin B.

Thus, the area of a triangle product of any two sides x sine

of angle between them.
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Area of a regular polygon

A regular polygon is one whose sides are all equal and whose

angles are all equal.
A circle can be drawn to circumscribe a regular polygon,

i.e. to pass through all its vertices. [Fig. 256 shows a regular

Fio. 266. FIG. 2f>7.

hexagon and its circumscribing circle.] By joining each of

the vertices to the centre of the circle, the polygon is divided

up into a number of equal triangles, and the area of the

polygon is the sum of the areas of those triangles.

Suppose the polygon has n sides, each of length L Let

be the centre of its circumscribing circle and OAB (Fig. 257)
one of the n triangles into which the polygon is divided.

Let M be the mid-point of AB ; then OM is perpendicular
toAB.

^ 2n
,

360
AOB = radians = .

n n
xs 77 180

/. AOM - radians = .

n n

~2

I

V
n

1 7T

2
C0t

n
''/. Area &AOB*

, Area of polygon n x area &AOB \nl* cot -.
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If the radius of the circumscribing circle is r, we can express
the area as follows :

/** %7T
Area of &AOB - \OA . OB sin AGE - \r* sin .

it

.\ Area of polygon =n x area &AOB = inr2 sin

Area of a segment of a circle

By a segment of a circle is meant the part cut off by a
chord. Any chord such as AB in Fig. 258 divides a circle

into two segments, a
"
major segment

" ADB and a
"
minor

segment
" ACE. In Fig. 258 the minor segment cut off by

the chord AB is shown shaded.

Let the arc of the segment subtend an angle 6 radians at

the centre of the circle
;

let the radius of the circle be r.

Area of segment ACB
=area of sector OACB -area of &OAB

Verify that this formula is true also for a major
segment, where is the angle (in radians) subtended by the

arc of the major segment. [In Fig. 258 the angle subtended

by the major segment ADB is the reflex angle AOB.]
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Example. A cylindrical boiler 10 ft. long and 4 ft. 6 in.

in diameter, with its axis horizontal, contains water to a

depth of 1 ft. 6 in. Find the volume of the water.

A cross-section of the boiler is shown in Fig. 259.

OM-OC-MG
= 2' S^-l' 6" = 9".

/\ /\
If AOB =

OM

:.
- =70 32' = 1-2310 radians

.'.
= 2462 radians

/. Area of sector OACB = \r*6 = i x (2-25)
2 x 2-462

= 6-233 sq. ft.

Area of &OAB
*= . OA . OB sin , No. Log.
= x (2-25)2 x sin 141 4' 2-25 0-3522

= \ x (2-25)2 x sin 38 56'
(2

.95 )2

1-591 sq.ft. sin 38 56' 1-7982

/. Area of cross-section of water

(shaded area) 2
6-233 - 1 -591 = 4-642 sq. ft.

/. Volume of water = 10 x 4-642
l'^1 '2016

= 46-42 cu. ft.

Formula for the area of a triangle in terms of the sides

We have seen that A =* J^ sul C*

Butsin2 Cf l-cos2 (7

(lH-C08(7)(l-C03<7)
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- c2\ /c2 - a2 -2\ /

/ \

(a -1-6 +c)(a + 6 - r)(c -f a -6)(c -a 4-6)

It is usual to write a + b -t- c = 2$, so that s is the semi-

perimeter of the triangle.

Then a + b - c = 2s - 2c = 2(s
-

c), and similarly

i

Hence sin2 C =

2
/. sin (7 = V(5-a)(5~6)(-c),

and, substituting in the formula A =4^ sm ^> we have

Example. The field AECD represented in Fig. 260 has the

foliowingdimensions: AB = 325 yd., BC = 100 yd.,CL> * 240yd.,
ZX4= 210yd.; /.4=70. Find its area.

525 ye/

FlO. 260.
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661 =330-5.

;. a-a = 90-5, 5-6=9-5, -

/. Area &BCD
Vs(s - a)(s ~b)(s- c)

- V330-5 x 90-5 x 9-5 x 230-5

=^ 8,091 sq. yd.

/. Area of field

^ 32,070 + 8,091

-40,161 sq. yd. ^= 8-3 acres.

330-5

90-5

9-5

230-5

8091

Divide the area up into two triangles by joining BD.

Area &ABD No. Log.
- i x 210 x 325 x sin 70 105 2-0212

- 105 x 325 x sin 70 325 2 *5119

== 32,070 sq. yd.
fiin 70 1>973Q

To find the area of &BCD we need to

know either the angle BCD or the side

BD.

Applying the cosine formula to

&ABD,
BD* - 210* + 3252 - 2 x 210 x 325 cos 70

44100 + 105625 - 46690

= 103035

/. BDm 321 yd.

Denoting the sides of BCD by a, 6, c,

a = 240, 6=321, c = 100.

32070 4-5061

420 2-6232

325 2-5119

cos 70 1-5341

46690 4-6692

2-5191

1-9566

0-9777

2-3626

7-8160

3-9080

Area of a quadrilateral

Since the lengths of the sides of a quadrilateral do not fix

its shape it is not possible to express the area of a quadrilateral
in terms of its sides.
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FIG. 261.

The following formula is however sometimes
In Fig. 201, AM and CN are drawn perpendicular to BD.
Let the angle between the diagonals be 0.

Area of quadrilateral ABCD

.CN

\BD . AO sin + %BD . CO sin

.AC sin0.

That is, in words, area of a quadrilateral J x product of

diagonals x sine of angle between them.

Exercise XL
1. Find the side x in the triangles shown :

(i)

FIG. 262.

2. Two angles ofa triangle are 46 and 73Q
, and the side opposite

the smaller angle measures 8 cm. What is the length of tlie side

opposite the larger angle?
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3. In a &PQR, P = 34 30', Z.Q = 68 and PQ-5 in. Find

the length of QR.
4. The sides of a triangle measure 13 ft., 26 ft., 19 ft. Find the

smallest angle of the triangle.

5. Two sides of a triangle measure 18 in. and 23 in. and contain

an angle 62 10' between them. What is the length of the third

side of the triangle ?

6. The sides of a triangle are in the ratio 3:6:7. Find the

greatest angle.

7. Two angles of a triangle are 39 and 1 14, and its shortest

side is 7-5 cm. Find its longest side.

8. Find the area of the triangle in Question 4.

9. Find the area of the triangle in Question 3.

10. In a &DEF, Z>#= 8-2 in., Z.> = 61, Z.J = 43. Find the

length of Dtf and the area of the triangle.

11 Two landmarks A, B are on opposite sides of a mountain,
but both are visible from a point C. It is found that
AC =*2 ml. 320 yd., CB = 3 ml. 850 yd. and 4CJ3 = 57 40'.

What is the distance from A to B as the crow flies ?

12. A trench is 6 ft. 6 in. deep and 3 ft. 6 in. wide at the bottom,
and the sides slope at 80 to the horizontal. Find the length of
the shortest plank which will reach from the bottom of one
side to the top of the opposite side.

13. The dimensions of a derrick-crane are as shown in Fig, 263.

Find the height of A above BC.

6'0" C

FIG. 263.

14. A motor-car door is prevented from swinging open to its

fullest extent by a strap 10 in. long. The ends of the strap are
fixed to points 6 in. and 4 in. from the line of hinges. Find the

greatest angle through which the door can open.
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15, A wireless station P is 70 miles due North of another
station Q. A ship finds that it is S. 28 12' W. from P and
NT. 67 35' W. from Q. Find its distance from P.

16. The cantilever structure in Fig. 264 has the dimensions
shown. Find the lengths of the members BC9 AC, CD.

17. Two forces of 4 Ib. wt. and 6 Ib. wt. act in directions in-

clined at 50 to each other. What is the magnitude of the
resultant force ?

18. An aeroplane, whose maximum speed in the absence of

any wind is 240 m.p.h., flies at full throttle heading in a direction
N.E. The pilot finds that his actual direction is N. 29 E. and
his actual speed 219 m.p.h. Find the velocity and direction of
the wind.

19. Find the magnitude and direction of the resultant of two
forces of 2 tons wt. and 5 tons wt. in directions inclined at 110 to

each other.

20. Two sides of an acute-angled triangle measure 82 in.

and 9-9 in., and its area is 31-5 sq. in. Find the length of the third

side. [Hint. First find the angle between the given sides.]

21. Find the area of a regular octagon of side 4 cm.

22. A regular 7-sided polygon is inscribed in a circle of radius

3 in. Find its perimeter and its

area.

23. A hexagonal nut fits into a

| -in. spanner and screws on to a

i-in. bolt. Find the area of its

section.

24. A regular pentagon has an
area of 25 sq. cm. Find the length
of its side. Fio. 265.
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25* A gutter whose cross-section is an arc of a circle is 2 in.

deep and 6 in, wide across the top (Fig. 266). Find the area of
its cross-section.

26. A straight tunnel for an underground railway is to be 600 yd.
long and its cross-section is to have the dimensions shown in

Fig. 267. Find the volume of earth to be excavated.

FIG. 266. Fio. 268.

27. Find the area of the metal plate in Fig. 268, from the
dimensions given, using the formula on p. 315.

28. Draw Fig. 268 to scale. Measure the other diagonal and
the angle between the diagonals, and calculate its area from the

formula on p. 317. Compare this with the value obtained in

Question 27.

Solution of triangles

A triangle can be constructed if certain of its parts are given,
such as its three sides, or two sides and the included angle,
or one side and two angles (see Part I, Ch. XI). When three

such parts are given the remaining three parts can be found
either graphically, by drawing the triangle, or more accurately

by calculation, using the sine and cosine rules. We usually

speak of this as
"
solving

"
the triangle.

The cases in which it is possible to solve a triangle are set

out below.

I. Given the three sides

The angles can be calculated from the cosine rule.

It is only necessary to calculate two of the angles in this

way, since the third angle can then be found from the fact

that the sum of the three angles is equal to 180. The student
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may, however, prefer to calculate all three angles and to use

the fact about the angle-sum being equal to 180 as a check.

Example. Solve the following triangle : a = 6-3 in.,

6 = 2-9 in., c = 8-2in.

fr2 + c2_ a2 841 4- 67*24 -39-69
008 Amm

C = 180 - (A + B) - 180 - 58 25'

=121 35'.

a2 + 62 - c2 39-69 + 8-41 - 67-24
[or e^^--..,

2x6 .3x2>9

19-14

Since cos C1

is negative, the angle (7 is obtuse.

/. C = 180 - 58 25' - 121 35'.

Chetk:

As an alternative method, having found one angle by the
cosine rule, we may then find the second angle by using the

sine rule, which is more suited for logarithmic calculations.

Care must be exercised however in finding angles from the
sine rule, since an angle and its supplement have the same
sine ; so that, if we are given the sine of an angle, there are

11
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two angles, each less than 180, having that mne, one acute

and the other obtuse. We have then to decide in some way
which is the correct angle to take. We can avoid any am-

biguity by calculating the two smaller angles of the triangle,

as we know that they must both be acute, since a triangle
cannot have more than one obtuse angle (if any).

Thus, in the previous example, the smallest angle, being

opposite the smallest side, is B.

From the cosine formula, we find (as above) that B = 1 7 32'.

The next angle in order of magnitude is A (opposite the second

shortest side).

sin A a

a sin B
. sin A ma

.

o

6-3 sin 17 32'

2-9

/. A 40 52', since A must be

acute.

Then C - 180 - (A + B) - 180 - 58 24' 121 36'.

[The student should note that, having found log sin A,
which is 1-8158, we do not need to find sin A ; we simply
read off the angle A directly from a table of log sines.]

tin A 1-8158

a = 56 -ff cm.

Fio. 270.

II. Given one side and two angles

The third angle is found from the fact

that the sum of the angles is equal to

180. The two unknown aides are then

calculated from the sine rule.

Example. Solve the following triangle :

a = 56-8 cm., A 48 37', JB-83 15'.
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C- 180 - (A + B) - 180 - 131 52' ~4S 8'.

a Afo.

^~^n~! 56-8 1-7543

. D sin 83 15' 1-9969
a sin a

~
8mA 1-7512

56-8 sin 83 T 5' sin 48 37' 1-8752

sin 48 37'

_ R _ 75-16 1-8760
75-16 cm.

c

sin A 56-8 1-7543

a sin (7 sin 48 8' 1-8720

"A

56-8 sin 48 8' .

4go r
sin 48 37'

Bm

56-37 cm. 56-37 1-7511

III. Given two sides and the included angle

The third side is found from the cosine rule, and one of

the other angles is then found either from the cosine rule or

from the sine rule. Here again, in using the sine rule, in order

to avoid ambiguity we find one of the two smaller angles,

which we know to be acute. The third angle is the supple-
ment of the sum of the other two.

Example. Solve the triangle for which 6 = 119-2 ft.,

c 35-6 ft., A =26 16'.

a2 = 62 + c2 - 2bc cos A No. Log.
119-2 2-0763

f-7610

-7866 cos 26 16' 1-9526

a =2= 88-7 ft.

3805 3-6803
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The two smaller sides are c and a, and hence the two smaller

angles are C and A. Since A is given we shall calculate C.

sin C c

. sinA a
. . No. Log.

A sin c=^^ 35-6 1-5514
a

sin 26 16' 1-6460
35-6 sin 26 16' _

*
8&7 1-1974

/. = 10 14', since C must be 88 '7 1<9479

acute.

-IW-M+
180 - 36 30' 143 30'.

IV. Given two sides and a non-included angle

In this case there may be two possible solutions, i.e. there

may be two triangles satisfying the given data. It is usually

easy to decide whether there are two solutions or only one by
drawing a rough figure. The following examples show how to

proceed.

Example. Solve the triangle given that a = 7*2 in.,

6 11-3 in., A -34.

If we try to draw the figure we find that there are two

possible triangles, viz. ACBl and ACB2 in Fig. 272.
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c

325

or B = 180 - 61 23' = 118 37'.

In Fig. 272, CB^A -61 23',

(i)If JS = 6123',

= 118 37'.

sin 34
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(ii) If JS =

Also

There are therefore two possible solutions, viz. :

= 61 23', C - 84 37', c=> 12-8 in.,

or # = 118 37', (7-27 23', c5-92 in.

Example. Solve the triangle given that b =21 ft., c = 16 ft.,

C
2
V a

Fio. 273.

Drawing the figure in this case, we find that there is only
one possible triangle, viz. the triangle ABO^ in Fig. 273.
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sin G c

sin B b

csin B
sin (7 =

b

16 sin 50

21

:. G -35 42'

or G - 180 - 35 42' = 144 18'

If G = 35 42', A = 180 - (B + G) - 180 - 85 42' 94 18'.

If C - 144 18', 4 = 180 - (B + C) - 180 - 194 18' = - 14 18',

which is impossible. Thus the latter value of C is impossible,
and there is only one solution.

The fact that there is only one solution will always reveal

itself in this way, even if we do not draw the figure.

There is therefore only one solution, viz.

C - 35 42', A - 94 18', a - 27-3 ft.

NOTE. In both the examples above, the given angle is

acute. If the given angle is obtuse, then the angle found from
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the sine formula must be acute, since a triangle cannot have

two obtuse angles. In that case therefore there is only one

solution.

If the given angle is acute, a comparison of Figs. 272 and 273

shows that there are two solutions or one solution according
as the ide opposite the given angle is less or greater than the

other given side. There is one exception to this rule, viz.

when, in Fig. 272, BI and B% coincide
;

in that case there is

only one triangle, which is right-angled at B.

Alternative method of solution, by dividing into right-angled

triangles

It might be pointed out that while the methods for solving

triangles given above are the most direct, any triangle can be

solved without the use of the sine or cosine rule, by dividing
it into two right-angled triangles as shown in the examples
below.

Example. Solve the triangle for which

b = 119-2 ft., c = 35-6 ft., A =26 1C'.

[Compare p. 323.]

Draw BN perpendicular to AC.

Then A' AB$> ^BN are both right-angled triangles.
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No. Log.
8in26 16' 35 .6 I.MM
35-6 sin 26 16' sin 26 16' 1-6460

1616
p 15-75 1-1974

-cot 26 16'
P 15-75 1-1974

=p cot 26 16' cot 26 16' 0-3067
= 15-75 cot 26 16'

31-93 4JV =31-93 1-5041

..OJy-119.2-31-98-87.27

Hence 87-27 1-9408

p 15-75 _=_
6W 87-27 tan C 1-2566

10 14'.

15-75 1-1974

8inlO14' 1-2496

P
15-75

/. a =*p cosee
17=^

- 88-67 =^= 88-7 ft.

Example. Solve the following triangle: a = 56-8 cm.,
4 J*QO O'?' JT> QO^ 1 K. fA 48 37 , JD=83 15.

[Compare p. 322.]

A.

B a = 56-8 cm C
Fio. 275.

11*
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Draw BN perpendicular to AC ; let BN**p.

No.
56-8

sin 48 8'

- 180 -131 52' 48 8'

P n
sol*

8" 8111

/. p =56-8 sin C 56-8 sin 48 8' p - 42-30

-42 '30 ~~^~
cos 48 8'

37-90.'. ON ~a cos C = 56-8 cos 48 8'

- 37-90

AN
Also - cot 48 37'

P
;. AN =42-30 cot 48 37'

- 42 30 tan 41 23'

- 37-27

- 37-27 +37-90

= 75-17 cm.

Finally
-= cosec 48 37'

;. c = 42-30cosec4837'
42-30

42-30

tan 41 23'

37-27

42-30

sin 48 37'

60-37

Bin 48 37'
= 56-37 cm.

Log.
1-7543

1-8720

1-6263

1-7543

1-8244

1-5787

1-6263

1-9450

1-5713

1-6263

1-8752

1-7511

Exercise XLI

Solve the following triangles by calculation. Alao draw the

triangles accurately to scale and measure the remaining sides and

angles, and compare the results with those obtained by calculation.

1. a6-7 cm., 6=6 cm., c4 em.

2. a1
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3. 6 = 3in., .4=32, (7= 74.

831

4. e= 28 ft., J3

5. a=2-3 cm.,

6. a=101 ml.,

7. 5= 3-5 in., c

5, (7 = 106.

3-f> cm., C = 60.

78mh, # = 11 25'.

: in,, 25 = 52.

8. a = 6 cm., 6= 5 cm., A 77 42'.

9. a= 1 ft., c= 2 ft., (7= 135.

10. Find, by calculation, the remaining sides and angles in the

triangles in Fig. 276.

son.

(HI)

FlO. 276.

11. IfA 62, B * 37 30' and 6- 40 ft., find e.

12. Find the area of the triangle DEF in which DJET 1-6 in.,

35 andl>FJE?124 .

13. In a triangle PQR, P<?=15 cm., P#=17 cm. and

^P=43 30' ; find the angle Q.

14. ABC is a triangle of area 18 sq. in., and .41? = 5 in.,

BG = 9 in. Find the angle ACB.

15. DEF is a triangle of area 41 sq. yd., and ^.#=17%
DE * 15 yd. Find the lengths of the other sides.

16. A weight is suspended from a ceiling by two chains,

of lengths 2 ft. and 4 ft., attached to points in the ceiling 5 ft.

apart. Find the distance of the weight below the ceiling.
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17. A mechanism, shown in Fig. 277, consists of two pistons

which slide in cylinders whose axes are inclined to each other

at 120, and a connecting-rod 3 ft. long. Find OB when OA 2ffc.

If the least and greatest distances of A from O are 2 ft. and
2 ft. 6 iu. find the travel of the piston B.

FIG. 277.

18. The mid-points of the legs of a step-ladder are connected

by a rope 3 ft. 3 in. long. When the ladder is fully opened out
the legs make angles 54 and 73 with the horizontal. Find the

length ofeach leg of the ladder.

Harder problems

Example. A surveyor, using a theodolite mounted at the

top of a stake AC which is 4 ft. 9 in. high, observes the

angles of elevation of two marks D and E on a vertical pole at

B to be 12 40' and 9 15' (Fig. 278). The marks are 2 ft. 6 in.

apart, and the lower one is 3 ft. in. above the ground. Find
the height of B above A.

FIQ. 278.
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Draw CF and AG horizontal, cutting the vertical through B
in F and G. Then FG=CA =*4 ft. 9 in.

Required height
=BG = BF+4ft. 9in.(J.F-3ft. Oin.)+4ft. 9 in.

=EF + 1 ft. 9 in.

Now EF^EC sin 9 15', and we can find EG by applying
the sine rule to &CDE.
For CDE - 90 - 12 40' = 77 20',

and DCE = 12 40' - 9 15' -3 25'.

EC Z># 2-5
'"'

sin 77 20'
=

sin 3 25' "sin 3 25'

2-5 sin 77 20'
'*' EG ~

sin 3 25'

2-5

sin 77 20'

sin 9 15'

2-5 sin 77 20'. sin 9 15'

sin 3 25'

6-58 ft. si

A** n-6 ft. 7 in.

.*. Height of B above A

Log.
0-3979

1-9893

1-2061

1-5933

= 6ft.7in.+lft.9in. ^3<>25' 2-7752

8 ft. 4 in. 6-579 0-8181

Example. The roof truss represented in Fig. 279 has the

dimensions shown. Find the length of AE.

FIG. 279.
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From symmetry C is the mid-point of BD.

:. EC - 13 ft. 6 in.

^
=180 -(65 +40)

*75

13-5
/. In &ABC,

13-5 sin 65
* -4^*= __ neo

"

sin 75

Since .4J is parallel to EC,

:. In the isosceles &ACE, ]$o%

AE=2ACeosEAO 27

sin 65 1-9573

^ 2 x
13 '58in

f x cos 40 cos 40 1-8843
sin 75

27 sin 65 cos 40 1'2730
B

sin 75 sin 75 1-9849

-19-41 ft. 19 .41 1.2881

NOTE. ^In this example the known length, JBCf

, and the

required length, AEy are sides of different triangles, so that

we cannot apply the sine rule directly. We therefore use the

common side of those two iria i

itrl<^, viz. AC, as a
"
link

"
to

pass from one triangle to the other.

Example. An aeroplane is sighted simultaneously from
two stations A and By B being one mile north-east of A.
To the observer at A the aeroplane appears due north at an
elevation of 34 ; to the observer at B it appears in a direction

K 72 W. Find the height of the aeroplane.
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.N

835

FIG. 280.

In Fig. 280 represents the aeroplane and C is the point
on the ground vertically below 0.

ACB = alternate angle CJBD**12\

.\ ABC - 180 -
(45 + 72) - 63.

AC AB I

sin 63 "sin 72 "sin 72

sin 63
'"4C=

sin"7?'

In &ACO, the angle at C is a right angle,
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Exercise XLII

1. A ship eights two lighthouses both due North. After

steaming 5 miles due East their bearings are N. 60 W. and
N. 36 W. Find the distance between the lighthouses.

2. A rod 6 in. long rests at an inclination of 18 to the horizontal

across a groove formed by two planes each inclined at 54 to the

horizontal (Fig. 281). Find the height of the lower end of the

rod above the bottom of the groove.

3. A tower stands on a hillside which may be regarded as a

plane of inclination 16 to the horizontal. The elevation of the

top. of the tower from one point on the hillside is 20, and from a

point 100 yd. farther up the hill towards the tower the elevation

is 28. Find the height of the tower.

Fio. 281. Fio. 282.

4. The dimensions of a four-bar linkage are shown in Fig. 282.
Find the angle <f>

when = 45.

[Hint. Join BD and find the angles BDA, BDC separately.]

5. The elevation of the top of a wireless mast from one window
of a house is a. From a window a distance h higher up, in the
same vertical line, the elevation is p. Show that the height of the

top of the mast above the level of the first window is h : ;
~

.^ sin (a
-
P)

Calculate this height when h = 20 ft., a = 30. p = 22.

6. Find the lengths of the three unmarked members of the
framework in Fig. 283.

Fio. 283.
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7. To find the distance of a landmark O from a point A from,

which it is invisible, a surveyor takes readings from two points
B and C from which it is visible. His measurements are recorded
in Fig. 284. Find the distance of O from A.

*- - - - 400yd x- - SOOyd. - -

Fio. 284

8. A man at A wishes to find the distance between two pointe
P and Q (Fig. 285) on the opposite side of a river which he cannot
cross. He walks a measured distance to a point B and observes
the angles BAP, BAQ, ABP, ABQ, Show how he can calculate
the distance PQ from his measurements.

Fio. 285.

9. A steamer is observed from the top of a cliff 530 ft. high to

bear S. 23 W. at an angle of depression 4 30'. Four minutes
later it is observed in a direction 8. 41 . and the angle of depres-
sion is then 6 12'. Find the course and speed of the ship
(assumed constant).

10. A man making a geographical survey wishes to find the

height ofa point B above his station at A, but the ground between
A and B is impassable. He therefore chooses a second station O
and makes the following measurements : elevations of B and C
from A, distance AC, bearings of B from A and (7. Show how
he can calculate the required height from these data.

11. Use the sine rule to prove the theorem on p. 128, viz. that
the bisectors of an angle of a triangle divide the opposite side in
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the ratio of the sides containing the angle. [Hint. Use AX9 or

AY (Fig. 52), as a link between the triangles containing the

required sides.]

Miscellaneous Exercise

1. A vertical mast 50 ft. high stands on a hillside, of inclination

12, facing North. Find, to the nearest inch, the length of its

shadow when the Sun is due South at an elevation Sl.

2. A ship steaming due East is seen 6 miles away in the direction

N. 50 W. Ten minutes later it is observed in the direction

N. 30 W. Find its speed.

3. The floor of a hall is octagonal in shape and its area is

3000 sq. ft. Find the length of each side.

4. A man wishing to go from A to B can either cycle along a

straight path which runs direct from A to D or go by car along
a main road which runs in two straight parte AC, CB (Fig. 286).
If he can cycle at 8 m.p.h. and his average speed by car is 25

i., which is the quieter way ?

6. P9 Q are two landmarks on a straight road, P being J mile
due West of Q. A house bears S. 67 E. from P, and S. 42 W.
from Q ; find, to the nearest yard, its distance from the road.

6. Find, to the nearest inch, the lengths of the members AD
and BD in the framed structure shown in Fig. 287,

FIG. 286. Fio. 287.

7. A cylindrical boiler, 12 ft. in. long and 5 ft. in. in diameter,
has two furnace tubes, each 1 ft. 3 in. in diameter, running through
it (Fig. 288). Find the volume of water (in gallons) required
to ail the boiler to a depth of 4 fit. in. [1 ou. ft.=2= 6-23 gallons.]
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8. Two ships leave the same port at the same time. One
steams at 12 knots in the direction N. 60 E., the other at 16 knots
in the direction S. 75 E. How far apart are they 3 hours later,

and what is then the bearing of the second ship from the first ?

[1 knot =a speed of 1 nautical mile per hour ; 1 nautical mile
=^1-15 statute miles.]

9, A circular railway track is to be constructed so as to pass
through three points A, Bt C. If #C64 yd., CM = 35 yd.,
AB = 82 yd., find the radius of the circle.

[Hint. If O is the centre of the circle circumscribing a triangle

ABG, and ON is perpendicular to BC (Fig. 289),

BON = | BOG = \(2BAC)-BAG.
BN /^

sin A.

BN a

"sia^l"~2 sin A'

FIG. 288. Fio. 289.

10. Two anti-aircraft batteries, P and Q, are six miles apart,
<j being due North of P. An aeroplane, flying horizonally, is

observed from P at an elevation of 40 due Noi-th, and at the
same instant from Q at an elevation of 27 South. One minute
later it is observed from Q at an elevation of 70 due South. Find
the speed of the aeroplane.

11. Solve the triangle ABC given that #= 30, o4-4 in.

fe-f c = 6'6 in.

[Hint. If BA is produced toD so thatAD =AC (Fig. 290), then

The angle D can now be calculated, and A*=
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Fio. 290.

12. In the "
quick-return motion '* shown in Fig. 291, PQ is a

rod 1 ft. 6 in. long whose end P describes a circle of radius 3 in.,

while its end Q moves along a straight guide distant 10 in. from
the centre of the circle. Find x when = 130.

- x

Fia. 201.



CALCULUS

CHAPTER XV

DIFFERENTIATION

One of the most powerful methods in modern mathematics
is that of the calculus, the ideas of which were conceived by
Archimedes in the third century B.C. By dividing a segment
of a parabola into thin strips and adding together their areas,

he found an approximation to the area of the segment. He
then obtained closer and closer approximations by taking
more and thinner strips. By this method of exhaustion he

found the area of the segment exactly.
About 1586 Stevinus of Bruges used a method similar to

that of Archimedes to find the thrust of a liquid on a surface,

and a little later a Jesuit priest, Cavalieri, extended the

method to find the volumes of solids. The methods used by
these mathematicians to find the whole area, or volume, by
dividing it up into small parts is now called

"
integration,"

i.e. finding the whole.

In the beginning of the seventeenth century the French

mathematician Fermat considered the ratio of infinitesimaUy
sniall increments and so laid the foundation on which Newton

(1642-1727) and Leibniz (1646-1716) later built the theory of
"
differentiation

"
or finding rates of change from the ratios

of small differences. It was due to the genius of Newton and
Leibniz that a great advance was made. Newton conceived

the idea of continuous change, and rate of change at an

instant or flux, and he described his new subject as
"
fluxions."

341
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He found that his knowledge of rates of change could be

applied to calculate areas and volumes, that is to perform
integrations, much more easily than by the method of ex-

haustion described above. Leibniz discovered the method of

differentiation about the same time and we are specially
indebted to him for his notation, which is essentially that

now hi general use.

In the last two centuries calculus has been developed to

such an extent that it is now used to deal with problems in

every branch of technical science.

Tank filling at a constant rate

Suppose water starts to flow into an empty tank at a con-

stant rate of 2 cu. ft. per min. ;
then after t min. the volume

of water in the tank is 2t cu. ft. If we call this volume V cu. ft.,

V = 2t. The graph of this equation is a straight line through
the origin of gradient 2. Thus, the rate at which the water

is flowing in, or in other words, the rate of increase of V, is

equal to the gradient of the graph of V against t. In the same

way, if the tank had 3 cu. ft. in it when the water started to

FIQ. 292.
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flow in, the volume after t min. would be given by V2l-f-3.

This equation also has a straight line graph of gradient 2.

Thus, we see that, so long as the water flows in at a constant

rate, the graph of V against t is a straight line, and the rate

of flow, or the rate of increase of V is the gradient of the line.

The graphs of V 2t and V = 2t + 3 are shown in Fig. 292.

Tank emptying at a constant rate

If a tank has 6 cu. ft. of water in it and water flows out

at 2 cu. ft. per min., the volume V cu. ft. after t sec. is given by
V = 6-2J. Thus the graph of V is a straight line, but one

with a negative gradient -2. Hence, if we regard a rate

of decrease of V of 2 cu. ft. per min. as the same as a rate of

increase of V of - 2 cu. ft. per min., it is still true that the

rate of increase of V is the gradient of the graph of V against t.

The graph of V-6 -2Hs shown in Fig. 292.

We conclude that, if the relationship between V and t is

V *=at + b, V is increasing at a constant rate a.

Tank filling and emptying at a variable rate

The following table gives the volume of water, V cm. ft.,

in a tank, which was filled at a variable rate, t min. after the

water began to flow in. After a time a plug was pulled out

and the tank began to empty.

I min. .. i 1 1J 2 2J 3 3J 4

Vcu. ft. 2 6-60 8-90 11-16 12-05 11-00 8-60 5-45 1-20

Fig. 293 shows the graph of V against t. From t 1 to

t 1, V increased by (11-15
-
8-90) - 2-25, so that, if the water

had flowed in at a constant rate during this time, it would

2*25
have flowed in at =4-5 cu. ft. per min. If the water

z

had flowed in at a constant rate the graph of V would have been

the chord AB instead of the curve from A to B, and the con-

stant rate of flow, 4*5 cu. ft. per min., is the gradient of the

chord AB. This constant rate of flow is called the average
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(or mean) rate of increase of V in the time from t 1 to t 1 J.

Similarly, we find that, if we take an interval of time from

*1 to * = 1J, V increases by (9-60 -8-90) - 0-70, and for this

increase the water would have had to flow at a constant rate

of -I =5-60 cu. ft. per min., or the gradient of the chord AC.

Again, for a still smaller interval from t^l to = 1-05, the

water would have had to flow at a constant rate of
9-20 - 8-90

<M)6

=6*00 cu. ft. per min., or the gradient of the chord AD. Now
as we take shorter and shorter intervals of time we get chords

which are closer and closer to the tangent at A and the

corresponding constant rates of increase of V approach
the gradient of the tangent at A. For this reason we call

the gradient of the tangent at A the rate of increase of V
at the instant t 1. Notice that it is a rate which can never
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be measured exactly by using a stop-watch ; it can only
be approximated to by taking a very short interval of time,
such as ^th sec.

Therefore tlie rate of increase of V at any value of t

FIG. 294.

is the gradient of the tangent to the graph of V against t
at the point given by that value of t. The rate of increase of
V at the instant when the time is t may be denoted by V ;

this notation was introduced by Newton.
In Fig. 294 the graph of Fig. 293 is repeated and the tangents

at /0, i, 1, etc., are drawn. The increase of V along each



346 CALCULUS

tangent during f min. is read from the graph and entered in

the second line of the table below. The third line of the table

shows the values of V, which are the rates of increase of V,

and are obtained by dividing the increments of V in the second

line by J,

/ min. . .

Increase of V
along tangent
in min. . . 3*5

% 7 .Q

0-5 1-0 1-5 2-0 2-5 3-0 3-5 4-0

3-5 3-5 1-55 1-6 -2-7 -3-6 -4-8

7-0 7-0 3-1 -3-2 -5-4 -7-2 -9-6

Fia. 295.

After t= 2, V decreases and so its rate of increase and also

the gradient of the tangent are negative.

Fig. 295 shows the graph of V plotted from this table.

From this graph we can read the rate of increase of V at any
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instant, and find at what instant it is increasing or decreasing

at a given rate. For example, at t = If, V 1*6, so the water

is flowing in at 1-6 cu. ft. per min. Again, the water is flowing

out at 4-5 cu. ft. per min. when V = - 4*5, which is at t 2-8.

The graph of V is sometimes called the derived curve of the

graph of V.

Difference ratio

Let the volume in the tank be V cu. ft. after t sec., and
V cu. ft. after t' sec. In Fig. 296 P and Q are the points
on the graph given by t and t'9 and hence PK=MN~f -t

Time

and KQ NQ -MP = V' - V. As the time increases by f -
1,

or PK, the volume increases by V - V, or KQ.
.'. Average rate of increase of the volume in the time t' -t

V - V KQ
=,__ ^mr = gradient of the chord PQ.

t t Jt xv

V'-V
may be called a difference ratio because it is the

t *

ratio of the differences of the volumes to the difference of the

times.

The increase in the time from t to t' is written &, where
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the Greek letter 8 is used as shorthand for the words "
the

increase of." Thus,

t' - / St = the increase of t.

Notice that 8* does not mean 8 x t ; the 8 cannot be separated
from the letter that follows it, just as in a trigonometrical
ratio like sin 20 the word sin cannot be separated from the

20, being meaningless by itself.

In just the same way
V - V = 8V = the increase of V.

t t+5t Time

Fio. 297.

Fig. 297 shows the same curve as Fig. 206, but t and V
are replaced by t + 8t and V + 8V respectively.

V'-V 8V
.% the difference ratio ~ = -r-.

t t ot

Now if we take the time t' closer and closer to the time t,

that is take 82 smaller and smaller, the difference ratio (as we

have already seen on p. 344) approaches closer and closer to V,

the rate of increase of V at the instant when the time is f,

or the gradient of the tangent at P.

Leibniz suggested that, because the rate of increase of V at

8V
the instant t is obtained from the difference ratio TTT by taking
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8t smaller and smaller, it should be denoted by a similar

dV
notation, and so lie wrote -r- for V. Hence,

at

dV .

,V *the rate of increase of V at the instant t.
at

dV
The notation -T- is used more frequently than the dot notation

of Newton.

dV
Because is obtained from a difference ratio, when we

di

dV
find from V we are said to

"
differentiate

"
V, and, for

at

dV
reasons which we shall see in the next volume, -7- is called

at
"
the differential coefficient of V with respect to t

"
or

"
the

derivative of V with respect to t."

Velocity and acceleration

If a body moves a distance 3 in a straight line in a time t,

its velocity at the instant of time given by t is the rate of

ds
increase of 8, or in symbols, v s or -7-.

The graph obtained by plotting a against t is called the space-
ds

time or distance-time graph, and since v =
-j

the velocity at
dt

time t is the gradient of the tangent of the space-time graph
at the time t.

The acceleration of the body is the rate of increase of its

dv
velocity, namely v or ~. This is the gradient of the tangent

to the graph of v against t, which is called the velocity-time

graph.
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Example. If a body starts at a velocity of u ft./seo. and
its velocity increases at a uniform acceleration of / ft./sec.

2
,

find the velocity after t sec. What type of curve is the

velocity-time graph ?

Since the velocity increases/ft./sec. every second, it increases

ft. ft./sec. in t sec.

/. V = U +ft.

The velocity-time graph is the graph of this equation,
which is a straight line of gradient /.

Example. The lift s in. of a cam follower after t see. during
one revolution of the cam is given by the following table.

t .. 0-04 0-08 0-12 0-16 0-20 0-24 0-28 0-32

s .. 0-072 0-372 0-912 1-488 0-912 0-372 0-072

Draw a space time graph for the motion of the follower,

and from it draw graphs showing the velocity in ft./sec. and
the acceleration in ft./sec.

2
.

Fig. 298 (a) shows the space-time graph. From this graph

by measuring gradients the following table is constructed.

I .. .. O04 0*08 0-12 0-16 0-20 0-24 0-28 0-32

*<in./8CC.) 3-9 ll-l 21-0 -21-0 -11-1 -3-9

*<fUec.) 0-325 0-025 1-75 -1-75 -0-925 -0-325

From this table the velocity time graph in Fig. 208 (b) is

drawn. The acceleration time graph in Fig. 298 (c) is con-

structed in a similar way. Fig. 298 (b) and (c) show that the

follower starts with an acceleration of 7-5 ft./sec.
2

, moves
with increasing acceleration until $0*1; its acceleration

then diminishes but its velocity still increases reaching its

greatest value 1-75 ft./sec. at t =0-12. The curve in Fig. 298 (b)

is the derived curve of the curve in Fig. 298 (a), and the curve

in Fig. 298 (c) the derived curve of the curve in Fig. 298 (b).
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0-3 tfaecj

-60

FIG. 293.

Exercise XLIV

1. A racing motor car attains its full speed from rest in 48 sec.

and then covers a measured milo in 12 sec. Find in miles per hour

(a) its speed over the measured mile, (6) its average speed in

the first 48 sec., (c) ite average speed in the first 60 sec.



352 CALCULUS

2. When some water is being boiled its temperature rises from
15 C. to 100 C. in 10 min. ; rind the average rate of increase of

temperature in this time.

3. If a tank contains 40 gallons of water and the water runs
out at 4 gallons per minute, find the number of gallons (n) left

in the tank after t sec. Draw the graph of n against t. Express
the rate of decrease of n as a negative rate of increase.

4. The following table gives the space a ft. passed over by a

projectile in the bore of a gun in t sec.

a ..0 1*2 3-6 7-0 11-3 26

t ..0 0-002 0-004 0-006 0-008 0-01

Draw a graph of a against t, and from it deduce the graph of

a against t. State the muzzle velocity of the gun.

5. The following table gives the height in inches of two boys of

the same age at various ages.

Age .. 123456789 10 11 12

Height of A .. 3M 34-8 37-7 40-0 42-3 44-9 47-0 49-5 61-8 54-2 56-6 58-2

Height of B .. 30-9 33-0 36-0 37-6 40-0 44-0 49-0 62-7 66-3 56-7 68 59

Using the same axes draw graphs to show the heights of both

boys. Show that the height of one boy increases very nearly at a
uniform rate and find this rate. Estimate approximately (a)

during what time the other boy is growing faster than this boy,
(6) when he is growing fastest, (c) his fastest rate of growth.

6. The relation between the distance and time for an electric

tramcar starting from rest is given by :

Time in sec. ..0 10 20 30 40 60 60 70

Distance in ft. 41 170 410 680 905 1070 1195

Draw a distance-time graph, and from it deduce the velocity-
time and acceleration-time graphs (first and second derived

curves). Estimate the velocity and acceleration after 45 sec.

7. If a man's height is x in. after t years and increases 8x in.

in a further time &t year, at what average rate has his height
increased in the time St ? How would you express the rate of
increase of his height when he is exactly t years old ?

8. The velocity of a train in the first 90 sec. of its motion is

given by :

vft./sec. ..06 12-0 27-7 40-5 47-2 49-5 44-2 35-2 30 27-7

tsec. ., 5 10 20 30 40 60 60 70 80 90
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Plot a graph of v against t, and deduce from it the graph of -T>

which is the acceleration-time graph. At what time is the
acceleration zero, and at what time has the train (a) an accelera-
tion 1-1 ft./sec.

2
, (6) a retardation 0*4 ft./sec.

2 ?

9. When a condenser is being charged the charge on a plate,
Q coulombs, increases with the time t sec. according to the

following table :

t .. 0-01 0-02 0-03 0-04 0-05 0-06

Q ..0 0-04 0-0625 0-0775 0-0865 0-0920 0-0962

Draw a graph of Q against t, and assuming that the charging
dQ

current i amperes is given by *'= -^T> draw a graph of i against t.
at

What is the greatest value of i ?

10. T C. is the temperature of a body which has been cooling
for t sec. In what direction does the graph of T against t slope ?

rfT
What is the sign of -7- ?

11. The lift x in. of a cam follower after t sec. is given by the

following table :

2401 . . to 8 9 10 11 11-2 11-6 12-0 12-4 12-8 13 14 15 16 to 24
x ..0 0-1 0-25 0-66 0-76 0-95 1-0 0-95 0-76 0-66 0-25 0-1

Draw a space-time graph for the motion of the follower, and
from it draw velocity-time and acceleration-time graphs. At
what values of t is the velocity numerically greatest V Describe
theway in which the acceleration varies as t increases from to 1/10.

12. The following table gives the length of the day at intervals

of 28 days from Jan. 1. The unit for the time t is 28 days, and
/ is the length of the day.

I .. 1 2 3 4 5

I ..7h. 51m. 8h. 54m. 10h.35m. 12 h. 26 m. 14 h. 14 m, 15h.46m. 16 h. 23m,

t .. 7 8 9 10 11 12

i .. 16 h. 7m. 14 h. 35m. 12 h. 57m. 11 hr. llm. 9 h. 26m, 8 h. 6 m.

Draw a graph of / against t, and from it draw a graph of 7-dt

against t. At what time during the year is the length of day
(a) increasing most quickly, (6) decreasing most quickly ?

13. If a body is thrown up vertically at 80 ft./sec. its height
h ft. after t sec. is given by A==80<- 16J a

. Draw the graph of

h against t from t= to 5. Find the gradients of the tangents at

12
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*=0, |, 1, etc., and hence draw a graph of -r- against t. At what

d,h dh
time is

-35 equal to (a) 2 (6)
- 2 ? What is the meaning of

-j-

being negative T

Eate of increase with respect to other quantities than time.

Suppose that y is a function of x, that is, y is a quantity
whose value depends on the value of x. Let y increase by
Sy when x increases by Sx. Then the ratio of the increase in

y

x x + dx

FIG. 209.

y to the increase in x is r-. ThiB ratio is similar to the differ-
ox

8V
enoe ratio -57 on p. 348. V and t in Fig. 297 are replaced by

ot

y and x in Fig. 299. ~ is the gradient of the chord PQ in

8V

=
ox

Fig. 299, just as
-g-

is the gradient of PQ in Fig. 297.

%
Hence as Sx is made smaller and smaller, r- approaches a

value equal to the gradient of the tangent at P, and this is
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denoted by -r-. It ie
"
the rate of increase ofy with respect to x"

dV
just as is the rate of increase of V with respect to the time t.

It is also called
"

the differential coefficient of y with respect

to x "
or

"
the derivative ofy with respect to x."

Notice that the words
"
rate of increase

"
are used although

the variable x is not time. The words "
with respect to x "

show that the rate is not a time rate.

The following are examples of such rates of increase :

If a quantity of heat, Q calories, is required to raise the

temperature of one gram of a liquid from some given tempera-
ture to T centigrade, the rate of increase of Q with respect to

T is the specific heat a of the liquid at the temperature T, or

,
i

d
in symbols 8 ^Tp-

If a beam rests on supports at the same level the shearing
force S at a distance x from one end is the rate of increase of

dM
the bending moment M with respect to #, or S -r-.

CLx

Approximate method of finding a rate of increase from a table

of values

Pro. 300.
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If R and Q (Fig. 300) are points near to a point P on a graph,
such that the ordinate of P is midway between the ordinates at

R and Q, then, provided the curve does not bend sharply
between R and Q, the tangent at P is very nearly parallel

to RQ. In other words the rate of increase of y at P is nearly
the average rate of increase from R to Q.

This method of approximating to the rate of increase of

y with respect to x often enables us to find it directly from a
table of values of y and x, without drawing a graph, provided
that the table gives values at sufficiently small intervals.

Example. The following table, taken from steam tables,

shows the volume V cu. ft. of 1 Ib. of saturated steam at a

pressure of 100 Ib. per sq. in. for values of the temperature T C.

from T = 190 to 260. From the table find the value of ,

the rate of increase of V with respect to T, at T -200, and also

dV
tabulate the values of -pr at T = 195, 205, 215, etc. [In this case

al

the coefficient of expansion of steam at constant pressure is

given by
dV]
3fJ-

T .. ., 190 200 210 220 230

V.. .. 4-7690 4-8901 5-0101 5-1289 6-2467

dV
The value of at T=200 is nearly equal to the mean

rate of increase of V from T = 190 to T =210.

atT.. at 1
T

0-2411
_ry - - r~

20

- 0-01205.

Thus the coefficient of expansion of the steam at 200 C.

is 0-02105 cu. ft. per degree approximately.
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The work of calculating at T * 195, 205, etc., which are
oT

midway between the values of T given in the table is best set

out as below :

In this table the number 0-1211 in the third column is the

increase in V, namely (4-8901 -
4-7690), in the 10 from T => 190

to T = 200. The number 0-0121 1 in the last column is obtained

by dividing 0-1211 by 10, the number of degrees. This gives
the average rate of increase from T = 190 to 200, which we

dV
take to be the value of -==. at T = 195.

ai

Exercise XLV

1. Draw a graph of y from the following table, and hence draw
dy

a graph of -~ against x.

x ..11-62345678
y ..10 7-6 6-5 6 6-25 6-8 7-5 8-43 9-25

dy
Find approximately the values of x at which (a)

-~- =
J,

2. Draw a graph of y= x 2 from x~0 to 4. Measure the

gradients of the tangents at 0, i, 1. . . . and hence plot the

values of -r against a?. Verify that the plotted points lie on a
ax
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straight line through (0, 0). Draw this straight line and find the

expression of which it is the graph.

3. The following table gives the distance y in. moved by a piston
of a motor car engine while the crank rotates through degrees.

dyDraw a graph of y against 6 and find from it the values of TQ at

= 30, 90 and 120 respectively.

6 .. 15 SO 45 60 75 90 106 120 135 150 165 180

y .. 0-77 0-83 1-02 1-30 1-60 2-07 2-46 2-83 3-16 3-43 8-02 3-74 8-77

4. The weightW Ib. of a cubic foot of distilled water varies with
the temperature T C. according to the following table :

T .. ..0 4 10 20 40 60 80

W .. .. 62-34 62-35 62-33 62-23 61-87 61-31 60-89

Draw a graph of W against T and hence draw a graph of -==7

against T.

5. Plot a graph of the formula for the volume of a sphere,
V = firr

3
, from r= to 2, taking values of r at intervals of J.

dV
From the graph find the values f "7* at r= 1 and r = 1 -5.

6. From a table of logarithms to base 10, log 2-1=0-3222,

log 1 '9 = 0-2788. Find from these the approximate value of the
rate of increase of loglt x with respect to x when x = 2.

7. An alternating current i amperes is given by i 10 sin 200Z,

where the angle is in radians. Calculate the values of i at t = 0-0048
di

and t= 0-0052, and deduce the approximate value of -r at t = 0-005.
do

8. From a table of tangents find the values of tan 44 and

tan 46, and deduce the approximate value of at x = 45.
ctx

9. Use the formula a 2 -6*= (a-f 6)(a-6) to factorize

d(x*)
2-01 1 - 1'99* and deduce the approximate value of

-^
at x 2.

d(x*)
In the same way find the values of -^- at x= 3, 4, 5 and 6, and

compare the values obtained with the values of 2x.

10. From a table of sines of angles in radians find the value of

disin x radians)
-* ^

'
at a; = 0, 0-2, 0-4, 0-6, 0-8, 1-0, 1-2, 1-4, and verify
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that the values obtained are very nearly equal to the correspond-
ing values of cos x.

11. From a table of the values of log^ x find the values of

-~ at x = 1, 2, 3, 4 and 5 and verify thai the values obtained

are nearly equal to the corresponding values of .

To find the rate of increase of y with respect to x when y is a

given function of x

We have seen on p. 343 that if V = at -f ft, the rate of increase

dV
of V with respect to t is a, or =a. In the same way,

dt

dy
if y=*ax+b t -r- a. We will now consider how to find the

dx
rates of increase of some other simple functions.

Rate of increase of y when y =^x*

Fig. 301 shows the graph of y
x =2 +A, where h is any number.

At P, a; = 2, and at Q,
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/. MP = 22 and NQ <= (2 +W
:. increase in y =KQ =

(2 + A)
2 -22 = 4 + 4A + h* -4

and the increase in x is A,

increase in y KQ 47* + hz

increase in x PK h

Now whatever value h has, except zero,*

4^+7*2
7 =4+7*.
A

Hence by taking h smaller and smaller the ratio of the incre-

dt/
ments becomes nearer and nearer to 4. Now the value of -~

dx

at x=2 is the number which the difference ratio approaches
as Q approaches P, that is, as h approaches 0. Therefore,

dy
at x = 2, 7- = 4. This is the exact value of the rate of increase

dx

at x =2, not an approximate one, as in the case of a rate

obtained graphically.

x x+h

FIG. 302.

* If we put &=0 in - we get -, which has no meaning.
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Now put x instead of 2, and consequently (x+ A) instead

of (2 -f h) as in Fig. 302. Then

increase in y = (x + h)
2 -

increase in y 2hx + h2

increase in x h
--2x+h,

provided h is not zero.

Now, in the same way as when x was 2, the difference

ratio can be made as near to 2x as we like by making h small

enough, and so the rate of increase of y at the value x is 2x.

.\ if y = x2
,

2x for every value of x.

dy
In obtaining we have used h for the increment in x,

CLX

instead of Sx, because the work is easier to follow. We now
write out the same equations, using Sx instead of h.

~z2 = o;
2 + 2x . Sx + (S*)

2 -*

By 2x .S
and

ox

As Sx is made smaller and smaller
^-

becomes closer and

closer to 2x9

dy
:. ~=2x.

ax

If y =a;2
, where a is a fixed number,

8y = a(x + Sx)*
- ax* - a{ (x + 8x)*

-
x*}.

We have seen above that

(x 4- Sz)
2 - x2 = 2x . Sx + (Sx)*

. Sy a{2x.Sx +
-

Sx
"

Sx

12*
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Making Sx smaller and smaller the difference ratio

approaches a x 2x,

dii

.\ -~=
dx

Notice here that the factor a can be written outside at each

step, so that the rate of increase of ax2 with respect to a: is a

times the rate of increase of x2
. Just as ax2 is a times a;2

, so

ax2 increases a times as fast as x2 .

Example. The area A of a circle of radius r is given by
dA

A=7rr2
. Find .

dr

In the formula A=7ir2
, A, r and TT take the place of y, x

dA
~r-
dr

H the radius of a circle increases from r to (r 4- 8r) as in

Fig. 303 the area increases by a

circular strip of width Sr, and
the area of this strip is the differ-

ence between the areas of the two
circles which is TT(T + Sr)

2 -Trr2 .

/. 8A =7r{r
2 +2r . Sr + (8r)

2
} -Trr2

- 77T2 + 277T . 8r + 7r(8r)
2 - rrr2

Fio. 303.
SA
8r

= = 2frr + TrSr.

This approaches 27rr as Sr approaches 0, and hence =*27rr.

If Sr is small in the equation 8A =27rr . Sr +7r(8r)
2

, the last

term is small compared with 2irr . Sr, so that 8A == 27rr . Sr.

The geometrical significance of this is that 27rr . Sr is the area
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the strip would have if it were a straight strip of width 8r
and length 2nr., which is the circumference of the inner circle.

The differential coefficient of -

*
I

Fig. 304 shows the graph of y -. P and Q are the pointsx
whose abscissae are x and x + h. From P to Q

1 1

This difference ratio approaches the value -
-5

as h ap-

proaches 0, and the value which it approaches is the value of

dii dii 1~ at P. Hence, - - at P.
dx dx xz

1

'

dy 1

Note that actually y decreases from P to Q. This is shown

by a negative increase.

The differential coefficient of x"

The rates of increase of ax* and - found above are specialx

cases of the general formula :

,

dx
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This formula is true for all numerical values of a and n

a proof will be given in Part III.

By putting n =2 in the formula we get :

dx

In the same way, since - ar-i,

. - _.
ax dx x*

These two results have been proved above.

d(ax
n

)

Examples. Using the formula for find the values of

d(4Vt)

dx ~dx~' dm '
dt

'

dx

dx dx

6 ' 8
)

,

- =
am

Example. When a certain gas expands adiabatically
the pressure and volume are related by the equation pv1** = 0,

dp
where C is a constant. Find and show that it equals
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Dividing the given equation by v1 *4
, p**Cv~1

'*,

-1-4C

Example. The candle-power C of a certain electric lamp
is related to the voltage V by the equation C2-5 x 10~7V4

.

Find the differential coefficient of C with respect to V and
calculate its value when (a) V =200, (6) C = 50.

Since C = 2-5 x 10-7V4

/. - 2-5 x 10~7 . 4V3

or the candle-power is increasing at lO^V8
per volt.

dC
When V - 200, = 10- x 200^ - 8.

ft V

When C =50, 2-5 x 10~7V4 50

/. V = \/2 x 102

=c=M89xlO = 118-9.

dC 10~6V4 200
Hence^ . 10-6 V3 - =-1-882.

Bate of increase of the sum of two expressions

If y*2a;
2 "f 5a:3 ~3x4

, when x increases by any amount
the increase in y

*

= increase in 2x2 + increase in 5x3 - increase in So;4 .

increase in y increase in 2x*
* *

increase in x increase in x

increase in 6#3 increase in 3a?4

increase in x increase in x



CALCULUS

This is true however small the increase in x may be, and
so it must be true when each difference ratio is replaced by
the rate of increase at x.

We conclude that the rate of increase of the sum of two or

more expressions is the sum of their rates of increase taken

separately.

Example. A body moves s ft. in t sec. where s I2t - ft.

Find its velocity at t = 0, 1, 2, 3.

Velocity -s --V~ T^ - 12 - 3<2.
e a/

Therefore the values of s are given by

The last value shows that at

towards its starting point.

the body is moving back

Exercise XLVI
1. If a body fall 8 ft. in t sec. from rest, a

(a) Find the average rate at which it falls in the first 3 sec.

arid also the average rate at which it falls in the
next second.

(6) Find the average velocity from t~3 to f = 3*l, and

(c) Show that the average velocity from J= 3 to <

is (96 + 16A) ft./sec., and from thia formula find the

average velocity from < = 3 to < = 3-0001 and from
<= 3 to 3-000001.
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2. Show that, using the same formula a= 16** as in Question 1,

the average velocity while the time increases from t to (t + h) is

(32J+ 16/i). Find the average velocities for h=* 0-01 and A* 0-0001.
What is the velocity after t sec. ?

3. If P and Q are the points with abscissae x and (x + h) on the

graph of y = Co; 2, find the gradient of PQ and the gradient of the

tangent at P.

4. If y 6ic
2
, what is the value of St/ when x increases by Sx ?

Find the value of ~- and deduce from it the value of -7- .

&c dx

5. If y
- find the value of Sy when x increases by 8x. Hence
x

dy
find the value of ~.

dx

6. If y~x* find the increase in y when x increases by h, and
hence find the ratio of the increase in y to the increase in a; in its

dy
simplest form. Deduce the value of -r-.

7. if y = ax -f b show that
^-

has the same value for all values

of Sx. What is the meaning of this ? What is the value of

*
t

dx

8. Find the rate of increase of a with respect to x by the same

method as in question 5.

d(x
n

)

In the following questions use the formula

dy
Find the values of -~- when y is :

dx y

9. 3ic
3

. 10. 4-2z 2
. 11. 90s 8

. 12. 2:e

13. 4z8 -7z* + 21.r-50. 14. 0-02a;-

Find the values of the following differential coefficients :

<ft
d<6'') M d^nS)

21
d<' lrl )

19'

~~dT'
20'

d
' Z1 *

dr
'
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24.
dl

' "
dp

27.
dt

dz

31. Find the gradient of the tangent to the curve y =x*-x
at x J and at a: = 1 J. For what value of x is the gradient of the

tangent zero ? Find the value of y at this point.

32. If a body is thrown upwards at 80 ft./sec. under gravity
its height h ft. after t sec. is given by A = 80*-16J 2

. Find its

velocity at t = 2 and t = 3. When is its velocity zero and how high
is it then ?

33. Find the gradients of the tangents to y = a?
1 -3a? + 2 at the

points where the curve crosses the axis of x.

34. Show that the rate of increase of the volume of a sphere with

respect to the radius equals the area of the surface of the sphere.

35. Find the co-ordinates of the points on the graph of

y = a;* - 3a;* + 6 at which the tangents are horizontal.

Maxima and minima

To find for what values of x the value of y is a maximum
or a minimum we have to find the values of x at which the

tangent to the graph is horizontal (as at A and B in Fig. 303) ;

dy
these are the values of x which make ~r =0. If the curve is

dx
below the tangent on both sides as at A, the value of y is a
maximum at A, whereas, if the curve is above the tangent
as at B, the value of y is a minimum.

dyNow just to the left of A the value of y is positive, and
cLc

just to the right of A it is negative.
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dy
Therefore y has a maximum value at A if 7- =0 at A, and if

ax

dy
-r- is positive just to the left of A, and negative just to the

right of A.

y

Fio. 306.

In the same way it can be seen that y has a minimum value

dy dy
at B if 7- =0 at B, and if -7- is negative just to the left of B,

dx ax

and positive just to the right of B.

Example. Find the greatest rectangular area that can be

enclosed by 400 yds. of fencing.

If one side of the rectangle is x yds. the length of a per-

pendicular side is (200 - x) yds. Hence the area A sq. yds.
is given by :

A =*(200 -re) ~2QQx -x*

^-200-2*dx

dA
/. -3- =0 when 200 -2z=0,

ax

from which x 100.

When x - 100, A - 100 x 100 = 10,000.

Fio. 306.
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dA
If a: is just less than 100, say 99-9, is positive, and if x

dA
is just greater than 100, j- is negative. Therefore, 10,000

ctx

is the maximum value of A.

Fig. 307 shows the graph of A against x.

A

10000

10O 200

FIG. 307.

Exercise XLVII

Find any maximum and minimum values of y, and sketch a

rough graph of y when :

4. y= *-6t. 5. y=l-2v + t>
2
. 6. y=r*-3r.

7. The bending moment of a certain beam at a distance x from
one end is given by M = %wx(l -x). Find its maximum value.

8. A closed tank is to be made with a square base to hold 40

gallons. If the edge of the tank is x ft., show that its surface area
n K , ft

8 ft. s is given by S=2a;I H--. Hence find its most economical
x

shape. [1 gallon of water occupies 0-16 cu. ft.]

9. The horse-power transmitted by a belt moving at v ft./sec.
wv*

is proportional to fv-- , where / Ib. wt./ft.
1

is the maximum

allowable stress in the belt, and w lb./ft.* is the weight per unit
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volume of the belt. If /= 23,800 and u;= 62, find the value of
v for which the horse-power is a maximum.

10. The powerW watts given to an external circuit by a battery
of internal resistance r and electromotive force E volts when the
current is i amperes, is given by W E-r* a

. If E 12, r 16,

find for what currentW is a maximum.

11. If y = 4ar # a
, find the least and greatest values ofy between

x~ 1 and x = 2-5.

12. If a beam AB of weight W Ib. wt. and length I ft. is clamped
horizontally at J$ and supported at A at the same level, its bendingW
moment M Ib. wt. ft. at x ft. from A is given by M -r(f e #*).

Show that M has a maximum value at x $l, and calculate this

maximum. Sketch a graph of M and use it to show that M is

numerically greatest at x = /.

CHAPTER XVI

INTEGRATION

To find the distance moved by a body from its velocity-time

graph

If the velocity v is uniform, the distance it moves in a time

t is vt.

The graph of the velocity

against the time is the straight
line DC in Fig. 308. In this

figure OB represents t, OD
represents v and hence the

distance moved vt is repre-

sented by ODxOB, which

is the area of the rectangle

OBCD. For convenience we
shall say that the distance moved is equal to the area

OBCD.

t

FlO. 308.
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Variable velocity

When a body is moving with variable velocity its velocity-

time graph is a curve, such as that in Fig. 309. Suppose we

require to find the distance it moves in the time AB from

l = a to / = &. Divide the area ABCD into a number of strips

by ordinates at equal intervals of t. During one of these

intervals, such as MN, the velocity is nearly uniform and its

value is nearly equal to PM throughout the interval. Hence

a M N 6 t

Fio. 309.

the distance the body moves in the time MN is nearly equal
to the area PMNK. Similarly, the distance moved in each

interval is nearly equal to the area under the dotted horizontal

line, and therefore, adding up the distances moved in the

intervals, the whole distance moved in the time AB is nearly

equal to the total area under the dotted lines. By dividing
AB into smaller and smaller intervals of time the total area

under the dotted lines approximates more and more closely
to the distance moved and also to the area ABCD bounded

by the t axis, the curve DC and the ordinates AD and BC,
which is called the area under the graph from t=a to J=6.
For this reason we conclude that the distance travelled in

the time from t a to t =6 is exactly equal to the area ABCD
under the graph of the velocity v from t = a to t = b.
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The following example shows how the distance can be

calculated.

Example. During the minute after the instant at which an

accelerating car has attained a velocity of 12 m.p.h. its velocity
is given by :

Time (sec.) ..0 10 20 30 40 50 60

Velocity (m.p.h.) 12 34 49 59 65 69 70

Find the distance it moves in (a) the whole minute, (b) the

last 20 sec.

VELOCITY-TIME GRAPH FOR MOTION OF A CAR

60

10 20 30 40

Fio. 310.

60 60 /

The work is simplified by first finding the velocity in ft. per
sec,

t (sec,) 10 20 30 40 50 60

t>(ft./sec.) .. 17-6 49-9 71-9 86-5 96-1 101-2 102-7
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From this table a graph is drawn in Fig. 310. The area

under it is divided into six strips by ordinates at intervals

of 10 sec. The ordinates at the middle of each interval are

shown by dotted lines. The area of each strip is nearly equal
to mid-ordinate x base.

/. Distance travelled in 1 min.

=area under graph from t =0 to t =60

^= 10{sum of mid-ordinates}

=^ 10(33-4 + 61 + 80 + 91-6 + 984 + 102-2}

== 10x466-6 ft.

=~: 4670 ft.

Abo, distance moved in last 20 sec.

=2= 10(98-4 + 102-2}

=^2010 ft.

Example. A mine cage drops for a time at uniform accelera-

tion and then slows up with uniform retardation. If it oomos
to rest after it has dropped 800 ft. in

25 sec. find its maximum speed.
Since the cage starts from rest at

uniform acceleration the velocity-time

graph is a straight line OA through
the origin until the cage stops acceler-

ating. Then, while the cage is slowing

o 25 "B 7
UP ^e vel city-time graph i8 another

FIG 311. straight line AB because the retarda-

tion is constant.

The maximum velocity V is the ordinate of A, and the total

distance travelled is the area under the graph, i.e. the area of

the triangle OAB. But the area of the triangle is |V x 25.

=
64ft./seo.
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Exercise XLVIII
1. The relationship between the time and velocity of a body is

given by :

t sec.

v ft./seo.

1

0-6

2

3

3

7-5

4
14

5

22*6

6

35*5

Draw a graph of v against t, and deduce the distance passed
over in 6 sec.

2. When a train is travelling at 40 m.p.h. steam is shut off and
the brakes applied. The following table gives its speed after
t sec.

t sec. 12 24 36 48 60
v m.p.h. -.40 30 23 20-4 14 12

How far does the train travel in this time?

3. A flywheel slowing down has speeds given by the following
table :

*mm
N. revs, per min.

1

320 200
2
116

3
60

4
23

Draw a graph of N against t, and from it find the total number
of turns the flywheel makes in

coming to rest. m P h

4. If the velocity-time graph
for the motion of a train between
two stations is OABC shown
in Fig. 312, find the distance
between the stations. Find also

the acceleration in ft./sec.
2 while

the train is getting up speed.

Space-time graph from the velocity-time graph

The following table gives the velocity, v miles per hour, of an
electric train as it goes from one station to another at t her.

after it has left the first station. The first line gives the values

of 602, which is the time in minutes.

60* .. 1 2 3 4 5 6 7 13 14 15 16

v ..0 39 47 52 54 55-7 56 50 43
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From 7th to 13th minute the velocity is constant, so that

this part of the graph of v is a straight line. Fig. 313 shows

the graph of v. The area under it is divided into strips by
ordinates at intervals of one minute.

VELOCITY-TIME GRAPH FOR AN ELECTRIC TRAIN

FIG. 313.

The distance in miles travelled in the first minute is the

area of the first strip, i.e. it is represented by this area.

The following table gives the mid-ordinates of the strips in

miles per hour, the distance travelled in each minute (except
from t--o to J=f where the whole distance travelled in

Sihis time is given), and in the last column the distance travelled

in the first t hr. In this column :

the distance from t =0 to t=^ =0-217 +0-533 =0-750.

Also : 1-473 = the distance from t =0 to t=^
(distance from t = to t = -

6%) -f (distance from t =-^ to t = ^-)

0-750 +0-723 1473.
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t hr. Mid-ordinate Distance Distance in
in m.p.h. travelled (ml.). t hr.

377

From this table a graph of the distance travelled is plotted

against t ;
it is the thick curve in Fig. 314. This graph can

be used to find how long the train takes for any given distance ;

e.g. when the distance is 9 miles, =
(11*25/60), so the train

takes (11-25/60) hr., i.e. 11 min. for the first 9 ml.

If the distance from the first station is s ml., then this is

the graph of s against t, but instead of s being measured from
the station it might be measured from a station two miles

farther back, then the graph of a is the dotted curve in Fig. 314,

which is 2 units above the other curve. 9

da
Wherever s is measured from, v = and hence the area

at

da
under the graph of -r- for any interval of time, say from

dv

t a to tb, is equal to the increase in the value of s from

t =a to 2=6.
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SPACE-TIME GRAPH FOR AN ELECTRIC

s : :".T! :

FIG. 314.

Integration

By dividing up the area under the velocity-time graph into

a large number of very small parts we have seen that the dis-

tance travelled is exactly equal to the area under the velocity-
time graph. This process of calculating the value of a quantity

by dividing it up into a larger and larger number of smaller

and smaller parts is called integration. Just as the word
"
integer

" means " whole number/' so
"
integration

" means

finding the whole from the sum of the parts. This method was
first used by Archimedes, who lived in Syracuse from 287 B.C.
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is nearly '., to find the volumes of a sphere and a cone, and to

under Jther similar problems.

The relationship between differentiation and integration

da
We have seen that the area under the graph of -7- for any

interval of time, say from t=*atot=*b, is the distance travelled

by the body in that time or the increase in the value of 8 in

that time.

fa
Thus the graph of is found from the graph of s by measur-

es

ing the gradients of tangents, or differentiation, and the graph
ds

of s can be found from the graph of ~ (provided we know the

value of s at $=0) by adding up areas, or integration. The

graph of 8 is called an integral curve or sum curve of the graph
of*.

Integration with respect to any variable

If we write z in place of s and x in place of t the differential

ds dz
coefficient becomes -=-, and hence the area under the

dt dx

dz
graph of -r- from x~a to xb equals the increase of z from

x=a to x =6. We will consider below the special case of

The area under the graph of 3*2 from #=a to #=!>

dz
If z=a;3 , -7- =&r2

. Fig. 315 shows the graph of x* above

the graph of 3x2 . The area under the graph of 3x2 from

x=*a to x*=b is divided into a number of strips by ordinates

at equal intervals of x. Ordinates are also drawn to the graph
of a:3 at the same intervals. Consider the area of one of the
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from

strips PMNQ under the graph 3x2. Since =ase of

ordinate MP is equal to the gradient of the tangent at p 011

the graph of x3
, which is approximately -7 .

.-. the area of PMNK =MP x MN
kq

^MN XMN

Thua each of the steps similar to kq along the graph of xa

/
/

Q/
P/. K

D/.

a M N

Fio. 315.

b x
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is nearly equal to the area of the corresponding rectangle
under the graph of 3x2 .

Hence, by addition, GF, the total increase in a;3 from E to F,
is nearly equal to the sum of the areas of the ivrn'ijjlo* below
the dotted lines in the lower graph.

If the intervals are made smaller and smaller this approxima-
tion becomes more and more accurate. Hence we conclude

that the area ABCD under the graph of 3x2 from x**a to

x=b is exactly equal to GF, the increase of a:3 as a: increases

from a to 6.

But at E, x3 -a3
, and at F, a:3 -63

.

.'. area under the graph of 3x2 from x a to x =& is (6
3 - a8),

is written as short for the words "
the increase of

xs from x**a to x = 6." Using this notation, the area under
the graph of 3x2 from x = 1 to x = 2

- a:3 =23 -l 3 = 7.

Example. Find the area under the graph of a:3 from x =2
tox=4.
The differential coefficient of x4 is 4x3.

dz
'

dx

/. area under the graph of x3 from x = 2 to x =4.

J2

Every expression such as Jx
4 + 7, Jx

4 -O3, 120 + }x
4

obtained by adding a constant to Jx
4 has the same differential

coefficient as Jx
4

, namely x3
. Every such expression is

included in Jx
4 +c where c is any constant whatever. Thus

we could write :

Area under the graph of x3 from x = 2 to x = 4

=
[J4

4
-f-c] -[J2

4 + c] =64 +c -4 -c = 60.= Ja^+c
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Hence the addition of c makes no difference to the calcula-

tion of the area under a curve between two ordinates. It is

equivalent to the addition of 2 to 8 to get the upper graph in

Fig. 314.

Exercise

1. The speed v ft./seo. of a motor car after I see. from rest is

given by :

I 5 10 15 20 25 30

v 12-6 19-9 26-7 33-7 44-4 50-4

Draw a velocity-time graph and from it find by the mid-
ordinate rule the distances described in successive intervals of

five seconds. Hence make a table of the distance 8 ft. described

in t sec., and draw a graph of a against t. From it estimate the
time taken for the first 200 yds.

2. When a condenser is being charged the current flowing into

the plate is given by :

*sec. .. 0-1 0-2 0-3 0-4 0-5 0-6

imA .. 200 122 74 44 28 16 10

Assuming that the current in milli-amperes is the rate of increase
of the charge Q milJi-coulombs on the plate, and that Q = at
2= 0, draw a graph to show the values of Q from *= to = 0-6.

3. When a voltage V is applied to an inductance of i henry
the voltage is the rate of increase of i, where i is the current in

amperes, or V = %-r. The following table gives the values of the

voltage at intervals of 0-01 sec. Given that t=0 at t = 0, draw a

graph of i against t,

t . . 0-01 0-02 0-03 0-04 0-05

V ..200 198 162 118 62

From the graph find the value of t when t 8*6.

4. Using the table in Question 1, p. 376, draw a graph of the
distance described against the time for values of i from to 6.

5. From the table in Question 2, p. 375, draw a graph of the
distance a ft. described in t sec. from t to t 60.

6. During one revolution of a cam the follower is required to
have an acceleration in ft./sec.

2
given by the following table, the
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first value being when the follower is at rest in its lowest position.
Draw the acceleration-time graph and deduce from it graphs to

show the velocity in fb./sec. and the lift of the follower in inches at

any time.

t .. 0*01 0-02 0-03 0-04 0-05 0-06 0-07 0-08 0-09

v .. 35 120 200 200 200 200 120 85

t .. 0-10 0-11 0-12 0-13 0-14 0-15 0'16 0*17 (h!8

.. -35 -120 -200 -200 -200 -200 -120 -35

7. Draw a curve from the following table and deduce from it an

integral curve, showing the integral of y with respect to x.

a;.. 012345
y .. 6-00 7-33 9-00 10-80 12-67 14-57

dz
8. If the values of -r- are given by the following table, and z 2

(IX

at x = 0, draw a graph of z. Find the value of x which makes

dx

2 4 6 8

0-71 1 1-25 1-42 1-58

dz
9. If T- = 2#, what is the value of z ? Find the area under

ax
the graph of 2x from x a to 6. Draw the graph and find the
area by using the formula for the area of a trapezium.

da
10. If

~l[t
~&*> what is the value of a ? Find the value of a at

= 2 if 5=1 at 2 = 0.

11. A body describes a ft. in t sec. If its velocity after t sec.

is 32, find how far it goes from t 1 to t = 4.

Write down the functions whose rates of increase with respect
to x are :

12. 6*. 13. 6x + 5. 14. 9z*.

15. 9**-f-6a + 5. 16. 10x6 . 17. ~.
x*

18. l-8s**. 19. 6* + ~2 .
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The notation used in integration

Let us now consider how the area under y =3o;2 from x 1

to x ~ 2 is obtained *by adding small strips (this is the area

found on p. 381). Suppose the area is divided up into ten

strips by ordinates at 1-1, 1-2, 1*3, etc., as in Fig. 316. The

sum of the areas of these strips is nearly :

(3 x 12)0-1 + (3 xM2)0-l+ (3x1-22)0-1 + . . . + (3 x 1-92)0-1.

9

1 1-5 2 X

Fio. 316.

If we denote the small division 01 by the symbol $x then this

sum is the sum of all the values of 3#2 . So: obtained by putting

sl, 1-1, 1-2, . . . 1-9. We use the shorthand 3z2 m x

for this sum ;
E being the capital sigma of the Greek alphabet,

and standing here for the words
"
the sum of all the values of."

Since 27 3x2 . Sx is only an approximation for this area,

a new notation is needed for the exact area. The notation
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that everyone uses to-day is the notation invented by Leibniz,

f
2

f
I 3xzdx. In this notation I is an elongated S, standing for

J>
"
sum/' just as 27 does, but with this difference, that I 3x2dx

implies that in finding the sum the elements 3#2
. &x have been

made smaller and smaller. It is read,
"
the integral of 3x2dx

from x = 1 to x = 2," and x 1 and x = 2 are called the lower

and upper limits of integration. We have seen that the area

under y = 3x2 from x = 1 to 2 equals the increase in the value

of x3 + c from x = 1 to 2, because

Hence I 3x*dx - \x* 4- c\ =(2 3 +c) -

For this reason we write :

J
3x2dx is called the indefinite integral of 3rr2do; because

its value (x
2 + c) depends on or. It does not give the

definite area until we have substituted numerical values of x.

f
2

On the other hand I 3x2dx is called a definite integral because
J i

it has a definite value, and equals the area under y 3x2 from

In the same way, since

d(x*+c)

dz
=

f\4:x*dx=*x*+c,
and since d(xn+l +c)

13
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This last result suggests differentiating ^
- in order to

find the integral of axndx.

d\ T- + C) , ,,
\n + 1 / (n + l)ax

n

dx n -hi

f
.

|<

This- is the formula for :: :
'

;, : : ,; any power of x except ar"1 .

[The integral of or* 1 will be found in Part III.] Using suitable

values of a and n we find,

f
72x4

(/o;

J
-f c = r +c.-

4 + 1 5

-
3

If Us a constant, <fe = -
. zVz-^ .

4
+e-- +c.

-fc== ~x~~ l +c= he.
-2-hl x

rZ-7

Example. Find the area under y ^-^-o;
3 from x =2 to a; 3.

s
f
3

f a:* 1
Area-= -^x^dx U3

^ -j + c

.?lrl?.
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Notice again that in finding any definite integral it is not

necessary to include the constant c. However, in all other

applications of integration except those involving the evalua-

tion of definite integrals the constant should be included.

The problem that follows illustrates this.

Example. If a body has an acceleration \fi after t sec.,

find its velocity after t sec. given that its velocity at tf=0

is 2 ft./sec.

If the velocity is v ft./sec.,

dv_ lz
Jt

=
a *

2
'

/. v= \\Pdt

But t;=2aU=0,
/. 2=0+c.
/. c=2.

Exercise L

[ ax*+ 1

Using the formula / axndx =--
-f- c, find :e

J n -f 1

1. (x7dx. 2.
jlQx'dx.

3.
j^dv.

4. fo-It*dt.

5.
fVrdr.

6.
Jg. 7. J^. 8.

f12p**dp

Evaluate the following integrals :

rs [2 rt ra

9. I 2a;c?a:. 10. / 6x*dx. 11. / ^8
c?a?. 12.

^i 'o ^j ./o

r3

dx
4. U. IB.

J

13. ^. 14.
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17. x*dx.

J -a

18. I

Find the values of :

20 .

f(l-x*)dx.
21. l(2v-4v')dv. 22. l(x*--x)dx.

Find the following areas :

23. Under the curve y = 4x a from a: = to 3.

24. Under the curve y = xn from re = a to 6 [n not equal to 1J.

25. Under the curve y**2Vx from x 1 to 4.

26. Find by integration the area under the line y**x from
x a to 6. Verify your result by using the formula for the area

of a trapezium.

27. If the velocity of a body is 322 ft./sec. after sec., express
the distance travelled from t = 1 to 2 as an integral and evaluate

the integral.

28. If the acceleration of a body is 4 ft./sec.
8 after t sec.,

find its velocity v ft./sec. after t sec., given that v = 6 at J = 0.

How fast is it travelling after 5 sec. ?

29. Draw the graph of y = x 2 from to 2. Divide the area
which is bounded by the curve, the axis of x and the ordinato
at x = 2, into ten strips by ordinates at x = 0-2, 0-4, etc. Hence
draw an integral curve. Verify that the gradients of the integral
curve at x and x 1J are the values of y at these values of x.

Find, by using the formula for / x 2
dx, the equation of the integral

curve.

80, Find the co-ordinates of the points A and B in which the

graph of y~5x a:
2 6 cuts the axis of x. Honce find the area

bounded by AB and the part of the graph wliich is above AB.

Applications of integration.

The volume of a solid

If the cross-sections of a solid by parallel planes have the

same area'A and the length of the solid is x, the volume of the
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solid is Ax, which is the area of the rectangle under the graph
of A against x (Fig. 317).

If the cross-section is vari-

able we suppose the solid

divided up into a number of

fchin slices by parallel planes at

equal intervals Sx. Let A bo

the area of a section at a dis-

tance x from one end as in

Fig. 318. The graph of A
against x is shown in Fig. 319.

Throughout a slice the cross-

section has nearly the same value and hence

the volume of the cross-section between x =- OM and x

x ON - area of PMNK.

X Distance from end

FIG. 317.

ON.

Hence the total volume of the solid between the sections at

x=*a and x = b is approximately the sum of the areas under

the dotted line in Fig. 319. By taking the thickness of the

A

o/

Fia. 318.

a M N

Fio. 519.

slices smaller and smaller we see that the total volume

from x = a to x = 6 must be exactly equal to the area under the

graph of A from x = a to x = 6. In symbols,
/z~&

Volume from x =a to x ft is equal to Adx.
J z=a

As in the case of velocity and time the volume obtained is
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only numerically equal to the area, or is represented by the

area, i.e. its units are not those of an area.

Example. To find the volume of a right circular cone of

height h and base radius r.

Fig. 320 shows the cone with its axis OB horizontal. A
section perpendicular to the axis by a plane at a distance x

from is also shown. Let this section

have radius y.

From Fig. 320 we see by similar tri-

angles that

y r

Hence the area of the section of radius y is ?r?/
2 =

itf-

Therefore the volume of the cone equals the area under the

graph of ,

g against x from x=0tox^h, which is the integral

of T0 between the limits and h.

.'. Volume of cone = .-r dx
'*

["TTT

2 X*l h
'

U2 '"3 Jo

77T2 h*

Work done by a variable force

If a constant force F Ib. wt. moves a body x ft. it docs work
FA ft. Ib. wt. In this case the graph of the force F against
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the distance x is a straight line, as in
Jb'ig. 321, and the work

done Fx is the area shaded.

I

r Distance

FIG. 321.

Now, if F is variable, the graph of F against a: is a curve,

as shown in Fig. 322. But in any short distance MN the force

F is very nearly constant so that the work done is nearly

equal to PM x MN or the area of the rectangle PMNK. Hence,

by the same ur_ iimmfx as in finding the volume on p. 389,

the work done by F as the body moves from x a to x =6,

= the area under the graph of F from x a to x =*&

=
|

F,

J a

Fdx.

A MN 8

FIG. 322.
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Work done by an expanding gas

Let the gas be contained in a cylinder of cross-section S ft. 2

Ib. wt.
Let its pressure be p and its volume v ft. 3 Suppose

it.

that as the gas expands it pushes a piston along the cylinder.
Then the force on the piston is pS Ib. wt. Now, if the volume
of the gas increases by a small amount Si; ft. 3

, the piston moves
Sv
-^ ft. In this movement the force on the piston is nearly

constant and hence it does work which is nearly

3v
pS Ib. wt. x ~- ft. =pSv ft. Ib. wt.

FIG. 323.

But pSv is nearly the area of a strip under the p, v graph
from v to v + Sz;, and hence, by the same arguments as

before, the work done by a gas as it expands from a volume v

\
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to a volume v2 equals the area under the p, v graph from

V**V, tO
rvz

v v2) or I pdv.
J !

Approximate evaluation of integrals

We have seen in Part I that the area under a curve can be

found approximately by either of the following rules :

(a) The mid-ordinate rule.

Divide the area into a number of strips by ordinates

at equal intervals and measure the ordinates at the

middle of each interval. Then, if the strips are of

width h :

Area under the curve^ h x sum of mid-ordinates.

(b) Simpson's rule.

Divide the area into 2n strips by ordinates having
lengths 7/3, y, . . . ?/2n+JL at equal intervals A. Then
area under the curve

+2/2/0

. . . + y2n-i)]

J/i[sum of end ordinates -f 4(sum of even

ordinates) +2(sum of odd ordinates)].

We have already used the mid-ordinate rule on p. 374 in

finding the area under a velocity-time graph. Either of these

rules can be used to approximate to the value of any quantity
such as a volume or work which can be represented by the

area under a curve. Tn other words these rules enable us to

integrate approximately.
*

Example. The force F Ib. wt. on a body when it has moved
x ft. is given by the following table. Find the work done by
the force when the body moves 12 ft.

F .. 14 15-5 17-3 20-0 23-5 27-5 38-5

x .. 2 4 6 8 10 12

13*
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Using Simpson's rule :

Work done = area under F, x graph from x =0 to 10

=={ 14 + 38-5 +4(15-5+ 20 -0-r 27-5)

+ 2(17-3+23-5)}
= |{52-5 +4(63-0) +2(40-8)}

^=257 ft. Ib. wt.

Average or mean ordinate of a graph

Suppose the area under a graph of y against x from x~a
to 6 is divided into n strips by ordinates at equal intervals,

and that the lengths of the mid-ordinates of the intervals

are z1} z2 ,
23 . . . zn .

Fio. 325.

Then by the mid-ordinate rule :

Area under curve =^= width of strip x sum of mid-ordinates

6-a
n

+ 22+23 +

=^ (b
-
a) x average of mid-ordinatea.

area under curve
/. Average of mid-ordinates ^= = ji .

base of the area
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This becomes more and more accurate the larger the number
of ordinates we take. For this reason we call the ratio of the

area to the base the average or mean ordinate of the graph
from x = a to b.

For example, the average force acting on the body con-

sidered on p. 393,

257 ft. Ib. wt.

12 ft.
. wt.

Also the average velocity of the electric train considered on

p. 375

12-64 miles 12-64x60
_ . _ _

m.p.h. =47-4 m.p.h.
10 mm. 16

r ^

Since the area under the graph of y against x from x =* a to 6

P
is 1 ydx we have the following result :

J a

Mean value of y from x~a to x~b is equal to -L

f
6

ydx.
J a

6-a

Exercise LI

1. A field ABCD has straight sides along AB, BC and AD,
and the angles at A and B aie right angles. The off-sets of the
curved side CD from AB are given by :

Distance from A 30 60 90 120 150 180 yds.
Ofi-set .. .70 110 130 170 160 130 120yds.

Find tho area of the field in acres to the nearest ~&th acre.

2. The area A sq. ft. of the cross-section of a reservoir by' a
horizontal plane at y ft. from the bottom is given by :

y ..0 5 10 15 20 25 30

A .. 10,500 12,820 15,000 17,040 18,940 20,000 21,400

Find the volume of water of reservoir in gallons when the water

is (a) 20 ft. deep, (6) 30 ft. deep.
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3. The following table gives the area A sq. ft. of the cross-section

of a log at x ft. from one end. Find the volume of the log.

x ..03 6 9 12 15 18

A ..1 1-1 1-2 1-32 1-6 2-3 3-6

4. During the expansion stroke of an engine the thrust of the

piston is given by :

Clearance of piston x in.

0-77 0-83 1-02 1-30 1-66 207 2-46 2-83 3-16 3-43 3-G2 3-74 3 77

Thrust T Ib. wt.

500 455 340 242 172 126 98 82 70 62 68 55 55

Find the work done by the force T during the stroke, and find

the average thrust on the piston during the stroke.

6. The pressure and volume of a gas are given by :

plb./ft. .. 100 44 28-6 21 16-6 13-8

vft. 8 .. .. 50 100 150 200 250 300

Find the work done by the gas in expanding from 50 to 300 cu. ft.

Find also the mean pressure during the expansion.

6. The area A sq. ft. of the vertical cross-section of a railway
cutting at x ft. from a certain point on the railway is given by :

A .. 180 190 210 235 265 297 332 375 425 460 475

* . . 20 40 60 80 100 120 140 160 180 200

Find the volume of earth to be excavated from x = to x 200,
and deduce the mean area of a vertical section.

dv
7. The acceleration of a body moving in a straight line is -T

where v is the velocity after a time t. What does the area under
the acceleration-time graph from t a to t= b represent ?

The acceleration of a body is given by the following table :

Acceleration ~ (ft./sec.
1
) 0-3 0-38 0-52 0-60 0-90 1-12 1-40

Time (aec.) . . 4 8 12 16 20 24

If the body is moving at 10 ft./seo. at 2=0, find its velocity at
*= 24.

8. Use the table in Question 2 to construct a graph ofthe volume
of water in the reservoir against the depth of the water.
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9. Use the table in Question 7 to construct a graph of the

velocity of the body against the time.

10. Show that the area of the cross-section of the cone, formed
by revolving the line y = lex from x to h about Ox, by a plane
perpendicular to Ox at a distance x from the origin is 7rk*x*.

(hDeduce that the volume of the cone is j -rrkWdx. Evaluate this
(h

is I 7rk

^0
and hence find a formula for the volume of a cone of height
h and base radius r.

11. The force required to extend a spring x in. is sx Ib. wt.
where s is a constant, the stiffness of the spring. Show that the
work done in increasing the extension from a in. to 6 in. is

Js(&-a 2
)in, Ib. wt.

12. When a certain gas is expanding adiabatically the pressure

p Ib. wt./ft.
2 and volume v ft. 8 are related by pv

1 ' 3 =200. Find

p in terms of v and hence find thework done by the gas in expanding
from v = to t>~ 1, and the mean value ofp during the expansion.

13. A chain of length 10 ft., which weighs J Ib. wt. per foot,

is coiled on the floor. One end is lifted vertically. What force

is required to do this when x ft. of the chain are off the floor ?

Show that the work done in lifting the whole chain just clear of
/io

the floor is / \xdx ft. Ib. wt. Hence find the work done.
J o

14. If the relation between the pressure and volume of a gas is

pv* = c where c is a constant and n is not equal to 1, find the work
done as the gas expands from a volume v l to a volume v , and

show that it equals
- ~~^, where p lt p a are the pressures

when the volume is v 1 and v 2 respectively.

15. Find the mean value of the ordinate of y**x* from #0
to a.

16. If O, A, B are the points (0, 0) (2, 4), (3, 0) respectivoly4
find the mean ordinate of the graph OAB.

17. Show by graphs that the areas under y sin 2 x and y = cos 2 x
from = to TT are equal. Using the identity sin 2 x-f-co^ 2 x-=* 1,

find the value of each area and deduce that the mean value of

sin 2
a; from x = to x n is J.

18. Find by integration the volume of a cone having a height
of 12 in. and a base radius of 4 in. Do not quote the formula.
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19. If a pyramid has a height h and a base of area A, show that

the area of a cross-section parallel to the base at distance x from

the vertex is
-j-^

. Hence prove that its volume is JAA.

20. Show that the volume of a frustum of a cone having end

radii 2 in. and 3 in. respectively and length 8 in. is I

rrj-cte,

and hence evaluate it.



ANSWERS

EXERCISE I (Page 4)

1. (o) 3^/3=5-20; (6) 3^2=3-78; (c) 4VB-3-95; (d) 71/3

2. (a) ^=0-707; (6) ~^=0-224; (c)

8. (a) 7* ; (6) 3* ; (c)
~

; (d) (|)1 ; (c) ST.

2*

4. (a) rf ; (6) *i ; (c) yi ; (d) 2mi ; (e) a?f i/i.

5. (o) 32a ; (6) 27 ; (c) y*jx*.

6. (a) l/8n* ; (6) 3r 2/20 ; (c) w/W.

7. The latter. 8. The former.

9. (a) ai; (6) art; (c) aHr
; (d) a;

1 - 8
.

10. (a) 2 ; (6) yi ; (c) 3ai6l ; (d ) ul .

11. (a) 16/81; (6) 2r 2
; (c) 432xiT ; (d) p 8

/^-

12. (a) pi ; (6) 60 ; (c) a&~-.
13. (a) l/w ; (6) mi/nf ; (c) tfMr-

14. (a) 1/Vy; (6) ^/P
s

; (c)^yfx i (d) mjU\
15. (a) Z; (6.) &xjVy ; (c) V3/^.
16. y= 2j;i. 18. r=

EXERCISE II (Page 9)

1. (a) 2x*-$x; (6) 2M 2 -{-3MN; (c) 2a>f+^ ; (rf) o aA.

2. (a) 3ar a+5rr; (6) 3^-f 7a ; (c) 6y*+2ay-\-2a* ; (d) 2r1l l .

3. (a) x*-fa 2+& 2
; (6) 4p 2

; (c) m 2/nn 5n 2
.

4. (a) 2w4-2n; (6) ~~3^4-52/ ; (c) 4a& ; (d) n*-90 ; () a
5. (a) 7m-f3n; (6) 2^7-6^; (c)

2
-f 4cw;4-3a

3
; (d) C'8/ a-

6. (a) 2a 8 5a 2^ a/i*
; (6) 4+ 7 cos 6; (c) 2 7 cos A;

(d) sin re cos a?.

7. (a) < +2*-6*; (6) 4o+26-7c ; (c) -Go?; (d) 3 cos x.

8. (a) 6z a -a;-12; (6) ^
3 -2/ 2w-f^*~2m8

; (c) 8-

9. (a) 4.T 8 14a; a -f20a;-lG; (6) x*-fx3 6a: 17a?~ 21 ;

(c) l*m-t-lp+lm*p+nip*; (d) l-f e >-fe
4

.

10. (a) :e
a+ 5a;-f-4; (6) a*-o6-66 s

; (c) p 9-3pg~4
(d) 22/

8
-f-3i/ 35; (e) 6x 3

-f-7x
8 x 2 ; (/) Z

8 -K 8>n-2^
11. (a) l+Zx+x*; (b) 4y*+ 12y+ 9; (c) j>-

12. (a) t?t
s~w 2

; (6) ~1 ; (c)
a-& a -2&e-c.

399
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13. (a) 28561 ; (6) 17956 ; (c) 0604 ; (d) 2209.

-e 14
J -^T J c

"IT'
15. (a) ^2-1=0-414; (6) f(4-f-V6)= 16- 12 ; (c) J(5-f Vf)2-56.
16. 0-02502. 17. 0-02944.
18. (a) x 2 4-2^4t/ J or (irfy)2 ; (6) 4a6.
19. (a) 2.ry-.v*or y(2r-f!/) ; (6) I_siri 2 or cos* 0.

30. (a) 8-f28in2x; (6) lwx* $wxl or %wx(x--l).
21. (a) 3+3x-ir 2

; (6) #3 -5. 22. %8
-{-362/

2
-f547/-f 27.

23. a3-3a 2
fc-f 3a6 2~68

, A:
3 -3A; a

{ 3A;-1.

EXERCISE III (Pago 16)

1. (a) 3; (6) 4}; (c) 1 ; 0) 1} ; (e) J; (/) 2.

2. (a) p-3(g + r); (6) g-Jp; (c) R5r;

3. (a) 1/9; (6) 2; (c) 8/9; (d) -0-171.

-

1 y

28. 7 105. Orf. ; 5 105. Qd. ; 160 units.

EXERCISE IV (Page 22)

,1- (a ) ft./sec., velocity ; (6) ft., distance ; (c) ft./sec., velocity ;

(d) ft., distance.

2. (a) amps ; (6) watts ; (c) watts.
3. (6), (6). 4. ft. Ib. wt.

5. 1 Ib. wt.=3219 Ib. massx ~*.
sec. 8

1 Ib. mass. ft. , _ 1 ^ram. cm. _
t ., , .,,

6.-5
-

, 1 dyno= s---
, 1 kilogram wt.981xl0 3

sec. 2 *
sec.*

e

dynes.
T. 4-45 xlO 5

dynes. 8. Ib. wt./in.*.



1.

4.

7.

11.

14.

16.

2.

3.

4.

6.

8.

10.

12.

14.

15.

16.

21.

23.

6t volts.

7r(2r+l)in.
fi

.

1

2 (2/4-3)*

l-f-273.XV
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EXERCISE V (Pago 25)

2. iz*.
5. (n+430) ponce.

9. iw'-tz. 10. A =

12. Vc^+b*. 13. (a)

3. 16* 2
ft.

6. Af .

401

w*.
(6) 27rr3 .

15. ZKC

y+ 3
~; (6)

5-3*
17.

r)

4- a; M(V r)

EXERCISE VI (Page 29)

3= 1-58, 2/
= l-45.

x= 1-09, y= l-30.

a=0-0442, 6= 1-047. 11. m= 3, c=-8
rE

13. -
>
=23-2, N= 28-9.

\= 50+25v
/

3=C^93-3/i\-50V3-2o^:61-6.
._e(D-d)

*

19 . /==_1_
a(BC~l)/A f fc=A(G-l
V i= (o l

1-o t
a
)/(T 1

1-T 1 *),'d
i -=s

(a 1 *T,
J-o 1

aT l
8
)/(T I

1-T f
1
).

24. *-

EXERCISE VII (Page 38)

1. Min. y= -13-75; 2-16, -0-66.
2. Max. R-=5, Min. R 3 ; -1-64, 0-17, 1-81.

3. 1-36, -0-473. 4. Min. 1= 6-92 at m 1*53.

5. Max. 2^=97-4 at y= 3-G5, min. z=~974 at 2/=3-65.
6. 1-56,0-403. 7. Max. p ==5-33.

8. -1-7, 0-3, 2-2, 2-16. 11. Max. y= 2-24 ; 74.
20. -3, 5. 21. -}, 4. 22. J, f
23. 2, -J^. 24. f, -i-ja. 25. -0-8, 200.

26. 3y 4#=1. 27. 5y+8a;= 68. 28. a?+y=3.
81. 23-L 32. x=-3, y=8 ; a;=f, y-J^L.
83. 40-6, 69-0. 34. 1430. 35. 4-025.
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EXERCISE VIII (Page 42)

1. (a) a(a-f 6) ; (6) a?(*-y) ; (c) (a+h)(a-h)
2. (o) g(2p-3g); (6) (p+g)(p-g); (c) (2Z+m)(2Z-w).
3. (a) (*+3)(z~3); (6) (ll+r)(ll-r)
4. (a) (3c+4r)(3/--4r) ; (6)

5. (a) (pg-f-a&)(;>7-a&); (6)

(c) 6(2pg-f 3o6)(2yg 806).

6. (o) 3(a?- 1 )(*+!); (&) 2ar(a

7. (a) (J4-2)(J-2)(/
a +4); (6)

8. (a)

(c) 240x2.
) ; (c) (ia+r)(|a-r).

4) ; (c) 3r(2a+r).

4(a+&)c.

10.

11.

12.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

31.

83.

34.

()
(a)

(a)

()
(a)

(a)

(a) (pg~2)(^-3)
*y (y-*)-

(a) 255 ; (b) 256 ; (c) 1-1808.

(a) 1200 ; (6) 1725 ; (c) 60736.

Ml. 13.5-04x10".

(a) (a-2)(*-l); (6) (l+m)(l+n).

(a) (a+6-c)(a-6-f-c); (b) (2k+1+ 3m)(2fc-f

(a) (3+ 6)(a:+ 18); (6) (sB-5)(aj-18) ; (c) (z-5)(a:-fl8).

(a) (p-f7)(p + 9); (6) (p+ 7)(p-9) ; (c)
'

(6) (tf + 7)(z-4) ; (c)

(c) (I ]

-2); (c)

2g) ; (c)

(6) (/ 2m)(/-hm) ; (c) (li
(b) (p-27)(p-3g); (c) (pg- _

30. -2a:(a-ic).
32. 5t (2r-^4-2).

(a) (1~ cos 0)(l-j-cos 0) ; (6) (cos A sin A)(cos A+sin A) ;

(c) (4 cos A -f 3 sin A)(2 cos A-f sin A).

(a) (2 tan 0-l)(2 tan 0-fl) ; (6) (1+sin 0)(l + 2 cos 0) ;

(c) (cos # sin x)(cos x-\-sin x), after putting sin*a;-}-co6
8 =s]

(m-7)(m-f2)
(.:

'

;":.
'

?
v

EXERCISE IX (Page 47)

1. (2*+ !)(*+!).
4. (4y+l)(y~2).
7. (3z-2)(2z-l).

10. -7.
13.

16.

21.

23.

2. (3*+ 4)(*-fl).
5. (2wi+n)(m-2n).
8. (3^-f l)(/~2).

11. 2/4-1.
14. o?-l; -2.
17. J*+4-H 4if-

22.

24.

3. (3<+2)p+2)
6.

9.

12. a+6.
15. 3x 2

4-*-f4, 5.

25. 9-05 cu. in. ; 0-0002 in.
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EXERCISE X (Page 52)

2. 4n 2
/3Z. 3. fr

1
.

4. 2x/r. 5. (a y)/(x-}- z). 6. j(p
7. a/c. 8. (ar+ 3)/(ar-f 1). 9. (r

10. l/(pH-2<7). 11. (z-f l)/(z+ 4). 12.

13. 2/*2/ (5. 14. c 8
/(o+ 2c). 15.

16. r 8
rar. 17. pqj(p+q). 18. -6/a6.

19. (r l)/(r ) 20. (w-fn)/(m n+ 2).

21. l/(2ar 1). 22. yl(y~\).
23. (m-n)/(2m+ 3n). 24. (2/-l)/(J-2,.

25.
1

26.
3 'H

27.
4c~ 5a

""

29. : 75. 80.

.

^ +2

35. :T-T-^ r- 36.

37.

39. 40. -
:

41. (a) x ; (b) does not simplify.
42. (a) does not simplify ; (b) 2.

43. (a) does not simplify ; (6) m+n.
44. (a) 2/mn ; (b) does not simplify.
45. (a) (k l}l(k I); (b) does not simplify.
50. 1. 51. -f 52. 1. 53. 2.

54. ^Wa6(a-J-26). 56. No. 57. i((

58.

EXERCISE XI (Page 67)

[=^ 1-225. 2. . 3. A/20 ^=4-472.
5. 1 or 2. 6. 1 or 6.

8. -| ori. 9. -|-or -J.
11. -2 or 3. 12. -11 or 2.

14. 4 or 1. 15. -lor 5.

17. 3 or 8. 18. 8 or 1.

19. 9. 20. i.

21. to 80. Answers same as 5-14. 31. 2-56 or 1-56.

32. -2-281 or -0-219. 33. -2-52 or 1-19.

34. 0-640 or 0-39. 35. 0-13 or 3-87.

86. -0-395 or 4-27. 37. -0-24 or 2-95.

88. -0-0865 or 2-47. 40. -\
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42. 0-651 or 5-449.

44. 1-1401- 6-14.

46.

48.

2c

43.

45.

47.

-2-680 or 0-186.

22-25 or 2-25.

EXERCISE XII (Page 70)

1. *. 2. 1-55.

3. (a) after 2 or iJ- sec. ; (&) after or 5 sec.

4. 9 ft. 6 in., 2 ft. 6 in. 5. 3-804.

6. 60, 2-45 ; -i{V(a-f&)-f0-04a&-(aH-6)}.

7. 0-44 ; {Vv*-f-4<7*Z
a

v*}/2g.

8. 6-98 in. 9. (a) 11-86; (6)

10. a

11. 7~; 0-1434, 0-0592, 0-4160.
2irn

12. 61-06,

13. f(Vn
2
-|-n n) where

EXERCISE XIII (Page 77)

1. () -0-472, 8-472 ; (6) 4, 4.

2. 9. 3. 2, 1. 4. 2; -4, 3.

5. IVliVs/TSr^ 1-315 J or 0-519 I.

6. -3-64, -0-64, 4-28. 7. 0-782.

8. 6-53. 9. 7 ft. 10 in.

EXERCISE XIV (Page 85)

21. 1-63, 0-63.

22. 2, 5, 0-30, 0-78, 0-95; 1-30, 2-78, 2-95.

27. 0-76, 2-99.

29. 1-79, 1-79, 2-48.

28. 2-92, 4-30.

80. 5-21.
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EXERCISE XV (Page 93)

1. 3-775 xlO- 8
- 2. 7907.

3. 30-96. 4. 400.

5. 2-156 xlOV/i/cw 3
. 6. 2355.

7. 0-99. 8. 75-8, 37.

9. 0-001296. 10. 1745.
11. 17-2.

13. 19350; 8-2.

15. 174-5, 95-13 ft./mm.
17. Z=13.71(EI/wN)l.

lb - t= (c/v)
9

.

19. t^tV"1 /rn * 20 ' A==0 '312 I1>22 -

22. n
100

23. L0-33 Q098 H-1-*4
. 24. rlOO

J" 1-^ ~)*|-

25. ./
27r2r8P

. ^y^L ; 0-0097, 0-0154, 0-0284, 0-0460.

26. p=-=^-*; v-^-Y
6

; 58-48.

EXERCISE XVI (Pago 98)

1. 2. 2. 1-673. 3. 3-322.

4. -3. 6. 1-3389, 7-519. 7. 0-1786.

8. 1-18. 9. 0-0795.

EXEBCISE XVII (Pago 105)

1. li : l+ l lm 2. 11 : 2.

3. V6 : 1. 4. 3: 1.

5. ( 1 -f sin^ /A _ sin
^. 6. 6/(a+6).

8. m 4 : wi s (c/+/) ; (p-/). 10. (i) 13; (ii) -f ; (Hi) 9.

11. (i) 14/23 ; (h) 27/23.

12. R^IiX!, 1818, 5385, 9896, 100-7.
yu

18. V=2-654\/^ 3-75 cu. ft./min. ; 5-75 ; 2-505.

14. i.
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15. l/Vn. 16. t =^.

18. z~kxy where k is constant ; k % ; 0-4, 2-^y

19. x=kft* where A; is constant, &= ; 37-5, 20 ; /^^ -~.

20. V= |Arfc, 18: 1.

1-T
21. p= where A: is constant ; 2-31 X 10 3

; 21-644, 4-62.* v

22. B=M; &=5-625xlO-; (a) 2-11; (b) 6044cm.

23. I^khr*. 24. N=-7c//- 4 ^.

25. M=AjWZ f
. 26. E=^/V-

27. L=n 2
A/J. 28. T^kVJ/d*.

29. C=5-89 X 10-1 * x (n~
J

1)A
,
1472 /4/zF.

a
O.J20 v- lA7 A~

30. F= ~~ - where all lengths are in inches, 75 Ib. wt.

82. R-=tt*M 117 ohms. 33.
"

EXEKCISE XVIII (Page 117)

78J. 2. i==0-061 i^; 16-4 cm.

8. tt^.,/=*H- 4. 3-92xlO- 7
a;

s - 28
,
109.

5. iW*, 9 Ib. 6. a = 1-608, b= 0-0442.

7. R=aOO-fO-4, R= 100-8{1 +0-00397(^-2)}.
8. p =24-83 -f-0-088*. 9. W =-1-07/4-1 -48.

90
10. B= 28-le* f

-fO-6. 11. e= -f 19-1.

-S-7. 13. *-*+.
a? ^

._ 0-025 .- - 3-75x10*
14. H-
18. jw*'

t?= 101. 17. *= 7-95/< *.

18. 1= 8-9 X 10~ 7V 4
.

EXERCISE XIX (Page 129)

8. 1-95 in. from A, 0-65 in. from B ; 3-9 in. from A, 1-3 in. from B.

4. 4J. 6. 2-14. 10. 6-4 ft.
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EXERCISE XX (Page 144)

1. (i) Not similar. Sides not proportional ; (ii) Similar; (iii) Similar ;

(iv) Not similar. Angles not equal ; (v) Similar ; (vi) Similar.

2. 75 cm., 5 cm., 6-25 cm., 8-75 cm.
3. BC-9 ft., CD-20 ft. 3 in., DE=6 ft. 9 in., EF=FA= 15 ft. 9 in. ;

area=430T^ sq. ft.

4. 15-3 in., 3-5 in. 5. | mile.

6. 76 ft. 7. 4 ft. 8 in. (to the nearest inch).
8. 250,000 miles (approx.). 9. 5 ft. 4 in.

10. 70 ft. 11. 1 : 2.

12. (2$, 5). . 13. R(3, 5}) ; S(H, 6).

14. (8, 4-8), (4-8, 8), (1-6, 8), (-1-6, 3-2).

22. 7 : 5 ; Ii in. from A and B.

24. 9 in., 24 in. 25. 10 in., 16 in.

28. 6 miles to 1 inch. 27. 91-08 sq. in.

28. 1-304 eq. in. ; 20-86 sq. in. 30. atl(a-b).
32. 3 cm. 36. in.

EXERCISE XXI (Page 163)

1. 54-55 sq. ft. 2. 9-2 in. or 5 ft. 2-8 in.

3. 19 ft. 7 in. 4. 122-5 sq. in. 5, 10 ft. 11-8 in.

6. 1,007 ft. 7. 6-63 cm. 8. 7-26 cm.

9. 0-19 in. 10. 3 in. 11. 0-27 in., 1-23 in.

12. 5 ft. 2 in. 15. 1 -97 in. 16. 3-8 in.

19. 11-91 cm., 10 67 cm. 20. (i) Vc 2-(a-&) 2
, (ii) Vc 2-(a +b)*.

EXERCISE XXII (Page 178)
1. 10-5

171^

2. (i) V3a; (ii) 35 16' ; (iii) 54 44'.

3. (i) 53 8'
; (ii) 21 ft.

; (iii) 36-37 ft.

4. (i) 54 44'; (ii) 70 32'. 6. 54 44'.

7. 10 20'. 8. 20 42', 37 46'.

9. (i) 62 4' ; (ii) 69 27'.

10. (i) 379-3 sq. ft. ; (ii) 8-96 ft. ; (iii) 33 56' ; (iv) 35 32', 63 26'.

11. 35 10'. 12. 1 in 10-64.

13. 14 26'. 14. 8 sq. in.

15. 138 sq. in. 16. 7-3 sq. ft. (approx.).
17. 7-746 in. 18. 6,082 ft.

19. (i) 3,658 ml.; (ii) 2,662ml. 20. 9,920ml.

EXERCISE XXIII (Page 189)

1. 29-53 Ib. 2. 0-315 in., 0-630 in., 0-794 in.

8. 2-83 ; 22-63. 4. 6-30 cm. 5. 5-34 in.

6. 117:8. 7. 1-24 in. 8. 70-15 cu. in.
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9. 0-278 in. 10. 8-8 cu. ft.

11. 60-3 cu, cm. ; 110-9 aq. cm. 12. 9-43 in.

13. 2-03 in. 14. 4-91 Ib. 15. 1-59 mm.
17. 208 ft. per min. 18. 2-68 ft., 1-34 ft. 19. 641} cu. ft.

20. 13,060 cu. ft. (approx.). 21. 1 35 cu. ft.

22. 77-7 sq. in. 23. 1-05 cu. in. 24. 300 cu. in.

25. 17-4 cu. in. 26. 52-6 cu. in. 27. 130-8 sq. in.

28. 1 : 0-806 : 1-201. 29. TrlD'd. 80. 30-16 cu. cm.
31. 0-308 cu. in. 32. 9/32. 83. 16-93 cu. in.

34. 2-63 oz.

EXERCISE XXIV (Page 205)

1. (i) 0-8218; (ii) 2-3926; (iii) 0-8SOO ; (iv) 1-025S ; (v) 0-1552,

(vi) 1-8190; (vii) 0-6424; (viii) 1-0218.

2. (i) a/c ; (ii) a/6 ; (iii) cjb ; (iv) a/6 ; (v) a/c ; (vi) c/a.

8. ^, 2, V3, V2 A >

2 V3 V3
4. (i) 1-754 in., 3-595 in. ; (ii) 6-882 in., 8-506 in. ; (iii) 3-057 cm.,

10-457 cm.
5. 36-6 yd. 6. 1-09 in.

7. 22-48 in. 8. 13 ft. 3 in.

9. 39-6 sq. cm. ; 5-66 cm.
10. (i) 33 22'; (ii) 80 41'; (iii) 66 8'.

11. (i) 13 21'; (ii) 73 10'; (in) 34 51'.

12. 56 15'.

13. (i) 38 40', 51 20' ; (ii) 38 56', 51 4' ; (iii) 25* 46', 64 14'.

15. 54 3' 16. 181-2 sq. ft.

17. 10,072 cu. ft.

18. 16 ft. 9 in. ; 6 ft. 7 in. (to the nearest inch).
19. 69 54', 7 ft. 6 in. 20. 9-334 in., 15-151 in. ; 69-453 sq. in.

21. (i) 8-27 ml. ; (ii) 39 14'. 22. 16-35 cm. ; 17-10 cm.
23. 920 watts. 24. 18-35 in., 27-05 in.

28. (i) 13 ft. OJ- in.
; (ii) 13 ft, 7J in.

EXEKCISE XXV (Page 213)

3. 65. 6. 5/12. 7. 2V3/3. 9. VS. 10. cot 8 9.

11. sin A. 12. tan a. 13. cos 14. 2 seo.*ar. 15. 0.

EXERCISE XXVI (Page 216)

1. 106 16'; 3 in. 2. 70 32'.

3. 22 12'. 4. 4-36 in., 7-42 in., 20-34 sq. in.

5. 36, 44 28'. 6. (i) 41 49'; (ii) 70 32'.

7. 26 34', 19 28'. 8. 1 (vertical) in 2-65 (along the path).
9. 32-66 sq. ft.
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EXERCISE XXVII (Page 220)

1. 6-01 ml. 2. 124 ft.

3. 10-76 ml. 4. 2,730 ft. (appro*.), 176 m.p.h.
5. 132 ft. 6. 7 ft. 1 in.

EXERCISE XXVIII (Page 221)

1. 2
U
62'. 2. 11-95 in.

3. (i) 10 58'; (ii) 10-14 ft.; (m) 1-56 ft.

4. 2-184. 5. 4,122 cu. yd.
6. 11-91 ft. 7. 5^ 24'.

8. ^#= #j&;= 8-83 ft., CE^DE = Z'$1 ft., CD= 12-12 ft.

9. CAD^CBE^ll* 7', ACD=BC'ti= 2Q, ADC'=#Y7= 142 53'

cbE=CED=W 52', DCE^W 1C'.

10. 693 sq. ft. 11. S 1 1 43' W., S. 49 30' E.
12. 1 (vertical) in 7*77 (along the tun PC!) ; 2,o30 ft.

13. An equation; 0, 90. 14. 5-34 XlO~ 3
.

15. 36 3U'. 16. 07 23'.

EXERCISE XXIX (Pago 230)

1. -K -, -, +, ~f - 2, -, -K -, -. ~.
3. -cos 72, -f sin G4 U

,

- sin 10, -j-tan 7 30'.

4. +!3in 7T/2, cos 68, tan 85 45', cos w/4.
5. -f tan 80, +sec (36 18', -fsm (TT 1-82)= f sin 1-3216, cosee 34.
6. 0-0428. 7. 0-7593. 8. -0-8480. 9. 0-7071.

10. 0-9573. 11. 0-2849. 12. -0-2790. 13. 0-3827.

14. -1-4142. 15. -0-1495. 16. 2-1301. 17. 1/2.

22. 230-1. 23. 5-5923.

24. (i) Second; (ii) fourth; (lii) third. 25. -0-0818.

EXERCISE XXX (Page 245)

1. 0-7431 ; 45 14', 134 56'.

2. (i) 90, i^; (ii) 120, \<a* ; (iii) 36,
|-TT*.

3. (i) 720, 477'; (ii) 240, |^ ; (iii) ,

^.
20

4. (i) 50; (ii) 2C6-4; (iii) 1.
IT

5. (i) 6, i*rf
-

J (ii) 230, &, 25.
7T

6. (i) 3-6, 477,
~

; (ii) 10, -&, 50 ; (iii) 12, $*, .

12. (i)
0-111 sec. ; (ii) 3-26 ft. (or 99-4 cm.).

13. y= 3 siiiTrt.
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14. y=38in<n(t 1/4).

15. After _l ^0-009 16 gee. ; after
50~'6ir

=2= 0-0041 6 sec.
314 314

16. (i) fir radians ; (ii) of a period ; (ill) the first oscillation leads the
second by 3^/32.

18. y=5 sin (3z-}-90 ), i.e. y= 5 cos 3x.

19. 3=48in(i0+22i).

EXERCISE XXXI (Page 261)

1. 8 in., 4 in. 9. TT. 10. 2-rr. 11. I2ir.

12. 2. 13. 27T. 14. 2*. 15. 50.

16. 16. 17. 25.

18. /. If one of the frequencies is an integral multiple of the other,
the resultant frequency is the smaller of the two.

EXERCISE XXXII (Page 259)

1. 0, 1-11, 3-70. 2. 0-86. 3. 21-7, 141-7.

4. 0-4724 (radians), 21-98. 5. 77.
6. 1-935; 110 51'. 7. 10-9. 8. (i) First ; (ii) third.

9. 19 16', 100 44'. 10. 61 60', 298 10'. 11. 246 56', 293 4'.

12. 76 42', 256 42'. 13. 44 25', 315 35'. 14. 147 40', 212 20'.

15. 64 42', -125 18'. 18. -15 22', -164 38'.

17. 0=0-2528 or 2-8888. 18. X= $TT or
JTT.

19. a=l-3695 or 4-9137. 20. = 7r or
frr.

21. 17, 73, 107, 163, 197, 253, 287, 343.
22. 118 38', 241 22'. 23. 105, 165, 285, 345.
24. 20 36', 80 36', 140 36', 200 36', 260 36', 320 36'.

25. 0-077, 0-256, 0-744, 0-923 sec.

26. (i) After^^^ 0-009 16 sec.; (ii) after
5

~^
>57r

=^ 0-00416 sec.

27. (i) 0-606; (ii) 0-955.

28. 125 64'. 29. 337 23'. 30. 208 4'.

EXERCISE XXXIII (Pago 263)

1. 30, 150, 210, 330. 2. 65 54', 114 6', 245 54', 294 6'.

8. 35 16', 144 44', 215 16', 324 44'. 4. 270.
5. 45, 63 26', 225, 243 26'. 6. 0, 26 34', 180, 206 34'.

7. 101 32', 258, 28'. 8. 15, 75, 135, 195, 255, 315.
9.

Q
, 180, 360. 10. 51 53', 128 7', 231 63', 308 7'.

11. 16 9'. 12. T 1'.

EXERCISE XXXIV (Page 267)

6. sin 9. 6. cos 0. 7. sin 0.

8. tan 9. 9. cos 0. 10. cot 0.

11. 1. 12. sin0. 18. tan 3
a;.

19. a?
f+2/*2. 20. 26a:*-14a?2/-foy^Sl. 21. 4**-2/'= 4.
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l.

2.

3.

4.

5.

6.

7.

8.

9.

11.

13.

14.

15.

19.

20.

22.

24.

26.

30.

31.

EXERCISE XXXV (Page 281)

11-79 Ib. wt. at 47 16' with the force of 3 Ib. wt.
28-03 ft. per sec. at 15 3 i' with the velocity of 40 ft. per sec.

9-434 tons wt. at 58 with the force of 5 tons wt.
7-072 tons wt., N. 44 23' E.
32-05 m.p.h., N. 4 2' W.
(i) 4 115o; -1-0904,3-6252; (ii) 6 aloo ; -4-330, -2-5; (iii) 2m ;

0-8152, -1-8120.
4-S4j 268 o 16 >.

23-3 m.p.h. at 9 52' with direction of ship's motion.
141-9 m.p.h. ; 15i soc. 10. 3-44 151 o 35 ,.

41 24' with the bank. 12. P cos W sin a.

5-98 tons wt. E., 4-84 tons wt. N.E.
37-74 ft. per soc. at 58 with tho velocity of 20 ft. per sec.

6-33 ml., N. 77 23' E. 16. 15-OG 105 o 47 ,.

62 43' between tho first and second force, 153 37' between the
second and third, 143 40' between the third and first.

r13, = 67 23'.

r= 2-8G5, 0-29 15'.

P 6-634, Q=4-750.
4-21c 44 ,.

11-72 Ib. wt. in direction S. 38 42' E.

21. r= 5, 0^-36 52'.

23. r= 3-138, 5 = 120 39'.

25. 122-4 Ib. wt.

27. See answers to Question 20.

EXERCISE XXXVI (Page 290)

9. 4-33 sin 300* -f 2-5 cos 300< ; 1-191.

10. 15-92 sin 100^-12-11 cos 100^.
13. 24/25, -7/25, -24/7.
15. cos 60.
17. sin (-30), i.e. -BJJI 30.
19. cos 2a.

21. Jsina.

1-1- A/3
25. = 0-9659.

2A/2

38. 30, 150, 270.
40. Oe

, 52 15', 127 45', 180, 232"

41. 133 11', 313 11'.

43. 123 24', 230 36'.

12. 63/65.
14. sin 70.
16. COS \TT.

18. sin 30.

20. cos 30.

24.

26.

2V2
^= 0-9659.

= 0-9239.

39. 0, 60, 180, 300.
,
307 45'.

42. 90, 180.
44. 56 43', 236 43'.

EXERCISE XXXVII (Page 297)

1. 8-062 sin (0+29 45'). 2. 3-176 si

3. 13 sin (0+ 292 37') or 13 Bin (0-67 23').

4. 129-3 sin (0+ 320 39') or 129-3 sin (0-39
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5. 6-007 sin (g-f 67 19').

7. Va*+6*.

9. 1-628 sin (27T/* -f0-1853).
11. 17 sin (60^4-0-4899); Vff ; 17, 8.

12. 104 24', 330 20'.

14. 249 38'.

16. 7 42', 138 68'.

18. 13-98 sin (37^-0-6536) ; 0-0081 nx 0-0349 or 0-0167;fcnX 0-0349.
19. to 126 52', 306 52' to 360. 20. 12 3'.

21. Z=*VR*+L*<o*9 <f>=taii-
1

(L<o/R)j 3= 12-36, ^=0-867.
22. (i) .4-f-g. yl-g; (ii) c-f Va*+ 6 2

, c- A/a-f&; (iii)

6. 27-31 sin (300<-M563).
8. 5 ; 143 8', 323 8'.

10. 2 sin (0-Htr).

13. 19 50', 160 10'.

15. 0, 126 52', 360.
17. 10-549 ; 73 20'.

EXERCISE XXXVIII (Page 302)

4. 850,000 miles (approx.).
6. 0-99 i9.

8. 0-719.

5. 3-8 miles (approx.).
7. 0-00022 in.

9. 0-71934.

EXERCISE XXXIX (Page 302)

4. 0-5477, 0-8367, 0-6546. 6. 79 16', 100

8. a=-2\/3, 6= 1; 3-606 sin (wi-f 163 54').

9. o= V3, 6= 1. 11. 2-153, 7-486.

44'.

EXERCISE XL (Page 317)

(i) 6-792 in. ; (ii) 6-594 cm. 2.

5.

8.

1.

3. 2-901 in. 4. 28 32'.

6. 120. 7. 15-10 cm.
9. 6-724 sq. in. 10. 5-764 in. ; 20-66 sq. in

11. 2 ml. 1,690 yd. 12. 8 ft. in. 13.

14. 144 7'. 15. 65-03 ml.

16. B(7=6-93 ft., AC**8 ft., CZ) = 5-04 ft. 17.

18. 67-2 m.p.h. from direction S. 71 3' E.
19. 4-71 tons wt. at an anglo 86 28' with the force

20. 7-926 in. 21. 78-25 sq. cm.
22. 18-23 in. ; 24-63 sq. in. 23.

24. 3-812 cm. 25.

k6. 19,950 cu. yd. (approx.). 27.

28. See answer to Question 27.

10-64 cm.
21-60 in.

118 sq.ft.
.

7-17 ft.

9-102 Ib. wt.

of 2 tons wt.

0-291 sq. in.

8-67 sq. in.

22-93 sq. in.

EXERCISE XLI (Page 330)

1. 4=81 29', B= 62 19', (7= 36 12'.

2. ^4=20 24', 7?= 118 14', C=--41 22'.

3. B= 74, a= l-654 in., c--3 in.

4. = 14-13 ft,, 6= 20-61 ft., 4=29.
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6. <J3-1>58 cm., 4*39 0', J?80 54'.

6. 6~29 ml. (approx.), 4*136 24', C32 11'.

7. o~3-985 in., 4 =-63 46', C64 14', or a-0-941 in., 412* 14',
= 115 46'.

8. c4-550 cm., B*>*649
30', C -=47 48'.

9. 6-=l-164 ft., ^4=20 42', #= 24 18'.

10. (i) 10cm., 5-177 cm., 75 ; (ii) 18 11', 45 13', 116 36' ;

(iii) 4-022 in., 27 33', 68 21' ; (iv) 183-5 yd., 29 3', 33 57'.

11. 64-82 ft. 12. 0-317 sq. in.

13. 77 10' 14. 33U
41' or 18 26'.

15. W= 18-70yd., J^= 6-18 yd.
16. 1-52 ft. 17. 1-45 ft. ; 0-62 ft. 18. 6-59 ft., 7-78 ft.

EXERCISE XLII (Page 336)

1. 2-945 ml. 2. 3 in.

3. 43-8 ft. 4. 66 56'.

5. 66-02 ft. 6. 4-68 ft., 3-52 ft., 4-68 ft.

7. 379 yd. 9. 16-7 knots, N. 66 38' E.

EXERCISE XLIII (Page 338)

1. 8 ft. 5 in. 2. 12-37 knots.

3. 24-93 ft. 4. By car.

5. 135 yd. 6. AD=T 10", BD=*ll' 3".

7. 1,075 gall, (approx.). 8. 32-1 nautical miles ; S. 22 36' E.
9. 43-2 yd. 10. 183 m.p.h.

11. A =78 36', C= 71 24', 6=2-244 in., c=4-256 in.

12. 16-78 in.

EXERCISE XLIV (Page 351)

1. (a) 300 m.p.h. ; (b) 150 m.p.h. ; (c) 180 m.p.h.

2. 8-5* C. per min. 8. n= 40 ~
; fy gal. per min.

lo

4. Approx. 10,000 ft./sec.

5. 2-225 in. per year : (a) 4^ to 8J yr. ; (6) 6 to 7 yr. ; (c) 5 in. per yr.

6. 22 ft./sec., 0-6 ft./sec.
8

. 7. ^- in. per yr. ; in. per yr.
of dt

8. After 50 ROC. : (a) after about 30 sec. ; (b) after about 65 sec.

9. 5. 10. Negative.
11. 0-045, 0-055. 12. (a) *= 2 to 3 ; (6) t9 to 11.

13. lj sec., 3i sec. ; body is falling.

EXERCISE XLV (Page 357)

1. (a) 1-6; (b) 4-6. 3. 0-016, 0-026, 0-02.

5. 47T, OTT. 6. 0-22.

7. 8-192, 8-624, 1080. 8. 0-9657, 1-0355, 0-0349.
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EXERCISE XLVI (Page 366)

1. (a) 48 ft./aeo., 112 ft./sec. ; (6) 97-6 ft./sec., 96-16 ft./sec. ;

(c) 96-0010 ft./sec. ; (d) 96-000016 ft./sec.

2. (32*-J-0-16) ft./sec., 32J-f0-0016 ft /soc., 32* ft./sec.

3. I2x+ 6h, 12x.

4.

5
**

6. 3* 2
fc-t-3a:A

2
4-/i

8
, 3*-f 3^-f-/i, So:

3
. 7. =

dx

8. ^8
. 9. 9x 2

. 10. -4x.

11. 720x 7
.

12. 8# 3 2#*. 13. 12x a

14. 0-02-5-08x-2.16.r 2
. 15. -3/a;

4
. 16. -l/2a;

5
.

17. 4-80-". 18. -2~3+^-3 - 19. 10*.

20. |^
2

. 21. 0-2r.

"

22. SOOOa:*.

23. 49^. 24. Sp+ 20p*. 25. x"-1
.

26. u+gt. 27. -100/v
2

. 28. -kjrJc^.
29. 9-6xlO- 6V 3 - 8

. 30. 2/Vz. 31. -}, H, ^, -J.
32. 16 ft./sec. upwards, 16 ft./sec. downwards, after 2J sec., 100 ft.

33. 1, 1. 35. (0, 6), (2, 2).

EXERCISE XLVII (Page 370)

1. Max. 1. 2. Max. ; min. 4.

3. Max. li. 4. Mm. -9. 5. Min. 0.

6. Max. 2
;
min. -2. 7. u</ 2

/8.

8. A cube of side ^6-4 ft.^1-86 ft.

9. 64. 10. amps. 11. Least 3 ; greatest 4.

12.

EXERCISE XLVIII (Page 375)

1. 64ft. 2. 660yd. 3. 550 rev.
4. 5 ml., -ft

4
T ft./sec.

8
.

EXERCISE XLIX (Page 382)

1. 26 sec. 3. 0-023. 8. 3-2,

9. 4-c, 6-a f
. 10. i

8
4-c, 2$. 11. 240 ft.

12. 3* 2
-fc. 13. 3x a

-f5o;-fc. 14.

15. 3x 8
-h3a;

2
4-G;c4-c. ^ |a;-fc. 17. ---

18. a^-fc. 19. 3.c
a---

a:
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EXERCISE L (Page 387)

1. ia^-fc. 2. 2x*c. 3.

4. 0-OU"H-c. 6. iVr 3
-f-c. 6.

7. l/3m+c. 8. JL-/>*-+C. 9. 8

10. 16. 11. H, 12.

13.^. 14. i. 15.1

16. K2-V2). I?.
y!.

18.

19. ^. 20. * ia*
3 +c. 21. u t>-fc.

22. ix i-fc. 23. 36. 24. -!_(& 4-*~a +*)
w-f- 1

25. 4. 26. i(?^ a 8
). 27. 48 ft.

28. (2f
2+ 6) ft./sec., 56 ft./sec.

29. y= i-'^
3 4 c

,
where c is the value of y at o;-~o.

30. x=2 and ar= 3, fc.

EXERCISE LI (Page 395)
1. 5 acres.

2. (a) 1,863,000 gal. ; (b) 3,117,000 gal.

3. 29-1 cu. ft. 4. 4GO in. Ib. wt., 153 Ib. wt,
5. 7960 ft. Ib. ; 31-8 Ib. wt./ft.

8
.

6. 62310 cu. ft., 316 sq. ft.

7. Increabe in velocity from t a to t^b ; 7-3 ft./soo.

12. 154 ft. ib. wt., 308 Ib. wt./ft.
2

.

13. \x Ib. wt., 25 ft. Ib. wt. 15. ^a
2
.

16. 2. 17. ivr.
152w

18. 64w cu. in. 20. 5 cu. in.
o



INDEX
Acceleration, 349

Algebraic processes, 1

Angle
. between line and piano, 1G7

between skew lines, 108
between two planes, 107

Approximation to

area of segment, 154

length of arc, loi

Belt
crossed, 199

open, 199

Brackets, 6

Centroid of triangle, ICO
Circle

area of sector of, 198
area of segment of, 31

chords of, 151

equation of, 64

length of arc of, 198

tangents to, 150

Cone, 181
frustum of, 185

volume of, 390
Conic sections, 66

Cylinder, 181

elliptic, 189
frustum of, 188

Derivative, 349

Diagonal scale, 136

Differential coefficient, 849, 355,

363
Differentiation, 341

Direction
of line, 170
of plane, 170

Division, 45
416

Ellipse, 65, 173
area of, 170

Equations, 1 1

graphical solution of, 61, 74

homogeneous, 98

involving fractions, 52
:. ,.'.:-. jurds, 13

quadratic, 55, 68

simple, 12, 14

simultaneous, 26
solution of, using logarithms,
91

trigonometric, 252, 261, 276,
292

Factors, 40, 47, 61

Fractions, 8, 48

Frequency, 239, 250
Functions, 23
- graphs of, 24, 31

periodic, 237, 247

Gradient, 35, 342

Harmonics, 249
Horizon, distance of, 161

Hyperbola, 66

Identities, 13

trigonometric, 210, 264

Integration, 371

approximate, 393
area by, 379
volume of solid by, 388

L.C.M., 49
Latitude, 177
Line of greatest slope, 169
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Linear laws, 112

Logarithms, 78

change of base, 94
to base e, 95

Longitude, 177

Maxima and minima, 368
Mean ordinate, 394
Mean proportional, 155

Median, 159

Mensuration, 180
Mid-ordinate rule, 393

Multiplication, 6

Oscillations, 244

Parabola, 63
Period, 239, 250
Phase, 242

constant, 242
difference, 243

Polygon, area of, 312
Prism, 180

Projection, 166

length of, 171
of area, 172

Proportion, 99
Pyramid, 181

frustum of, 184

Quadrilateral, area of, 316

Radian, 197
Ratio, 98

Similar figures, 120, 131
areas of, 142, 183

Similar figures, construction of, 138
theorems on, 120, 123, 128, 134
volume* of, 181

Simple harmonic oscillations. 244=
Sine waves, 240

addition of, 248, ?50

Space-time graph, 37G

Sphere, 181

segment of, 188
zone of, 187

Spheroineter, 16a

Square equal to rectangle, 156

Straight line graphs, 35
Surds, 3

Triangle
-area of, 311, 314

solution of, 304, 320

Trigonometric ratios, 193, 201,
209, 211, 255

graphs of, 231
of any angle, 225
of difference of angles, 285
of small angles, 298
of sum of angles, 284, 288, 289

Units, 19

Variation, 98, 100

graphs of, 101

joint, 103
Vectors, 268

resultant of, 278, 310

Velocity, 349
Velocity-time graph, 371

Work done
by expanding gag, 392

by force, 890



LOGARITHMS



LOGARITHMS



ANTI-LOGARITHMS



ANTI-LOGARITHMS
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NATURAL SINES



NATURAL SINES



NATURAL COSINES



NATURAL COSINES



NATURAL TANGENTS



NATURAL TANGENTS



LOG. SINES



LOG. SINES



LOG. COSINES



LOG. COSINES



LOG. TANGENTS



LOG. TANGENTS



SQUARES



SQUARES



RECIPROCALS



RECIPROCALS



DEGREES TO RADIANS



DEGREES TO RADIANS














